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Abstract. This study proposes and validates a construction concept
for the realization of a real-valued single-hidden layer feed-forward neu-
ral network (SLFN) with continuous-valued hidden nodes for arbitrary
mapping problems. The proposed construction concept says that for a
specific application problem, the upper bound on the number of used
hidden nodes depends on the characteristic of adopted SLFN and the
observed properties of collected data samples. A positive validation re-
sult is obtained from the experiment of applying the construction concept
to the m-bit parity problem learned by constructing two types of SLFN
network solutions.
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1 Bound on the Number of Hidden Nodes

With regard to the realization of a real-valued single-hidden layer feed-forward
neural network (SLFN) with continuous-valued hidden nodes for arbitrary map-
ping problems, this study proposes and validates the construction concept. The
proposed construction concept says that for any learning problem with specific
data relationship observed among input vectors and target values, knowledge of
the characteristic of adopted SLFN and the observed data properties helps find
a better upper bound on the number of used hidden nodes of network solution
than the one obtained from the conventional construction method that misses
the characteristic and ignores the relationship.

The question of the necessary number of hidden nodes for a feed-forward
neural network has been addressed in [1][3][5][6]. [3] argued that fewer hidden
nodes is generally regarded as desirable for preventing over-learning, but the
necessary number of hidden nodes is not known in general. Both of [1] and [6]
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obtained a bound of N -1 for N distinct samples, but both assumed that the
hidden layer of nodes produced a binary-valued output. To obtain the training
advantages of back propagation of errors, most models use continuous-valued
hidden node outputs, as we do here. The methods of [1] and [6] do not seem to
generalize to our situation.

[5] adopted standard SLFNs with any nonlinear, continuous-valued activation
function that has a limit at each infinity and claimed that N distinct samples
can be fit perfectly through a SLFN with N hidden nodes. However, the number
N is a loose upper bound on the number of hidden nodes of a SLFN solution
for N distinct samples; for instance, [12] and [13] stated that the m-bit parity
problem is solvable by a SLFN with merely �(m + 1)/2� hidden nodes and with
the sigmoid activation functions at hidden nodes, in which, and hereafter, �x�
denotes the smallest integer which is larger than or equal to x. In fact, instead of a
loose and universal upper bound applied to the number of hidden nodes of SLFN
solutions for all learning problems, most researchers and practitioners desire a
concept to help find a better upper bound on the number of used hidden nodes
of SLFN solution for a specific learning problem, as we do here. The discussion
of [5][12][13] does not seem to provide such a concept. To address such challenge,
we propose the construction concept.

In Section 2, this study shows that the conventional construction method of
[5] misses the characteristic of the adopted SLFN and ignores the data relation-
ship among input vectors and target values. This study then explores character-
istics of SLFN through the preimage analysis, in which the preimage of a given
output is the collection of inputs for the output. In Section 4, we set up the exper-
iment of parity problem to validate the construction concept. The parity prob-
lem is a challenging benchmark for testing neural network learning algorithm.
Some, but not exhaustive, recent studies of the parity problem can be found in
[2][4][7][8][9][12][15]. Conclusions and future work are presented at the end.

2 A Conventional Construction Method

List of notations used in mathematical representations: Characters in bold rep-
resent column vectors, matrices or sets; (·)T denotes the transpose of (·).

N ≡ the amount of training samples;
I ≡ the amount of input nodes;
J ≡ the amount of hidden nodes;
x ≡ (x1, x2, · · · , xI)T: the input vector, in which xi is the ith input

component, with i from 1 to I;
a ≡ (a1, a2, · · · , aJ)T: the hidden activation vector, in which aj is the

activation value of the jth hidden node, with j from 1 to J ;
y ≡ the activation value of the output node and y = f(x) with f being

the map function of x and y;
wH

ji ≡ the weight between the ith input variable and the jth hidden node,
in which the superscript H throughout the paper refers to quantities
related to the hidden layer;
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wH
j ≡ (wH

j1, w
H
j2, . . . , w

H
jI)

T, the vector of weights between the input
variables and the jth hidden node;

WH ≡ (wH
1 ,wH

2 , . . . ,wH
J )T , the J × I matrix of weights between the input

variables and the hidden nodes;
wH

j0 ≡ the bias value of the jth hidden node;
wO

j ≡ the weight between the jth hidden node and the output node
in which the superscript O throughout the paper refers to
quantities related to the output layer;

wO ≡ (wO
1 , wO

2 , . . . , wO
J )T; and

wO
0 ≡ the bias value of the output node.

The construction method of [5] works for any activation function g as long as
g(x01) �= limx→+∞ g(x). Let xc and tc be the cth input pattern and the corre-
sponding target value, respectively, c = 1, . . . , N . Without the loss of generality,
assume that xc �= xd for 1 ≤ c �= d ≤ N . Let T ≡ (t1, t2, . . . , tN)T be the
N -dimensional vector of target values for the N input samples; x01 > x02 be
two arbitrary pre-specified constants. The construction method first arbitrarily
chooses an I-dimensional vector w such that

wTx1 < wTx2 < . . . < wTxN . (1)

For this w, the construction method then calculates wH
j and wH

j0 from eqt. (3),
in which the values of wH

j and wH
j0 are independent of the target outputs {tc}:

wH
j = { 0, if j = 1;

x02−x01
wTxj−wTxj−1 w, if 2 ≤ j ≤ N ; (2)

wH
j0 = { x02, if j = 1;

x01wTxj−x02wTxj−1

wTxj−wTxj−1 , if 2 ≤ j ≤ N ;
(3)

Let ac
j be the jth activation value for the cth input, i.e., the output of the jth

hidden node for input xc. Then ac
1 ≡ g(x02) and ac

j ≡ g( x02−x01
wTxj−wTxj−1 wTxc +

x01wTxj−x02wTxj−1

wTxj−wTxj−1 ) ∀ 2 ≤ j ≤ N . Let ac ≡ (g(x02), ac
2, . . . , a

c
N )T and M ≡

(a1,a2, . . . ,aN )T. [5] showed that the N samples in {x} space are mapped to
N distinctive points in the activation space such that the N × N matrix M is
invertible. With wO

0 set to zero, wO = M−1T can always be found to match
wO

0 +
∑N

j=1 wO
j ac

j to tc without any error.
[5] ends up at the construction method with neither discussion on the charac-

teristic of the adopted SLFN nor on the data relationship among input vectors
and target values. For instance, the output value y of the constructed SLFN
for an arbitrary input x can be represented as wO

1 g(x02) +
∑N

j=2 wO
j g(wH

j0 +
∑I

i=1 wH
j0xi), since a1 always equals g(x02). Thus wO

1 g(x02) can serve as the
bias of the output node such that there are only N − 1 effective hidden nodes.
Furthermore, from eqt. (3), vectors wH

j for 2 ≤ j ≤ N are linearly dependent.
Therefore, the constructed SLFN has the weight vectors (from the input layer)
of all its (effective) hidden nodes linearly dependent on each other.
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3 Characteristics of SLFN

We apply the following preimage analysis to explore characteristics of the SLFN.
Without any loss of generality, assume the tanh activation function is adopted
in all hidden nodes.

Denote a particular collection of wH
j0, wH

j , wO, and wO
0 by Θ. Given Θ, the

mapping f of SLFN is the composite of the following mappings: the activation
mapping ΦA : �I → (−1, 1)J that maps an input x to an activation value a (i.e.,
a = ΦA(x)); and the output mapping ΦO : (−1, 1)J → (wO

0 − ∑J
j=1 |wO

j |, wO
0 +

∑J
j=1 |wO

j |) that maps an activation value a to an output y (i.e., y = ΦO(a)).
Note that, since the range of ΦA and the domain of ΦO are set as (−1, 1)J , the
range in the output space 
 ≡ (wO

0 −∑J
j=1 |wO

j |, wO
0 + |∑J

j=1 wO
j |) contains all

achievable output values. For ease of reference in later discussion, we also call
�I the input space and (−1, 1)J the activation space.

Thus, f−1(y) ≡ Φ−1
A ◦ Φ−1

O (y), with

Φ−1
O (y) ≡ {a ∈ (−1, 1)J |

J∑

j=1

wO
j aj = y − wO

0 }, (4)

Φ−1
A (a) ≡ ∩J

j=1{x ∈ �I |
I∑

i=1

wH
ji xi = tanh−1(aj) − wH

j0}, (5)

where tanh−1(x) = 0.5 ln(1+x
1−x). Formally, the followings are defined for every

given Θ:

(a) A value y ∈ � is void if y �= f({�I}), i.e., for all x∈ �I , f(x) �= y. Otherwise,
y is non-void.

(b) A point a ∈ (−1, 1)J is void if a /∈ ΦA(�I), i.e., for all x ∈ �I , ΦA(x) �= a.
Otherwise, a is non-void. The set of all non-void a’s in the activation space
is named as the non-void set.

(c) The image of an input x ∈ �I is y ≡ f(x) for y ∈ 
.
(d) The preimage of a non-void output value y is f−1(y) ≡ {x ∈ �I |f(x) = y}.

The preimage of a void value y is the empty set.
(e) The internal-preimage of a non-void output value y is the collection {a ∈

(−1, 1)J |ΦO(a) = y} on the activation space.

From eqt. (4), with the given Θ, Φ−1
O (y) is the linear equation

∑J
j=1 wO

j aj =
y − wO

0 , which is a hyperplane in the activation space. As y changes, Φ−1
O (y)

forms parallel hyperplanes in the activation space; for any change of the same
magnitude in y, the corresponding hyperplanes are spaced by the same distance.
The activation space is entirely covered by these parallel Φ−1

O (y) hyperplanes,
orderly in terms of the values of y. These parallel hyperplanes form a (linear)
scalar field [14], that is, for each point a of the activation space, there is only
one output value y whose Φ−1

O (y) hyperplane passes point a; all points on the
same (internal preimage) hyperplane yield the same y value.
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From eqt. (5), Φ−1
A (a) is a separable function such that each of its compo-

nents lies along a dimension of the activation space. Moreover, Φ−1
Aj (aj) ≡ {x ∈

�I |∑I
i=1 wH

ji xi = tanh−1(aj)−wH
j0} is a monotone bijection that defines a one-

to-one mapping between the activation value aj and the input x. For each aj

value, Φ−1
Aj (aj) defines an activation hyperplane in the input space. Activation

hyperplanes associated with all possible aj values are parallel and form a (linear)
scalar activation field in the input space. That is, for each point x of the input
space, there is only one activation value aj whose Φ−1

Aj (aj) hyperplane passes
point x; all points on the Φ−1

Aj (aj) hyperplane are associated with the activation
value aj . Each hidden node gives rise to an activation field, and J hidden nodes
set up J independent activation fields in the input space. Thus, with a given
Θ, the preimage of an activation value a by Φ−1

A is the intersection of J specific
hyperplanes.

The intersection ∩J
j=1{x ∈ �I |∑I

i=1 wH
jixi = tanh−1(aj)−wH

j0} can be repre-
sented as {x|WHx = ω(a)}, where ωj(aj) ≡ tanh−1(aj)−wH

j0 for all 1 ≤ j ≤ J ,
and ω(a) ≡ (ω1(a1), ω2(a2), . . . , ωJ(aJ ))T. Given Θ and an arbitrary point a,
ω(a) is simply a J-dimensional vector of known component values; the condi-
tions that relates a with x can be represented as

WHx = ω(a), (6)
which is a system of J simultaneous linear equations with I unknowns.

Let rank(D) be the rank of matrix D and (D1

...D2) be the augmented matrix
of two matrices D1 and D2 (with the same number of rows). WHx = ω(a) is a

set of inconsistent simultaneous equations if rank(WH
...ω(a)) = rank(WH) + 1

(c.f. [11]). In this case, the corresponding point a is void. Otherwise, a is non-
void. Note that, for a non-void a, the solution of eqt. (6) defines an affine space of
dimension I − rank(WH) in the input space. The discussion establishes Lemma
1 below.

Lemma 1. (a) An activation point a in the activation space is non-void if its

corresponding rank(WH
...ω(a)) equals rank(WH). (b) The set of input values

x mapped onto a non-void a forms an affine space of dimension I − rank(WH)
in the input space.

By definition, the non-void set equals {a ∈ (−1, 1)J |aj = tanh(
∑I

i=1 wH
ji xi+wH

j0)
for 1 ≤ j ≤ J,x ∈ �I}. Check that WH is a J × I matrix. If rank(WH) = J ,
Lemma 1 says that no activation point a can be void and leads to Lemma 2 below.
For rank(WH) < J , Lemma 3 characterizes the non-void set, which requires the
concept of manifold. A p-manifold is a Hausdorff space X with a countable basis
such that each point x of X has a neighborhood that is homomorphic with an
open subset of �p [10]. A 1-manifold is often called a curve, and a 2-manifold
is called a surface. For our purpose, it suffices to consider Euclidean spaces, the
most common members of the family of Hausdorff spaces.

Lemma 2. If rank(WH) equals J , then the non-void set covers the entire acti-
vation space.
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Lemma 3. If rank(WH) is less than J , then the non-void set in the activation
space is a rank(WH)-manifold.

A(y), the intersection of Φ−1
O (y) and the non-void set in the activation space,

is the internal-preimage of y. Mathematically, for each non-void y, A(y) ≡
{a|rank(WH

...ω(a)) = rank(WH), a ∈ Φ−1
O (y)}. Consider first rank(WH) = J .

In this case, Lemma 2 says that the non-void set is the entire activation space.
Thus, A(y) equals Φ−1

O (y). If rank(WH) < J , then A(y) is a subset of Φ−1
O (y).

Thus, we have the following Lemma 4. Furthermore, A(y)’s are aligned orderly
according to Φ−1

O (y) and all non-empty A(y)’s form an internal-preimage field
in the activation space. That is, there is one and only one y such that a non-void
a ∈ A(y); and for any a on A(y), its output value is equal to y.

Lemma 4. For each non-void output value y, all points in the set A(y) are at
the same hyperplane.

Now the preimage of any non-void output value y, f−1(y), equals {x ∈ �I |WHx
= ω(a) with all a ∈ A(y)}. If rank(WH) = J , then, from Lemma 2 and
Lemma 1(b), the preimage f−1(y) is a (I − 1)-manifold in the input space. For
rank(WH) < J , from Lemma 3 and Lemma 1(b),

1. if rank(WH) = 1 and A(y) is a single point, then f−1(y) is a single hyper-
plane;

2. if rank(WH) = 1 and A(y) consists of several points, then f−1(y) may consist
of several disjoint hyperplanes;

3. if 1 < rank(WH) < J and A(y) is a single (rank (WH)-1)-manifold, then
f−1(y) is a single (I − 1)-manifold; and

4. if 1 < rank(WH) < J and A(y) consists of several disjoint (rank(WH)-1)-
manifolds, then f−1(y) consists of several disjoint (I − 1)-manifolds.

Table 1 summarizes that the preimage f−1(y) is dictated by the property of its
associated internal-preimage A(y).

Table 1. The relationship between the internal-preimage A(y) and the preimage
f−1(y) of a non-void output value y

The nature of A(y) The nature of f−1(y)

A single intersection-segment A single (I − 1)-manifold

Multiple disjoint intersection-segments Multiple disjoint (I − 1)-manifolds

The input space is entirely covered by a grouping of preimage manifolds that
forms a preimage field. That is, there is one and only one preimage manifold pass-
ing through each x; and the corresponding output value is the y value associated
with this preimage manifold. Note that the preimage manifolds are aligned or-
derly because A(y)’s are aligned orderly according to Φ−1

O (y)’s and the mapping
of Φ−1

A is a monotone bijection that defines a one-to-one mapping between an
activation vector and an affine space.
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Notice that rank(WH) determines the characteristic of the non-void set and
thus the characteristic of internal-preimage. Hereafter, SLFN-p denotes a SLFN
whose rank(WH) equals p. For instance, if we adopt a SLFN-1 network, then we
can assume wH

j equals αjw with αj �= 0 for all j and αj1 �= αj2 for all j1 �= j2.
Since α1 is non-zero, aj can be represented as tanh(δjtanh−1(a1) + δj0), where
δj = αj/α1 and δj0 = (α1w

H
j0 −αjw

H
10)/α1. If we adopt a SLFN-2 network, then

we can assume that wH
1 equals w1, wH

2 equals w2,wH
j = γj1w1 + γj2w2 with

either γj1 or γj2 nonzero for all j ≥ 3, and w1 and w2 are linearly independent.
For SLFN-1, the above preimage analysis states that the non-void set is an 1-

manifold; A(y) equals {a ∈ (−1, 1)J |wO
1 a1+

∑J
j=2 wO

j tanh(δjtanh−1(a1)+δj0) =
y−wO

0 , aj = tanh(δjtanh−1(a1)+δj0) ∀ j ≥ 2, a1 ∈ (−1, 1)}; and f−1(y) equals
{x ∈ �I |∑I

i=1 wH
1ixi = tanh−1(a1)−wH

10, w
O
1 a1 +

∑J
j=2 wo

j tanh(δjtanh−1(a1)+
δj0) = y − wO

0 , aj = tanh(δjtanh−1(a1) + δj0) ∀ j ≥ 2, a1 ∈ (−1, 1)}. These
establish the following Lemma 5. Furthermore, w is the normal vector of the
preimage hyperplane of SLFN-1 and wH

j ≡ αjw determines the orientation of
the activation hyperplane in the input space corresponding to the jth hidden
node. Thus, we have Lemma 6.

Lemma 5. For SLFN-1, the preimage field is formed from a collection of preim-
age hyperplanes.

Lemma 6. For SLFN-1, the activation hyperplanes in the input space corre-
sponding to all hidden nodes are parallel, and the preimage hyperplane is parallel
with the activation hyperplane.

The above preimage analysis results in the following two hyperplane character-
istics (i) and (ii) regarding all SLFN networks and one hyperplane characteristic
(iii) for SLFN-1: (i) training samples with the same target value are allowed to
be on the same activation hyperplane; (ii) activation points with the same target
value are allowed to be on the same Φ−1

O hyperplane; (iii) training samples with
the same target value are allowed to be on the same preimage hyperplane.

4 The Experiment of m-Bit Parity Learning Problem

Through the application to the m-bit parity problem learned by constructing
SLFN-2 and SLFN-1 network solutions, we show that the construction concept
can help find network solutions perfectly fitting 2m distinct samples with fewer
used hidden nodes than the one obtained from the conventional construction
method of [5].

For the m-bit parity problem, I is equal to m and we observe that the 2m

input samples are on the vertices of an m-dimensional hypercube with any two
adjacent vertices having different target values. Without any loss of generality,
take xc

i ∈ {−1, 1} for all c and i, and set the target value to t for odd number of
+1’s in input, and to −t otherwise.

In the case of constructing a SLFN-2 network solution, assume that wH
1 equals

w1,wH
2 equals w2, wH

j ≡ γj1w1 + γj2w2 with either γj1 or γj2 nonzero for
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Table 2. The mapping from the total eight input patterns to the following six activa-
tion vectors

xc wT
1 xc wT

2 xc wT
j xc tc

(1, 1, 1) 3 1 3γj1 + γj2 −t

(-1, 1, 1) 1 3 γj1 + 3γj2 t

(1, -1, 1) 1 -1 γj1 − γj2 t

(1, 1, -1) 1 -1 γj1 − γj2 t

(-1, -1, 1) -1 1 −γj1 + γj2 −t

(-1, 1, -1) -1 1 −γj1 + γj2 −t

(1, -1, -1) -1 -3 −γj1 − 3γj2 −t

(-1, -1, -1) -3 -1 −3γj1 − γj2 t

all j ≥ 3, and w1 and w2 are linearly independent. Following the guide of the
observed property of parity problem and the hyperplane characteristic (i), let w1

and w2 be assigned as in eqt. (6) and thus the total 2m input patterns are mapped
onto 2m activation vectors {ã0, . . . , ã2m−1}, in which ãk ≡ (ãk

1 , . . . , ãk
J)T. Table 2

illustrates the mapping regarding the 3-bit parity problem. Let ã0
1 = tanh(m +

wH
10), ã

0
2 = tanh(m− 2 + wH

20), ã
0
j = tanh(mγj1 + (m− 2)γj2 + wH

j0), j = 3, . . . , J,

and t̃0 ≡ −t; for each k = 1, . . . , m − 1, ã2k−1
1 = tanh(m − 2k + wH

10), ã
2k−1
2 =

tanh(m− 2k+2+wH
20), ã

2k−1
j = tanh((m− 2k)γj1 +(m− 2k +2)γj2 +wH

j0), j =
3, . . . , J, and t̃2k−1 ≡ (−1)k+1t; ã2k

1 = tanh(m− 2k + wH
10), ã

2k
2 = tanh(m− 2k−

2 + wH
20), ã

2k
j = tanh((m − 2k)γj1 + (m − 2k − 2)γj2 + wH

j0), j = 3, . . . , J, and
t̃2k ≡ (−1)k+1t; ã2m−1

1 = tanh(−m+wH
10), ã

2m−1
2 = tanh(−m+2+wH

20), ã
2m−1
j =

tanh(−mγj1 + (−m + 2)γj2 + wH
j0), j = 3, . . . , J, and t̃2m−1 ≡ (−1)m+1t.

w1j = 1, i = 1, . . . , m; w21 = −1, w2i = 1, i = 2, . . . , m. (7)

Thus let J = 2m, wH
j0 = 0 ∀ j, wO

0 = 0, and wO = M̃
−1

T̃, in which M̃ ≡
(ã0, . . . , ã2m−1)T and T̃ ≡ (t̃0, t̃1, . . . , t̃2m−1)T. Referring to [5], it is trivial to
show that there exist non-zero values of γj1 and γj2 such that the square ma-

trix M̃ is invertible and thus the corresponding inverse matrix M̃
−1

exists. By
checking all 2m samples, it is trivial to show that the above SLFN-2 network is
a solution of the m-bit parity problem.

In the case of constructing a SLFN-1 network solution, assume that wH
j equals

αjw with αj �= 0 for all j, αj1 �= αj2 for all j1 �= j2, and aj can be represented as
tanh(δjtanh−1(a1)+δj0), where δj = αj/α1 and δj0 = (α1w

H
j0−αjw

H
10)/α1. Fol-

lowing the guide of the observed property of parity problem and the hyperplane
characteristics (ii) and (iii), we pick w as w1 in eqt. (6) and assign a total of
�(m+1)/2� adopted hidden nodes. Thus the total 2m input patterns are mapped
onto m + 1 activation vectors, {â0, . . . , âm}, in which âk

j = tanh((m − 2k)αj +
wH

j0), j = 1, . . . , �(m + 1)/2� and âk ≡ (âk
1 , . . . , âk

�(m+1)/2�)
T, k = 0, . . . , m. Then

we make the following assignments:
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(I) when m is an odd number: let wH
j0 = 0 ∀ j, wO

0 = 0 and wO = M̂
−1

T̂,
where M̂ ≡ (â0, â1, . . . , â�(m+1)/2�−1)T, âk

j = tanh((m − 2k)αj) ∀ j, k =
0, . . . , m, T̂ ≡ (t̂0, t̂1, . . . , t̂�(m+1)/2�−1)T, and t̂k ≡ (−1)k+1t for all k.

(II) when m is an even number: let wH
j0 = αj ∀ j, wO

0 = 0 and wO = M̂
−1

T̂,
where M̂ ≡ (â0, â1, . . . , â�(m+1)/2�−1)T, âk

j = tanh((m − 2k + 1)αj) ∀ j, k =
0, . . . , m, T̂ ≡ (t̂0, t̂1, . . . , t̂�(m+1)/2�−1)T, and t̂k ≡ (−1)k+1t for all k.

Referring to [5], it is trivial to show that there exist non-zero values of αj such
that the set {â0, . . . , âm} are linearly independent and thus the square matrix
M̂ is invertible. By checking all 2m samples, it is trivial to show that the above
SLFN-1 network is a solution of the m-bit parity problem.

5 Conclusions and Future Work

This study derives three hyperplane characteristics and several properties of
the SLFN through the preimage analysis. Regarding the m-bit parity learning
problem, we observe that the 2m input samples are on the vertices of an m-
dimensional hypercube with any two adjacent vertices having different target
values. Accordingly, the construction concept helps set up SLFN-1 and SLFN-
2 solutions, each of which uses fewer hidden nodes than the ones used by the
conventional construction method of [5].

Note that most learning algorithms (or construction methods) lead to a
SLFN-p solution with p ≥ 2 and complex preimages. Extending from this study,
one may further argue that the construction concept can help identify the true
upper bound on the number of used hidden nodes of such SLFN solutions for
a specific learning problem. This argument is one of future researches. Most
training is a trade-off of learning performance and generalization performance,
and the hidden layer plays a key role in this issue. Therefore, another future
research is to develop and validate a construction concept that involves with the
generalization.
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