
4 _�,l

Bbø’eƒt −1 ‚‡ím7Õ¯[ýAÑ Ft−1, ψ [ýÑ„øí¡b, †#ì’e ψ í–Nƒ

bª[ýÑ:

f (y|ψ) =

n∏
t=1

∫
f (yt |ht ,B) f (ht , ψ)dht

=

n∏
t=1

∫
Np(yt | 0, ���t) f (ht , ψ)dht

,�í	}³�¥£j, /&�òØJl�� JBbíõ„’eÑW, ú_ÅðíÚäNb£ø_Ä

ä, ul� 18 _¡bb,l� £ÄÑ³�¥£j, FJúÓœš�_�¡bí,l, ³�™ÄT¶�

d.,í,l¶�, Ä|×–N¶, bM	}¶, J£ MCMC ¶� Bb²ÏJ MCMC íj¶, ú(

ð}ºªW‚š, 1J)ƒí$l¾V·H(ð}ºí4”� BbÊ-��Àí�ÜïªÚªPËµ

˚,l¶�

4.1 ïªÚªPËµ˚,l¶

çBbb°¦ø_ƒbí	}Mv, |�Àí;¶¹u‚àPËµ˚	},∫ b

a
f (x)p(x)dx ∼=

1
n

n∑
i=1

f (xi )

w2 x1, x2, · · · , xn ÑVA p(x) íÓœ‰b� †ç n �¡kÌ¤×v, ,�ÿ}�¡kBb;b

	}íƒb	}� OPËµ˚	}¶^0.ò, d.,�rÖZGíj¶� /ç p(x) 6'µÆ, B

b.ñq‚¦…íÓœ‰bv, †BbªJ©°½b‚š (important sampling), ¹1.øìb* p

òQ‚šVl�� 7uvø_Bb˛øàS‚š/DéNí}º, †∫ a

b
f (x)q(x)dx =

∫ a

b
f (x)(

q(x)
p(x)

)p(x)dx ∼=
1
n

n∑
i=1

f (xi )q(xi )

p(xi )

Oçñ™ƒbÑò&�vPËµ˚	}íj¶}yµÆY¹‰M, 6‰íyØÍT,¥vBbÿ©°

MCMC ¶� M-H ¶!…,6.òQ* p -G, 7u;¨ø_ïªÚªFí�²œ0 (transition
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kernel) í”Ì}ºuBbíñ™}º p , ú�²œ0_çcq5-, ¥_ïªÚªí”Ì}º, }

�¡Bbbíñ™}º,7*¥_ïªÚÒªFßÞíÓœ‰b, 6}uñ™ƒbFßÞíÓœ‰b�

-Þ�À�ÜïªÚª,DwY¹FÛbí4”�

4.1.1 ïªÚª

I {X t} ÑøÓœ¬˙, wÕG˛ÈÑ 2 , ÑBbz¤Óœ¬˙x�ïªÚ4”, à‹w�²œ0í

‘K}ºÉ�,ø‚�É, 6ÿuÅ—

P(X t+1 = φ|X t = θ, X t−1, · · · ) = P(X t+1 = φ|X t = θ), φ, θ ∈ 2�

w<2Ñ,Óœ‰b X ,‚TGÊÕG θ , -ø‚�²ƒÕG φ íœ0� J-Ñ7�Ý–c, òQ[

ýÑ p(φ|θ) , çø_ïªÚªx�”Ì}ºà‹:

π(θ) =

∑
θ

π(θ)p(φ|θ),

à‹Bb?Dvƒø__çí�²œ0 p(φ|θ) , …í”Ì}ºÿuBb;bíñ™}º π(θ) , †

#ìLø–áõ, †ÊLHø¨vÈ5(, TGÊÕG θ íœ0ÿu π(θ) � COzL&D˝v, F)

íbM, óçk*ñ™}º‚ííÓœ‰b� �-zpbÊBó‘K5-, ”Ì}º}æÊ, I r(θ)

[ý-ø‚TGÊ°øÕGíœ0,

p(φ|θ) = p∗(φ|θ)+ r(θ)δ(φ|θ),

w2 p∗(θ |θ) = 0 , /

δ(θ |θ) = 1, ¢ç θ 6= φ , δ(φ|θ) = 0,

ÄÑ-ø‚ÕGb.ÿD¥‚øš,b.ÿD¥‚.øš, œ0‹,Ñø

1 =

∑
φ

p(φ|θ) =

∑
φ

p∗(φ|θ)+ r(θ)�

11



¢Bbzø_�²œ0xª¥�4 (time reversibility), à‹Å—,

π(θ) = p∗(φ|θ) = π(φ)p∗(θ |φ),

,�<2u#ì θ í�áœ0 π(θ) , *ÕG θ �ƒÕG φ íœ0, DøvUTGÊ φ |(�ƒ θ

íœ0uó�í� ∑
θ

π(θ)p(φ|θ) =

∑
θ

π(θ)p∗(φ|θ)+

∑
θ

π(θ)r(θ)δ(φ|θ)

=

∑
θ

π(φ)p∗(θ |φ)+ π(φ)r(φ)

= π(φ)

{∑
θ

p∗(θ |φ)

}
+ π(φ)r(φ)

= π(φ){1 − r(φ)} + π(φ)r(φ)

= π(φ)

4.2 Metropolis-Hastings ‚š

*,ÞBbø−ø_�²œ0u.ux�ª¥�4”, É[ƒ¤ïªÚª}.}Y¹ƒBb;bí

”Ì}º� I q(φ| θ) [ø`²}º, uø_˛ø/ñq‚ší}º, /Å—,
∑
φ q(φ| θ) = 1 � ø

OVz, q(φ| θ) 1.øìx�ª¥�4, .ÜøO4Bbcq,

π(θ)q(φ| θ) > π(φ)q(θ |φ),

¥[ý*ÕG θ �ƒÕG φ íœ}ª* φ �ƒ θ íœ}b×, Ñ7b�©siÕG�²íœ0, B

bú˝�
,ø_ø_|cá, α(φ| θ) , U)

π(θ)q(φ| θ)α(φ| θ) = π(φ)q(θ |φ),

†

α(φ| θ) =
π(φ)q(θ | θ)
π(θ)q(p| θ)

�
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α(φ|θ) íTàÑÌ„* φ �ƒ θ íŸb, �J®ƒª¥�4, FJ α ¢˚Ñ��œ0 (probability

of moving)� ÄÑ φ �ƒ θ íŸb¬ý, FJBb.ÁQwŸb, α(θ |φ) = 1 � 7ç‡Þí.��

¯Uó¥v,�¶øš, É.¬uø φ D θ ó�ú|7˛� BbªJ)ƒ¦�,

α(φ|θ) = min
[
π(φ)q(θ |θ)
π(θ)q(φ|θ)

, 1
]
�

¥³Bb6ªJõ|, ÄÑ π |ÛÊ}äD}‚, FJçBbl� α v, wõÉbø− π í°ªW

}º¹ª� ¢çBbí`²}ºuú˚}º, ¹ q(φ| θ) = q(θ |φ) v, Q§0‰AÑ

α(φ|θ) = min
[
π(φ)

π(θ)
, 1

]
�

7¥ÿu Metropolis ç�í;¶� M-H íÆ�¶à-,

1. #ì�áM θ (0) ,

2. * q(θ∗
| θ t−1) ‚| θ∗ ,

3. l�Q§0

α(φ|θ) = min
[
π(φ)q(θ |θ)
π(θ)q(φ|θ)

, 1
]
,

4. *ÌG}º‚|ø_Óœ‰b u , ç u ≤ α BbI θ (t) = θ∗ , ´†TGÊŸM θ (t) = θ (t−1)

5. ½µ¥	ùƒ¥	û

7%¬]c7)íb�, {θ (1), θ (2), · · · , θ (n)} , b%¬ø¨vÈb�n}Y¹ƒBbíñ™}

º, FJ¦�Bb}ŸJ‡Þ k _M, É\G(Þí� bŸJÖý_M³�ì�, øOVzà‹êÛ

ßÞíb�ÈíóÉ4Ý�×, †ÛŸJœÖíbM� Ê M-H ¶2, àS²Ï`²}ºuøÆ×ç

½, Ébuì2�ó°, ú`²}ºwõ³�BóÌ„, Í7Q§0îı�?�×�ß, Q§0×, †

Ûb]cíŸb6ÿ.ÛbµóÖ� .¬¥«˝%ð,DtÏ¶,øOÜ�,³�Ôìíd†�

13



4.3 Æ�¶

#ìhôM5-, ¡bD¿R¡bí(ð}ºÑ

π( β, ft , θθθ,h| y)

Bbø¡b˛È~’, }A�_–), Ê	ìwF¡b5-, *‘K}º2‚š,ª7¥ºL�� yh�

_�,lí¥	�Hà-:

1. qì (θθθ,h) í–áM�

2. *‘K}º B, ft | y,h ‚¦ B ¸ ft �

3. ø_��²A p+k&íÀ‰¾_�, �à Chib et al. (2002) íj¶, *‘K}º θθθ j ,hj | yj ,B, ft

‚¦(θθθ j ,hj ) , j = 1, 2, · · · , p + k�

4. �ƒ¥	 2.

¥	 2 ƒ¥	êAø_ïªÚªí�², øOPËµ˚¶Ûb×¾í]cŸb, Vü\(ð}ºí

Y¹� ‚šíóÉ[[b�ò, b°í]cŸbÿ�Ö� ¦�Bb6ŸJ_Ò�á, pé„Y¹íM

(burn in) , ÉG-5(í_ÒM� J-ÌH®¥	í‚šj¶:

1. b*‘K}º B, ft | y,ht ‚¦ B ¸ ft , Bbl#ì ft ‚¦ B , y	ì B , ‚¦ ft � w2Ä

Ñwì‘KíÉ[, Bb˛ø B í�øáqìÑ 1 , FJÉÛú[b„ìí β d‚š

(1) β í(ð}ºÑ:

π(β | y,ht) ∝ p(β)
n∏

t=1

p( yt | B,ht)

∝ p(β)
n∏

t=1

Np(y|0,Vt + BDtB′)

14



BbøJ M-H ¶�âÖ‰¾ t }º, T(m, 666, ν) V‚¦ β� 7 T(m, 666, ν) 2í¡b

(m, 666) ubM”×“–Nƒb, log{
∏n

t=1 Np(y | 0, ���t)}7V�1

m = arg max l(β) =

n∑
t=1

log Np(y | 0, ���)

= const −
1
2

n∑
t=1

log |���t | −
1
2

n∑
t=1

y′

t ���
−1
t yt

w2 m Ñ,�í–N,lM, 666 ÑŠ Hessian ä³í¥ä³� β ílð}ºcqÑÑ

�G, †Bb* T(β| m, 666, ν) ‚| β∗ , Q§ β∗ íœ0Ñ:

α(β, β∗
| y,ht) = min

{
1,

p(β∗)
∏n

t=1 Np(y | 0,Vt + B∗DtB∗′)T (β| m, 666, ν)
p(β)

∏n
t=1 Np(y | 0,Vt + BDtB′)T (β∗| m, 666, ν)

}
à‹ β \‡", †-ø3í β \M.‰�

(2) #ì7 β BbªJ* ft |y,B,h ‚| f � ;Wf$ó«íl�,

p( ft |y,ht ,B) ∝ p( ft) f (yt | ft ,B,ht)

∝ exp
[
−

1
2
(yt − B ft)

′���−1
t (yt − B ft)

]
× exp

[
−

f ′
t D−1

t ft

2

]

∝ exp
[
−

1
2
(y′

t���
−1
t y − 2y′���−1

t B ft + f ′

t B′���tB ft + f ′

t D−1
t ft)

]

∝ exp
{
−

1
2

[
f ′

t (B
′���−1

t B + D−1
t ) ft − 2B ′���−1

t y
]}

∝ exp
[
−

1
2
( ft − f̂t)

′F−1( ft − f̂t)

]

1Bb?ªTXø¼ûb, VÓ‹”×“í§�DÄü�,

∂l
∂βi j

=
1
2

n∑
t=1

[
ỹ′

t�
−1
t
∂�t

∂βi j
�−1

t ỹt − tr
(
�−1

t
∂�t

∂βi j

)]
,

=

n∑
t=1

[
ỹ′

t�
−1
t
∂B
∂βi j

Dt B ′�−1
t ỹt − tr

(
�−1

t B Dt
∂B ′

∂βi j

)]
�
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[ 1: ¹¯�G

s Pr(s = i) mi υ2
i

1 0.00730 -10.12999 5.79596

2 0.10556 -3.97281 2.61369

3 0.00002 -8.56686 5.17950

4 0.04395 2.77786 0.16735

5 0.34001 0.61942 0.64009

6 0.24566 1.79518 0.34023

7 0.25750 -1.08819 1.26261

FJ ft í(ð}ºÑ�ÌbÑ FtB′(V∗
t )

−1yt ,‰æbÑ Ft =

(
B′(V∗

t )
−1B + D−1

t

)−1

í�G}º�

2. y#ì { yt ,B, ft} , /ÄäDÏÏí‘K}ºÑó�Ö
í�G}º, BbªJø_�}jA

p + k _�GÕG˛È_�� I αααt = B ft ,

y j t − αj t = exp
(
hj t/2

)
ε j t ,

z j t = log
(
yj t − αj t

)2
= hj + log (εt)

2

w2, log(εt)
2 Ñ¦úbíµjÓœ‰b� Ñ7ø,��Ñ�G}º, Bbùà Kim et al.

(1998) íj¶, J¹¸í�G}ºV_Ò¦úbíµjÓœ‰b� Ê¥³Bb“¨|ø_N

ý‰b st , Ný‰bíTàuNp‚¦S��G}ºíÓœ‰b� Ü�,J�Ö¼í�G}

ºV_Ò¦úbíµj}º}�Äü, O6�µÆ� ÊªQ§íÏÏ¸ˇ5-, BbJþ_�

G}ºV_Ò log(εt)
2 , †Ê#ìNý‰b st 5-,

log(εt)|st ∼ N
(

mst , υ
2
st

)2
,

Pr(st = i) = qi , i ≤ 7,
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7Ný‰bíœ0}ºJ£wFH[í�G}ºà[ 1 �

Ê#ìNý‰b sj t -,

zj t |sj t , hj t ∼ N
(

hj t + mst j , υ
2
st j

)
hj t − µj = φj (hj t−1 − µj )+ σjηj t , j ≤ p + k

ÛÊBbzpàSú p + k _�GÕG_�2¡bí‚š� âk_�íÄäDÏÏí‘K}

ºÑó�Ö
, U),

p( s, θθθ,h | z ) =

k+p∏
j=1

p(sj , θθθ j ,hj |zj ), θ j = (µj , φj , ση j )

6ÿuzBbªJMøúÀ‰¾2í¡bd‚š� Bbø (sj , θθθ j ,hj |zj ) }Aú_–) �

(1) sj í(ð}ºÑ

Pr(sj |zj ,hj ) ∝ Pr(sj )N
(

zj | hj + mst , υυυ
2
st

)
= Pr(sj )

n∏
t=1

N(zj t | hj t + msj t , υ
2
sj t
)

sj ílð}º¹à[ø�

(2) θθθ j í(ð}ºÑ

p(θθθ j | zj , sj ) ∝ p(θθθ j )p(zj | sj , θθθ j )

= p(θθθ j )p(zj1| sj , θθθ j )

n∏
t=2

N (zj t |ms j t + ĥt |t−1, ft |t−1),

w2 { ĥt |t−1, ft |t−1 } u;W Kalman filter ]cFl�7V, ]ct� (Ë“ø) à-:

ĥt |t−1 = µ+ φ(ĥt |t−1 − µ), pt |t−1 = φ2 pt |t−1 + σ 2
η ,

ft |t−1 = pt |t−1 + υ2
st , kt = pt |t−1 f −1

t |t−1,

ĥt |t = ĥt |t−1 + kt

(
zj − mst − ĥt |t−1

)
�
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ú θθθ j í‚šj¶, éNk‚¦Šhä³ B , °šuJ M-H ¶* T(m,V, ξ) ‚| θ∗ ,

7Q§0Ñ α , (m,V) °¦íj�EuJbM”×“°j, ξ L<#ìÑ 10� Ê�Gc

q5-, θ (ð}ºí–NƒbªŸA,

log g(θ) ∝
1
2

N∑
t=1

log ft |t−1 −
1
2

N∑
t=1

e2
t

ft |t−1

et = zj − mst − ĥt |t−1

7

m = arg max
θθθ

log(l(θθθ))

V =

[
−∂2 log(l(θθθ))

∂θθθ∂θθθ

]−1

w2 V ÑŠí Hessian í¥ä³, †Bbí M-H Ñ* fT (m,V, ξ) ‚| θ∗ Q§œ0

Ñ

α(θ, θ∗
| zj , s) = min

[
1,

g(θ∗)

g(θ)
fT (θ | m,V, ξ)
fT (θ ′ | m,V, ξ)

]
(3) ÕG‰b ht í‚š

úÕG‰b ht í‚š, Bb«à de Jong D Shephard (1995) í_Ò�Ë¶ (signal

simulatin smoother) , ��wFj¶, ¥_j¶|×í.°, u….uúÕG‰b‚š,

7u#ìF�hôM5-, �âú_�2ÏÏáí9(}º‚š, Í($AúÕG‰bí

_Ò� Ê kalman recursion íl�52, Bb\G et , ft , kt , J²(]cíj�Mø‚

| ht � ílì2 nt = f −1
t |t−1 + k2

t ut , dt = f −1
t |t−1et − rtkt , I rn = un = 0 , †w]

ct� (Ë“ù) à-,

ct = υ2
st

− υ4
st

nt , ζt ∼ N (0, ct), bt = υ2
st
(nt − φktut),

rt−1 = f −1
t |t−1et + (φ − kt)rt−1 − bt

ζ

ct
,

ut−1 = f −1
t |t−1 + (φ − kt)

2ut +
b2

t

ct
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†ÕG‰b ht = z j − mst − υ2
st

dt − ζt , t = n, · · · 1 �

4.4 _Òð„

Ñ7ð„,HÆ�¶í£ü4, BbYW²ìí¡b, _ÒbW’e� -[�|¡bíöõMD_�

í,�M, w2š…b 2000 , _ÒŸb 12000 Ÿ, ŸJ‡Þ 2000 _M� [�Ñ½µÏW 30 Ÿí�

ÌM� öõMí²¦ÑlúõÒ’e,l, J)ƒí,lMycb“TÑBb_ÒöõqìíYW�

,�í%ð2¦Ñ�õêÛ:

[ 2: _Ò¡b,lM

öõM ,lM

y1 y2 y3 f y1 y2 y3 f

µ 1.500 1.000 0.000 1.500 1.5312 0.9777 -0.0397 1.4781

(0.237) (0.097) (0.081) (0.054)

φ 0.985 0.950 0.850 0.850 0.9786 0.9214 0.8633 0.8507

(0.007) (0.029) (0.012) (0.019)

ση 0.150 0.200 1.000 0.250 0.1704 0.2575 0.1538 0.2679

(0.022) (0.055) (0.029) (0.031)

β 1.000 1.200 0.800 1.0000 1.1998 0.8001

(0.035) (0.027)

[�Ñš…b 2000 , ]cŸb 12000 Ÿ, ŸJ‡Þ 2000 _M, ½µÏW
30 Ÿí�ÌM� �CqíbMÑ RMSE�

• ˙�J Oxxk)Ÿ, Ê CPU 1.8 GHz,p[ñ 1GB í°p�Ú7,ÏWøŸ, ×��v 10

üv�

• ×J,,lM·�Äü, .¬¦� φ Mî}ßÞQ,, OQ,í˙�ÊªJQ§í¸ˇ� ÇÕ,
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ση Mî}ò,, /ò,í˙�DŸV¡bíöõ×üM�É, öõí σ �×, ò,íªW�

×�

• µD β íMóúªœñqY¹, w‰æ˙�6œü�

• Z¾RÏíj¶, BbêÛJÓ‹š…b¾íj�}ªÓ‹]cŸbVí�^�
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