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1. Introduction

The study of asymptotic posterior normality can be traced back to the time of Laplace and it has attracted the attention of many
authors. A conventional approach to such problems starts from a Taylor series expansion of the loglikelihood function around the
maximum likelihood estimator (MLE) and proceeds from there to develop expansions that have standard normal as a leading term
and hold in probability or almost surely, given the data. For contributions of previous work, see, for instance, Cam (1953), Walker
(1969), and Johnson (1970) for i.i.d. observations; Heyde and Johnstone (1979), Chen (1985), and Sweeting and Adekola (1987) for
stochastic processes. In these papers there are three basic conditions, which regard information growth, information continuity,
and the tail behavior of the likelihood function. More specifically, the information growth assumes that the norm of the observed
information matrix goes to infinity; the information continuity involves assuming that the information function is smooth over
either a fixed or a shrinking neighborhood of the maximum likelihood estimate (or the true underlying parameter value); and
the tail behaviors essentially concern with how fast the loglikelihood values decline outside the specified neighborhood. Earlier
papers consider fixed neighborhoods; later, Chen (1985) introduces the idea of shrinking neighborhood, but does not specify the
shrinking rate; Sweeting (1992) studies a two-parameter nonhomogeneous Poisson process, gives explicit shrinking rate, and
provides some workable conditions relating to the tail behavior of the likelihood. In fact, these two papers show that in practice
the first two conditions are relatively easy to check while the third one for nonlocal behavior of the likelihood is more complicated.

Recently, Weng (2003) proposed an alternative approach for posterior normality of stochastic processes in the one-parameter
cases. This approach begins with a suitable parameter transformation Z¢, then for any bounded measurable function h, a version
of Stein's Identity is employed to isolate the remainder terms of the posterior expectations of h(Z;) so that the posterior normality
becomes more transparent and can be easily established. For a detailed account of Stein's Identity, we refer readers to Woodroofe
(1989, 1992) and Woodroofe and Coad (1997). However, due to some technical difficulties (see Section 5), the conditions in
Weng (2003) cannot be directly modified for k-parameter models. The purposes of this paper are to extend this method to
multiparameter problems and provide comparisons of the conditions with earlier work. In the following section we introduce
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the model. Section 3 reviews Stein's Identity and gives some preliminary results. Model conditions and the main theorems are
provided in Section 4, where the asymptotic results are established first by assuming that the prior has a compact support and

is continuously differentiable on ‘.Rk, and then extending to more general priors. Section 5 compares our conditions with Weng
(2003) and Sweeting (1992). Finally, we use three examples in Section 6 to illustrate the application of this approach: Section
6.1 gives a bivariate normal model in which our conditions hold, but Sweeting's (1992) fail; Sections 6.2 and 6.3 consider the
exponential family and a nonhomogeneous Poisson model, respectively.

2. The model

Let X; be a random vector distributed according to a family of probability densities ptﬁ(xt), where t is a discrete or continuous

parameter and 0 € O, an open subset of % Let Pt and Et, be the associated probability measure and expectation of pf,. Assume
0 0 0
that the loglikelihood function /¢ (0) =log p, (x¢) is twice continuously differentiable with respect to 0. Denote V4 (0) as the vector
0

of first-order partial derivatives, and V2/;(6) as the matrix of second-order partial derivatives. Throughout let 9t be the MLE,
satisfying V£ (0¢) = 0. Whenever such a root exists and —v2¢;(0y) is positive definite, we define By and Z; as

B/tBt = 7V2£t(()t), (1)
Zp = Br(0— Op); (2)

otherwise, define By and Z; arbitrarily (in a measurable way).
Consider a Bayesian model in which 0 has a prior density £. Then the posterior density of 0 given data x; is &;(0) o« eff(9>£(0).
and the posterior density of Z; is

(@ x E0@) « et O~ g, 3)

where the relation of 0 and z is given in (2). Let PE and E% denote the conditional probability and expectation given data x;.
Suppose that 0 is the true underlying parameter. The goal is to establish explicit conditions under which

PE(Zt €B) - ®p(B) ast— ocoin P(So—probability, (4)

where B is any Borel set in 9t¥ and ), is the standard k-variate normal distribution. In what follows, P(t) is abbreviated as Py, for
0

convenience.
3. Preliminary results

Tobegin, we review Stein's Identity. Let I" denote afinite signed measure of the form dI'=f d®;,, where fis a real-valued function
defined on X satisfying JIf1d®y, < oo. Next, write @, h = [ hd®j, for functions h for which the integral is finite, and similarly

write I'h= [ hd[I. For p >0, denote by Hp the collection of all measurable functions h : 7% — 2 for which lh2)| <c(1+|1z|P) for
some ¢ > 0, and define H = Uy > gHp. Given h € Hp, let hg = @h, hy, = h,

h](y1 . ,yj) = /;kaj hyq, ... - Yjs W)(Dkfj(dw),

1/2)y2 [ _ 2
g1,y =e yffy hiy1.....¥j 1. W) = i 101, ... yj_ple” T2 dw, (5)
i

for —co <yq, ..., Yy<ooandj=1,..., k.ThenletUh=(gq,..., g)'-Note thatg;(yy., ..., Yo =8&W1.---. ¥j), which does not involve
Proposition 3.1 (Stein's Identity). Let q be a nonnegative integer. Suppose that dI" = f d®,, where fis differentiable on a* for which
Rk If1d®y + ﬁﬁk(l + 1IN V@) | Py (dz) < oc.
Then,
I'h=T1-®h+ /(Uh(z))/vf(z)d)k(dz), (6)

forallh € Hg.
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Proof. See Woodroofe (1989, Proposition 1). [J

Lemma 3.1. [fhis a bounded measurable function, then |Uh(z)|| < cq for some ¢y > 0 and forall z € RE, Moreover, ifh(z) = ||z||P,p>1,
then for some cp >0

IUh@ | <cp(1+ JizIP~ ).
Proof. See Woodroofe (1992) or Weng and Woodroofe (2000, Lemma 8). [J

Some notations and calculations are needed. For converting the likelihood into a form close to normal, we first take a Taylor's
expansion of 4 (0) at 0,

0e(0) = Le(Op) + 30— 00y V2 000F)(0 - Op),

where 0 lies between 0 and 0. Then, letting

ue(0) = — 10 — 00 1v2 e (Or) — V20010 — D), (7)
it follows that
Ce(0) = Le(0p) — Sz 1% + g (0) (8)

and (3) can be rewritten as

(@ « P @ft @), 9)

where ft(z) = £(0(2)) explu¢(0(2))] and ¢ (z) denotes the standard k-variate normal density.

Throughout V¢ and v2 ¢ denote the gradient and Hessian of ¢ with respect to 0, Vf and V2f the gradient and Hessian of f with
respect to z, and (92 L1 /00; 00; )(;1’1) denotes the Hessian matrix of £; with its (i, j)-component evaluated at #/, respectively. More
calculations are needed.

Ve (Ze) /1 {Vf( ) ]
= (B Vug (0 10
fizn ~ 0 ey TV (10)
where from (8) we have
Vue(0) = Ve (0) — V200 (0 — Op). (11)

Moreover, by Taylor's expansions,

62
vur(0) = [(ae o0;

where ¢! = g*ir’ i,l,r=1,...,k lie between 0 and @)t. Therefore,

. . 626 i _
B~ Vur(0) = {Ik—(Bt) 1[— (aeiatej o UNBt 1}zt. (12)

From (9), the posterior distribution of Z; is of a form suitable for Stein's Identity. The following two conditions on prior
are needed for Proposition 3.2 and Theorem 4.1. However, in Theorems 4.2 and 4.3 the asymptotic posterior normality can be
established for more general priors.

) - vzﬂt(@)o} O 0p),

(P1) & is continuously differentiable on %Rk,
(P2) ¢ has a compact support @é c Rk
In the proposition below, assume that there is a measurable @t = @)t X¢) and let

D = {Vét(ét) =0, —Vzﬁt(ét) is positive definite}. (13)

Proposition 3.2. Let q be a nonnegative integer. Suppose that ¢ satisfies (P1) and (P2). Then, for all h € Hg,

, VitZe)
fe @)

é[h(Zt) — dh= Ef [UhZ)) } a.e. on Dy.
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Proof. Write &;(0) = c¢ expl[le (D)1 (0) and (¢ (2) = cf Py (2)ft (2), where c; and ¢} are normalized constants which exist by (P1) and
(P2). Taking f in Proposition 3.1 as c;ft, we have [ c/ft d®) = 1.1t then suffices to show that for fixed x;

Vft(zt)}
ELYA + 1z 222
é{( + 11 Z¢l )fr(Zt) <00

To see it, first expand the above integral by using (10), (11), and the relation

¢ [IVEWD)]
ke [ &0

} = / ctIvE@) et dg.
0

Then (P1) and (P2) imply that the integrands involved are continuous and bounded over @5 so the desired result follows. [J

Thus, we have the simple consequence: Suppose that ¢ satisfies (P1)—(P2). Then, the necessary and sufficient condition for (4) to
hold is

Vit (Ze)
fe@p)

E{ {[Uh(Zt)]/ } — 0 in Py -probability.

4. Main results

We begin with some notation. Let D; be the event defined in (13), 2 denote convergence in P90 -probability as t — oo, and
St=1{z:2=B(0—0p.0 < O). (14)

Next, for any k x k matrix A, the spectral norm is |\A\|2 = Amax(A’A). Finally, denote by B(a; d) the k-dimensional open ball with
radius d centered at a. Hereafter, we assume that the prior ¢ satisfies the following condition:

(P3) There exist &g > 0 and Jd( > 0 such that £(6) > gy over B(0g; dg).

The following three conditions are required for the likelihood. In brief, the first two conditions regard information growth and
information continuity, respectively, and the last one concerns some integrability properties of exp[¢;(0) — £;(0)] over S¢, which
essentially involves the tail behavior of the likelihood.

(L1) Py, (D) — O, 1B L 0,and0; 2 0yast — .

(L2) There exists a sequence of positive constants {b;} increasing to co such that SUPij (0112 < by} I + (B’t)—1 <azzt/ae,- 69j(11if))
B2 o.

(L3) (i) Let bt be as in (L2). There exist constants r > 1 and ¢ > 0 such that for all 0 € {||z¢] > b¢} N @é, ||(B’t)—1 vug ()| <cllzell”.
(ii) There exists a nonnegative function g : R x %K . R for which, with POO -probability tending to 1 and VO € O,
e (Op) — L (O] =g(t, 0), ms(0) = (det By)l|z¢|"e=4ED) are uniformly integrable in ¢, and f@s‘ m¢(0) dO are uniformly bounded

in t. Here the constant r is as in (i).

Note that the uniformly bounded condition of f@g m¢(0) d0 in (L3)(ii) is guaranteed by the uniformly integrability, provided
that @i is bounded. The following facts related to conditions (L1)—(L3) will be used later.

(A) Byrearranging (7) and (8) we obtain
Ce0p) — £60) = T1ize1? — 1240 + Bp =1 (V2 4e(07)B; 1z
So, if (L2) holds, there exist constants ¢y > 0 and c/1 > 0 such that

sup [ét(ét) —Le(0)1<c;  with Pgo-probability tending to 1. (15)
O:lzell < ¢

(B) Condition (L3)(ii) ensures that for some 0 < M < oo,

/ elt@=Lel0 4z <M with Py, -probability tending to 1, (16)
St

/ Iz)efe@ =t qz - M with Py, -probability tending to 1, (17)
St



4072 R.C. Weng, W.-C. Tsai / Journal of Statistical Planning and Inference 138 (2008) 4068 — 4080

and

/ 2" ele @t 47 B, (18)
Sen{lizll>be}

where by — oo asin (L2).
(C) As an alternative condition to (L3)(ii), (L3)(ii’) also implies (16)—(18).

(L3)(if') There exists a nonnegative function g* : ®* — 9 for which, with Py -probability tending to 1and 0 < O, (¢¢(0y) -
Ce(0)>g*(z) and [ IzITe €@ < o,

Note that the results in the lemma and theorems below remain valid if the condition (L3)(ii) is replaced by (L3)(ii’), since we
only need (16)—(18).

Lemma 4.2. Let f; be as in (9) and St as in (14). Suppose that ¢ satisfies (P1)—(P3). We have (a) if conditions (L1) and (L2) hold, then
there exists C; > 0 such that fst Ok @ft(2) dz > C with P90 -probability tending to 1; (b) if (L3)(ii) holds, then there exists C; > 0 such

that fst Or @ft(2)dz < C, with PHO -probability tending to 1.
Proof. Throughout the proof, we need the following expression from (8) and (9):
/5 Pr@ft(2) dz = 2m K/ fb_ £y 12Nz e g7
t t

_ (27-5)*k/2/ Cj(@(z))eét((’)*ét(ét) dz.
St

Now consider (a). Let dg and &g be as in (P3), and recall that (L2) implies (15). By assumptions ||Bt_1 I 2 0and Ot 2 0p in (L1),
we have PGO({H lzell<eq) € B(@)t; 0/2) c B(0p; 6)) — 1. Therefore, with P@O—probability tending to 1, we have £(0(2)) > ¢y over
lz¢]l < c1. So, (a) follows by taking C; = (27T)_k/280€_ca Jiz1<e; 42

Next, (b) follows by (16) and the boundedness of & (by (P1) and (P2)). [

From (8) and (9),
gt (||Vg“||) s IVelg@ete D dz @ K2 g vejelte @100 gz
S\ ¢ ) s dk@fiwdz Js, Pk@ft(2)dz

Therefore, by boundedness of V&, (L3)(ii), and the arguments in Lemma 4.2, we have the following corollary.

Corollary 4.1. Under the same conditions as in Lemma 4.2, there exists 0 < C < oo such that E2(||V§’||/£) < C with P00 -probability
tending to 1.

Theorem 4.1. Let h be any bounded measurable function. Suppose that the prior ¢ satisfies (P1)—(P3) and the likelihood satisfies

(LD)~(L3). Then, EL h(Z)] 2 on.

Proof. Throughout the proof, we note that Uh is bounded by Lemma 3.1, and ¢ is bounded by (P1) and (P2). From (10) and

Proposition 3.2, for a.e. on Dy,

/— vé /—
ELTh@Z)) — h=E} {[Uh(zt)]/Bt ! gf } + EL(IURZ0)V B Vue (0))

=1+ 1 say. (19)

Since POO (Df) — 0 by (L1), it suffices to show (Iy + II;) 2o. First, I¢ 2 0 follows from Corollary 4.1 and the assumption \|B;1 I L))
under (L1).

Next, consider II¢. Write
J5 U@ VB! Vur ) @)fr 2) dz
Iy = ,
s, ¢@ft () dz
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where by Lemma 4.2(a) the denominator is bounded below by some C; > 0; therefore, we need only to show that the numerator
2o. Now, decompose the numerator into integrations over ||z|| < b and ||z| > b¢, and denote the corresponding integrals as Ilf)
and ”5_2)' respectively. By (12), (P1)—(P2), and Lemma 3.1, there exists C > 0 such that

e 1< /H < U@ B Vur 0)1EO@elt Dt o dz
Z|| < bt

626 " A
1] t il -1 Le(O)—Le(Op)
o= B0 [ <69i691>(0 )}Bt ]/zu@t fele @

So, 11(1) 0 by (L2) and (17). Finally, by (P1)—(P2), (L3)(i), and Lemma 3.1, there exists C > 0 such that

<C sup
0:ljz|| < be

) <c / 1z ele@—te O gz
Sen{lizll>be}

which 2 0by (18). O

Proposition 3.2 requires (P1) and (P2), which exclude priors such as uniform (not continuously differentiable on ‘.Rk) and
normal (not having compact support). The next two theorems consider more general priors. The following notation is needed:

Si={(z:2=Bi(0—0p),0 € O). (20)
Theorem 4.2. Let ¢ be a prior on ©. Suppose the following conditions hold:

(i) there exists a sequence of priors {&p,, n > 1} with supports @fn such that (P1)—(P2) are satisfied, (P3) is satisfied with the same ¢

and dy,
(ii) supp.@ 1€n(0) = E(0)] - 0 asn — oo,
(iii) the likelihood satisfies (L1)—(L3), but with © ¢ in (L3) replaced by @é
(iv) there exists 0 < M. < oo, not depending on t, such that the likelihood satisfies the following:

/ =t 4z < M, <00 with Py, -probability tending to 1. (21)

Then, for any bounded measurable h we have E% [h(Z 2 on.
Note that if @in in (iii) above is replaced by @, then (16) holds with S; replaced by S, which is exactly (21).

Proof. To start, notice that one can assume |h| < 1 without losing generality, and that by (i) and (iii) we can apply Theorem 4.1 to

obtain that foreachn>1, Eé hZ) B ®h ast — oo. Next, write
n

fSZ‘ é’(()(z))h(z)eét(e)—ét(ét) dz

Eéh(Zt) = ~
fs;‘ EO@2)elt L0 dz

fs: En(O@)h@elt @~ gz ¢ IARUCE EnO@)h)elt O~ 4

Js En0@elt O~ dz + Js160@) - 0@ lele @~ dz

(Nume); + (Nume),

~ (Denom); + (Denom); (22)

By (i), (L1), (L2), and a similar proof of Lemma 4.2(a) we can find a C, > 0, independent of n, such that for eachn>1
(Denom); = / En(0@)eltO=tel0 gz >, ~ 0 with Py, -probability tending to 1.
St
Then, by (ii) and (iv) we have that (Nume), and (Denom), are bounded by

sup [En(0) — EO) / eltO~LeO00 4z < sup |E,(0) — E0) My = an — 0.
0cO® St 0c®
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Finally, dividing both the numerator and the denominator of (22) by (Denom)4, we have that for each fixed n

®ph — anC; !

-1
< lim inf ELh(Zp) < lim supEgh(Zt) < Pih+anCi .
1+ anC;1 to>oo © S

s 00 1—apC;!

hence, the desired result follows since ap — 0asn — oo. [

Conditions (i) and (ii) in the above theorem imply that ¢ must be continuous and bounded; however, & need not have a compact
support or be continuously differentiable on RE, So, the theorem applies to priors such as normal, Gamma(p, /) with a shape
parameter p > 1, and Beta(r, s) with (1, s) € {(1,2) x (1, 00)} U{(1, 00) x (1, 2)}. For unbounded or non-differentiable (on iRk) priors
such as Beta(r, s) with r <1 or s < 1, and Gamma(p, 1) with a shape parameter p < 1, we provide the following theorem.

Theorem 4.3. Let ¢ be a prior on ©. Suppose the following conditions hold:

(i) there exists a sequence of priors {&, n > 1} with supports © En such that (P1)—(P2) are satisfied, (P3) is satisfied with the same &
and dp;
ii) there exists a sequence of sets {An, n > 1} such that Oy € An, An /' O, and the Lebesgue measure of AS = @\Ap approaches 0;
(iii) supgeq, 1€n(0) = E(O) — 0;
(iv) 1€l < IElon Af;
(v) the likelihood satisfies (L1)—(L3), but with @é in (L3) replaced by @5n ;
(vi) there exists 0 < M, < oo, not depending on t, such that (21) holds;
(vii) there exists some ng > 0 such that (det Bt)é(G)e*g(O‘t) ]A%O is uniformly integrable in t, where g(0, t) is as in L3(ii).

Then, for any bounded measurable h we have Eg[h(Zt)] 2 on.

Proof. We give only a sketch of the proof as it resembles that of Theorem 4.2. To begin, by (i) and (v) we can apply Theorem
4.1 for &y, n>1; and we can write Egh(Zt) as in (22). A similar argument shows that by (i), (L1), and (L2) there exists a Cyx > 0,

independent of n, such that for each n>1

(Denom){ >C,, >0 with P90 -probability tending to 1.
Next, letting Ap t = {z : z=B¢(0 — 90, 0 € Ap} and S{ be as in (20), both (Nume), and (Denom); are bounded by
/ E0@) — EnO@))elt @00 g
St

= / 1E0@) — En (0@ et @0t @0 gz 4 f 0@ — a0t @~ @0 gz,
An,t t

¢ \An,

where by (vi) the first integral is bounded by SUPga, |E(0) — & (0)|M, which approaches 0 as n — oo by assumption (iii); and by
assumptions (ii), (iv), and (vii) the second integral is bounded by

/ 28(0(2))elt O~ g7 < sup/c 2¢(0)(det Bpe 80 dg = m,
;k n.t t JAR

which approaches 0 as n — oo. Then, the result follows. [J
5. Comparison with earlier work

Since this work is closely related to Weng (2003) and Sweeting (1992), this section compares the present conditions with

these two papers. To compare with Weng (2003), we first note that she only considered the one-dimensional case. In such case,
one has the property that sup,|zUh(z)| < oo for bounded h; therefore, by (12),
{0
O
for some C > 0, and the analysis of II; in (19) is simpler. For multi-parameter cases, we have supZ|zT Uh(z)| < oo for any bounded
h; however, it does not lead to an inequality like (23) because here [Uh(Zt)]’(B;)unt(()) involves cross terms z,-(Uh)j(z), i#],
where (Uh); denotes the jth component of Uh. Of course, if the Hessian matrix of the loglikelihood function is diagonal, we have
a multivariate version of (23).

Next, the prior conditions in Weng (2003) are quite restrictive. It is assumed that the prior ¢ is continuous and strictly positive
on some closed interval [a, b], and is continuously differentiable on (a, b). Here we allow priors to be more general.

, (23)

[lURZp)T By~ Vi (0)| <C ‘1 -
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To compare with Sweeting's (1992) conditions, note that both have similar conditions on information growth and information
continuity, but our condition on the nonlocal behavior of the likelihood is different from his. More explicitly (using our notations)
his (C6) states that

C6 (Nonlocal behavior).

(det By) . eltO=lOo gy do - o,
GEN{"(H[,C[)

where Nt (i, ¢) = {0 : [[(=V24: ) 1/21 (0 — )] < ¢} and ¢ — oo such that

sup  [(=V2Le(0r) V2V 4e(0) — V2O~V (0121 - 0.
OEN[(O[,Ct)

As he pointed out, condition C6 can be difficult to check in its present form; therefore, he proposed condition C6*(i)—(iii) that
reduces the region over which it is necessary to check nonlocal behavior of the posterior distribution. Furthermore, when infor-
mation on different parameters does not vary too wildly, he proposed Lemma 2.3, which is helpful to check C6*(iii). The stochastic
versions of C6* and Lemma 2.3 are his D6 and Lemma 3.3. The condition D6 states that

D6 (Nonlocal behavior). For each t € .7 there exists a nonrandom open convex set C; containing 0y which satisfies
(i) POO (=V20:(0) is positive definite on C;) — 1.
(ii) &(0) eventually boundeAd on Ct.
(iii) (detBy) fpy, et @~Le 00 ¢0)d0 5 0.

However, by the proof of his Lemma 2.2, for his C6 and C6* to be equivalent, it is necessary that £(60) be uniformly bounded in C;;
that is, D6(ii) is indeed the following:

sup ¢(0) <M <oo  where M does not involve t.
95(}

So, D6 can be difficult to check when ¢ is unbounded. In contrast, unlike his D6(iii), our L3(ii), (16), and (21) do not have ¢ in the
integrand. In Section 6.1 we provide an example where our conditions hold, but his Lemma 3.3 and D6 fail. On the other hand, our
approach has some disadvantages too. Take the nonhomogeneous Poisson model in Section 6.3 as an example. With the choice
of g(t, 0) in (34), when & has an unbounded support though it can be shown that

(det By) /@ elt =00 £ 9y d9 < M < oo,

for some M not involving t, it is difficult to see whether (21) holds. Therefore, we have to assume that the prior has a compact
support, which, however, is not required in Sweeting (1992).

6. Examples

Three examples are given to illustrate our method in this section. First, we give an example for which the eigenvalue condition
for Lemma 3.3 in Sweeting (1992) does not hold but the conditions for our Theorem 4.3 do hold. Secondly, we consider an i.i.d.
sequence from exponential families, where Theorems 4.1—4.3 all apply. Then, we revisit a nonhomogeneous Poisson model.

6.1. A bivariate normal model
Consider a sequence of independent bivariate normal variables
Xn = Kn1, Xp2) ~ NOyn~1/2, 0~V exprin?/21,1,1,0), n=1,...t.
It is easy to show that

12X, Y A exprin! 21X,

!
0 — (Dr 0.-) — n=1 n=1 p ,
0= 0. O _( YLl L n-1Zexpml/2) ) = (01.02)
and that
t -1
) _(Xp=n 0 >
v et(@—( 0 St n12expnl/2) )"

not depending on the parameters. So,

B = (<ZL1"‘1>”2 0 >: (bn 0 )
0 h_n~ V2 expnl/2))1/2 0 by
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%4,
/\—1 ij - _ _
(B (ae a0, )) B; Iy

Therefore, (L1) holds easily; (L2) holds with arbitrary by — oo; by (12), (L3)(i) holds for any r > 1 and ¢ > 0. Moreover, (L3)(ii) is
satisfied since (t(ét) —0e(0)=1z¢)12/2 and f‘Rk ||z|\re*”2”2/2 dz < oo for any r > 1. Hence, the asymptotic posterior normality holds
if ¢ satisfies (P1)—(P3) or conditions (i)—(ii) in Theorem 4.2.

To illustrate how Theorem 4.3 works, below we consider the case where the prior distributions of 0;, i = 1, 2 are independent
Gamma(p;, 4;) with p; < 1. Note that the prior densities approach co at 0. It is easily seen that the likelihood satisfies (L1)—(L3)
With @é in (L3) replaced by ©, and (i)—(vi) in Theorem 4.3 are satisfied. So, it suffices to check condition (vii). Take Ap ={(01, 03) :

>1/n or 0, >1/n}.Denote the true parameter as 0y =(0y1., 0p2)’. S0, 0g; > 0,i=1, 2. Let ny be large enough such that 1/ny < 0y /2
and 1/ng < 0y /2. Write

and

1/n, 1/n,
f (05, Oy 1712 Pdet Byl 0= / 0 / O &0y, 0pe TEabi 0100012 b d6, d6,. (24)

Note that if for i = 1,2 0; € (0, 1/ng), then {|0g; — 0| < Ooi/4} < {10; — O] > 0;/4}; moreover, since 0y 13 0y, we have that with
P90 -probability tending to 1, |0; — 04| > 0p;/4; and therefore, with P90 -probability tending to 1,

2 2 0.2
b4( 0t
exp |: Zl]nzn):| btlbt2<C vt,

for some 0 < C < co. Then, together with (ii) in Theorem 4.3, condition (vii) follows since the integrand in (24) is bounded by C£(6),
which is integrable on Af .

To compare with the conditions D1-D6 in Sweeting (1992), below we shall check his D6 and Lemma 3.3 (recall the discussion
at the end of Section 5). To start, we note that his Lemma 3.3 requires that

w is stochastically bounded,
/Lmin(Bt)

which does not hold here because

n=1

172
t

Y 1/2
Amax<Bt)=| > n‘]/zexpml/z)} ~ 126" —ey12,

. 1/2
Jmin(Be) = ‘ > onl ] ~ (logt)1/2,

Next, in this case his D6(iii) becomes
/9¢ £(0y, e T 000272 o ag B,

which is much stronger than the integrability condition (vii) in our Theorem 4.3 and does not hold here because by D6(ii) the set
{0 ¢ C¢} must contain a fixed region around the origin.

6.2. Exponential families

Consider an i.i.d. sample Xq, ..., X; from a k-parameter standard exponential family defined by probability densities of the
form
pgto = el XV,
where V is strictly convex and 6 € @, the natural parameter space, assumed to be open. For references of exponential families,
see Brown (1986) and Lehmann (1983, 1986). So, £ (0) = 0'Y; — tyy(0) and V24, (0) = —t V2 (0) where Yy = Zl?:lx,-. It is easily seen
that (L1) holds. Next, since By = v&(v2y(0;))1/2, (L2) holds with b = t1/4. Then, by (12) and the assumption that ¢ has a compact
support, (L3)(i) holds with r = 1. Finally, we claim that L3(ii") holds with

clizell if zell > b,

gz = { otherwise,
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where c is some positive constant and b = 2[)vmax(V2¢(90))]1/2. To see this, first observe that

ﬁRk I1zIe 8" @ dz < M < oo.

Now it suffices to show that Et(@t) — Lr(0) > g*(z). Apparently Et(@t) —f¢(0) >0 for all 0 € O©. Next, note that
lzel =b  implies 10 — O¢ll > 2612 [Amax (V2¥(09)) /Amax (V2P (D)1 /2,

which exceeds t~1/2 when t is sufficiently large; and moreover, for || — @tll > t~1/2 by concavity of ¢; and Lemma 6.3 below we

have
. 124\ .
(vﬂt <0t+t 5 “)) U}HO—OH
1 . L 2y 1\
=5 ||Lllf\1£1 i (Vlﬁ (F)t +— ) - Vl//(@t)> u

Then, by mean value theorem the above line is bounded below by c|/z¢||, for some c > 0. So, the desired result follows.

- 1
Le(0) — Cp(0) > = inf
t(Ue) — £e(0) 3 ||zin_1!

]tn@—@u.

Lemma 6.3. Suppose that f(x) is strictly convex (or concave), xm is its unique minimum (or maximum), and c is some fixed positive
constant. Then, for all x such that | x — xm| > c, we have

oo (1), 0o )

Proof. For the univariate case, we have

f(x)ff(xm+x_x'">'

} X = Xmll.

[f) — fxm)| = 5

d X —Xm c
> |Gt (o 55)) (-2 3)
d c 1
> ‘(&f (Xm +3 sgn(#m))) E(X*Xm)‘-

The result for multivariate cases follows analogously. [

Note that the arguments above remain valid for any by satisfying by = o(t1/2) and by — occ. Note also that in the preceding
paragraph the compactness of @ ¢ is only needed for checking (L3)(i), and (21) holds in this case; hence, we can extend the results
to general priors by Theorems 4.2 and 4.3.

6.3. Nonhomogeneous Poisson process

Here we review the two-parameter nonhomogeneous Poisson process in Sweeting (1992). To begin, assume that the intensity
function is A(t) = ettt gver the time interval, where A > 0 and u are two unknown parameters, and that, over the time period
(0, ), Nt events are observed by times xy, ..., Xy, So, for each fixed ¢, N; is a Poisson with mean fé A(s) ds. Letting 0 = (4, p)’, then

the loglikelihood function is ¢ (0) = Nt (log A + w) + }.Zfilxi - e/“‘(ejvt — 1), with derivatives

N¢ !
Vi (0) = (Nt/i + in _ te/““rlf, N; — e“(e/“ _ 1)) ) (25)
i=1
Ng/72 4 t2eltit elt+it
—v20:(0) = < t/ tel+At elet — 1)> . (26)

Suppose that 0 satisfies P and P*, and @5 is compact. In the following we shall verify our conditions (L1)—(L3). First, choose B; in
(1)as

~2 A A
Bt:(b“ b12>: (Nt /g + t2eltrety1/2 tefrtAet by , (27)
0 by 0 [det(—v2£(00)1/2 /byy

Setting 0/;/Ou = 0, we obtain

el = Ne /et — 1). (28)
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Plugging this into 0¢; /04 leads to

ol Nt , ,
a*;f :Nt/u;xi — te’IN; /e — 1). (29)

Given data by time t, we have that lim;_,  0¢;/04 = Z;\i]xi — tN¢, which is negative because xy, <t and x; < tVi <Nt; and that

lim,

70400t /02 = Z?L"i — tN¢/2, which tends to co w.p.1 (POO ). Moreover, since (29) is strictly decreasing in 4, it has a unique

root Zt >0 w.p.1 under Pao for t sufficiently large. Then from (28), i = log{Nt/(eitt — 1)}. From (26) one can verify that, for t

sufficiently large, —v2/; is positive definite at ét = (;lt, it)’; and therefore, @t is the unique MLE. The fact that ||Bt‘1 I 2 0canbe
easily obtained by (26). For consistency of the MLE, we refer to Keiding (1974). Hence, (L1) holds.
Next, for (L2) it suffices to show that the supremum (over {0:||z¢|| < bt}) for each component of the matrix I} + (Bg)*]

((0%¢; /00; 601-)(71'7))3[ 1 converges to zero in PGo -probability. Define U as a 2 x 2 matrix with (i, j)-component

2y by
30,00, ~ 90;00;

Uj =
So,f

ath .
L+ B =—Lwihy) Bt =@B)~1uB 1. (30)
k t (aelej n t t t

By Taylor expansions,

Uyj = e i1 @)1 — 7o) + g i (@) () — ), (31)
where gt,ijk denote the third derivatives of ¢; and ¥ = (wqj, wg)/ lies between nij = (nqj, n;j)/ and ét~ Simple calculations show that
e 111 be112) = Ele 11 +2Ne/ 22 + tNg /22 g 11 + N/2%), and for (i.j) # (1, 1) the relation between (£ jjy . £ jjp) and (¢ ji. {¢ i)
can be easily obtained. Then, some algebra yields the following expression for the (1,1)-component of the matrix (B})—] UB; I,

(B~ UB; 111 = Uny /€110

= U 11001 Y — Zpltle 11 (@) + 2N/ @113 + N /(]2
+ (13 — fiplle 11 (@) + Nej(@d D2y, (32)

where Mﬂ — J¢) <12~ | and Ing — il Igt — figl. Since Ng/elot7ot — 1 ae. P,

{llz¢ <a¢) implies |2 — 4| < agAre™®ee0/2 and i — fi| <ap(1 + Aetye Ret40/2, (33)

So, together with (26), the right-hand side of (32) approaches 0 in P(’o -probability over the supremum of the set {0 : ||z¢| <t}.

Similar arguments apply to the other components of the matrix. So, (L2) holds with by = t.
Now consider (L3)(i). From (12) and (30), it suffices to show that each component of the matrix (B/t)” UB;] is bounded by
liz¢|I° for some s> 1 over the set {||z¢|| > b;}. Here we consider the (1,2)-component of the matrix. Write

[(Bp~1UB; 13 = (Uab1 — Uy1ba1)/ (b3 by2)
= U124 110p) — U1 L2101/ |:€t,11(ét)\/gt,ll(ét)ét,zﬂét) - @12(90] :

where Uj; are as in (31). Direct calculations yield the desired result, noting that for ¢ sufficiently large, if t = by < l|z¢|| < t—2e/0t/2,

it

A ij
then from (33) there exist c; > 0 and ¢ > 0 such that |41 — A¢| < ¢q t~1and = fte| < czt—] : and hence te < ||zt ||l. Moreover,

if z¢]l > t—2e%0!/2, then by the assumption that ¢ has a bounded support, rei =40t < |lz¢|If for some s> 1. The same arguments
can be applied to the other components of the matrix. Hence, (L3)(i) holds with r =s.

For (L3)(ii), first we let 0 < A1 < ¢; and define the regions Ry = {0 : A<<A1}, Ry = {0 : 1> 41 and (1 — pig) + (A — Zg)t <ct},
and R3; = {0 : 2> Aq and (1 — p1g) + (4 — Ag)t >ct}, where c can be chosen so that ¢; is concave over Ry;. Actually, the idea of
choosing such regions is from Sweeting (1992). Since ét(@t) — Lt (0) = Le(0g) — L1 (0), it suffices to find suitable lower bounds on
either Zt(@)t) —£¢(0) or £ (0g) — £¢(0). Then we claim that (L3)(ii) holds with

_ [CIB(0—0p)ll if 0 € Rye URs;.
gt 0= { eot/2 if 0 € Ry .
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Fig. 1. Contour and 3D plots of a loglikelihood function.

where Cis some positive constant. Since det Bt is of order exp(/gt) and @f is compact, itis easily seen that (det By)||z¢ || exp{—g(t, )}
is uniformly integrable in t and f@£ (det By)||z¢|I° exp{—g(t, 6)} dO < M < oo. So, it now suffices to show that ét(ét) —Le(0) >g(t, 0).

For Ry, with N¢ replaced by its asymptotic expectation efo+%0t, it can be shown that £¢(0) — £¢(0g) < — coe’ot over Ry;. Next,
consider Ry;. Using the arguments in Lemma 2.2 of Sweeting (1992) but with ¢ there replaced by a constant C6, we obtain

/"

R c/ . C,
(o) = €0y = 1B (0 — Oyl = 2112t ) (35)

for 0 € Ry¢ — {zt : l|z¢ll < cj). Finally, we consider the region R3;. Given 6° = (2%, u®) € Ry, denote 0b = b, uby as the intersection
of 2=2%and (u— pg) + (4 — Ag)t = ct; therefore, u° > ,ub. Now, in view of

Cep) — £e(0°) = 10 (D) — L0 + 1607 — L1 0%,
(35), and the triangular inequality, it suffices to show that

Ce(O0P) = £p0°) = ¢ 1B (07 — 0%))).
To prove the above inequality, we first observe from (25) that

oI5 +Agt+ct —Jqt

—=—(0)=zeloT 0 —emMh) — N,
ou
for 0 € R3¢, where the right-hand side exceeds [tr(B/tBt)]]/ 2 with P90 -probability tending to 1. Therefore,

ol
G0°) — £(0%) = a—;(ﬁﬁ)w” —0°) > [tr(B{Bp1' /216" — 0°1 > 1B 116P — 0°].
Thus, from Theorem 4.1, if the prior satisfies conditions (P1)—(P3) then asymptotic posterior normality holds. We note, however,
that with the choice of g(t, 0) in (34), one cannot verify (21), so conditions (iv) and (vi) of Theorems 4.2 and 4.3, respectively, will
fail to hold.

To gain more idea on the behavior of the loglikelihood function, we take (4q, yg) = (0.5, 2.0) and generate a nonhomogeneous

Poisson process over the time period (0, 8). The resulting loglikelihood function based on simulated data is
397(u + log /) + 24463/ — el (e84 — 1),

and the maximum likelihood estimate is (;lt, Q) = (0.504, 1.965). Fig. 1 shows the contour and three-dimensional plots of the
loglikelihood function. These plots give some insight for the selection of regions R;; in verifying L3(ii).
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