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Abstract

In this project, we will continue the last
project to study holomorphic mappings from
C" into C" (n=2) and their dynamics
system. The most interesting research area
are described as follows:

(I) Some
C", for example, shears and lower triangular
mappings.

(II) The geometry of a
Bierberbach domain and its
behavior.

(IIT) The relation of Fatou-Bierberbach
domain and measure hyperbolicity.

special automorphisms of

Fatou-
boundary
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ASBTRACT. In this report, we will collect
some well-known Automorphisms of C”
and investigate the complex Henon maps
and the Fatou-Bieberbach domains in C”.

§1 Automorphisms of C”

Let Aut ( c” ) denote the

automorphism group of C”, i.e.,
F is a biholo }

Aut(c")={F:<c"—><C" ,
morphic map

With the composition of map, it is a
group. For n=1, it is well known in
complex analysis that Aut((C") contains

exactly the class of all affine linear maps of

C,ie.,

Aut(C)={f:<c—><cf(z)=aZ+b }

for some a,be C,a#0

For n>22, Aut (C") is very large and

complicated. In [3,5], the authors listed some
automorphisms of C”, we collect them as

follows:



(i) F(z)=z+t f(T(2))u, ze C",  where

te C, C" and T:C">C* is
complex linear  map, 1<k<n,
f:C*>C" is entire and T(u)=0.

Such F is called a shear in the direction

u a

u which was introduced by Rosay and
Rudin.
(i) G,(z2)=z+ (e'g“‘”) —1)<z,u>u, zeC",

where teC, ueC" and T:C" - C*

is a complex linear map, 1<k <n, and

Tw)=0, g:Ct—=C*, (z,u>=22jz7j.
j=1

Such G, is called a generalized shear in

the direction u.

(ii))S, (z) =z +t h(eXzu))u, ze C**  where

teC, ueC*, h:C—C is entire and

u)=zn:dzj ndz,,; is the sympletic form
Jj=t
on C*.
(iv) w=F(z), where
F(z)=(F (2).E,(2),.F, (z)) and
Fj(z)zzjexp(cjf(z{"-~-z,‘,’")), 1<j<n,

ze C", a,,a,,,a,, are nonnegative

integers, c,€C, 1< j<n, chajzo
=
and f:C — C isentire.
v) G=(g,.&,"8,):C" = C", where

8 (Z) =6z
& (Z)= Cyzy+hy (Zl)

gn (Z)=CnZ" +hn (Zl"“’zn-l)

s €5Cyi,c,€C are nonzero and

h,:C*'—>C is entire for 2<k<n.
Such automorphism is called a lower
triangular map, which was introduced by
Rosay and Rudin.

All these automorphisms are used in [3,5]

to study the interpolation and density

2

problems. One can find the details there.

§2 Complex Henon Maps and Fatou-

Bieberbach Domains

Definition.

A Fatou-Bieberbach domain in C”,
n 22, is a proper subdomain in C” which is
biholomorphic to C”".

Definition.

Let FeAut(C"), peC" with

F(p)=p and F are the j-fold composition

FoFo...oF of F. The basin of attraction of
F is define to be

Q={ze C lirnFj(z)=p}

Joe

If Q is a Fatou-Bieberbach domain in C",

then F is called a complex Henon map.

In [1,2,4,5], the author constructed a
collection of Fatou-Bieberbach domains and

complex Henon maps in C”, we list some of
them as follows:

Theorem 1 [4]
Given aeC, 0<|a|< 1. The map

F(z)=(z} +az,,az,), ze C
is a complex Henon map in C? whose basin

of attraction at the origin is a Fatou-

Bieberbach domain in C?.

Theorem 2 [2]
Let aeC, 0<|a'<1. The map

F(z)= (212 +az,,z; +az,,az, ), ze C’
is a complex Henon map in C* whose basin

of attraction at the origin is a Fatou-
Bieberbach domain in C°.

Combine Theorem 1 and 2, we obtain a

collection of complex Henon maps and



Fatou-Bieberbach domains in C", n=>4.

Corollary
(@if n is even, say n=2k, then
F=(F,F, -, F), where F,F,,--,F, are

complex Henon maps defined in
Theorem 1 is a complex Henon map in
C” whose basin of attraction at the origin
is a Fatou-Bieberbach domain in C”.

(b)if n is odd, say n=2k+1 , then
F=(F,E,-.F), where F,E, - F_
are complex Henon maps defined in
Theorem 1 and F, is a complex Henon
map defined in Theorem 2, is a complex
Henon map in C" whose basin of

attraction at the origin is a Fatou-

Bieberbach domainin C”.

Theorem 3 [5]

Suppose that Fe Aut(C"), F(0)=0
and all eigenvalues A of DF(0) satisfy
|A|<1, 1<k<n, where DF(0) is the
complex Jacobian matrix of F at 0. Let Q

be the basin of attraction of F at 0, i.e.,

Q={ze C"|limF’ (z)=0}

jes

Then Q is biholomorphic to C".

Theorem 3 says only that Q s
biholomorphic to C", therefore, F may not
be a complex Henon map in C", for
example, F(z)=(Az,4,2,,---,4,2,), where
0<|Al<1, 1<, <n, is a complex linear

map on C”, in this case, the basis of
attraction ) of F at the origin is C” itself,
so F is not a complex Henon map in
particular Q is not a Fatou-Bieberbach

domainin C".

Now, we consider the class of lower
triangular maps defined in (V), §1.

Let G(z)=(g(2),8(2),.g,(2)) be
a lower triangular map defined by
& (z)=4z
g (2)=Xz, +h(z)

g.(z)=hz,+h (z,z2,,)

where A,€C, 0<|Al<1 for all 1<, <n
and hjeCj" —C is entire, A, (0)=0,
25 j<n.

Clearly, G(0)=0, ie., 0 is a fixed
point of G, and the eigenvalues of DG(0)
are A,2,,---A, which satisfy 0<|A|<1 for
all 1< j<n. Therefore, by Theorem 3, the

basin of attraction of F at the origin

Q ={ze C"lim G’ (z)=0}

jre

is biholomorphic to C". Therefore, the
following question arises naturally: when £
is a Fatou-Bieberbach domain? Equivalently,
can one put some sufficient conditions on
hy,hy,---h, so that G be comes a complex
Henon map in C"? We will continue the
study of this the Fatou-
Bieberbach domains are: the geometry of a
C”,

measure

problem in

Fatou-Bieberbach domain Q in
0Q, the
hyperbolicity of a such domain and how

especially,  for
many complex lines can a Fatou-Bieberbach

domain in C” contain?
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