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Abstract

An initial boundary value problem for systems of semilinear wave equations in a bounded
domain is considered. We prove the global existence, uniqueness and blow-up of solutions by
energy methods and give some estimates for the lifespan of solutions.
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1. Introduction

Let Q be a bounded domain in R”, n > 1, with a boundary 0Q of class C? and let
T > 0. In this paper we shall consider the global existence and blow-up of solutions
of an initial boundary value problem for a system of nonlinear wave equations in a
bounded domain Q x [0,7T), say

(e — Dug + mju; + fi(ur,un) =0, i=1,2, (1.1)
u(x,0) = p(x), u(x,0) =yY(x), x€Q, (1.2)
u(x,t)=0 on 0Q x (0,T), (1.3)

here u = (uy,uy).
The existence and uniqueness of solutions of the Cauchy problem for a single wave
equation

uy — Au+ f(u)=0 in R" xR", n>3,
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have been discussed by several authors during the past 30 years; see for example
[1,3,7,21,24,25] and the references therein. And some blow-up results can be found
in [4,6,9,14,23]. For an initial boundary value problem, some global existence and
blow-up results are given by [10-12]. Reed [20] proposed an interesting problem for
the following system of equations:

(U1 — Duy + miuy = —4(uy + on ) — 2Pugusd,

(u2)y — Aup + m%uz = —4ai(u; + au2)3 - 2ﬁu%u2. (1.4)

As a model it describes the interaction of scalar fields u;,u; of masses my,ms,
respectively. This system defines the motion of charged mesons in an electro-magnetic
field which was first introduced by Segal [22]. Later, Jorgens [8], Makhankov [16],
and Medeiros and Menzala [18] studied such systems to find the existence of weak
solutions of the mixed problem in a bounded domain. Further generalizations are also
given in [17,19] by using Galerkin methods. Recently, the existence of global and
nonglobal solutions of a particular system was discussed in [13]. In [2], some results
concerning existence and nonexistence of global solutions of a Cauchy problem for
a hyperbolic system of Hamiltonian type in a unbounded domain is given by using
weighted Strichartz estimates.

In this paper, we shall discuss the existence, uniqueness and blow-up properties of
solutions in C%(0,7,L*(2)) N C'(0, T, H}(R2)) for a system (1.1)—(1.3) in a bounded
domain @ in R". The paper is organized as follows. In Section 2, we derive
a priori estimates on solutions of the linear problem. Then we obtain the local
existence Theorem 2.4 by using successive approximation methods. In Section 3, we
shall prove the global existence result in Theorem 3.3. We also show the triviality of the
solution when the initial data are zero functions. In Section 4, we first define an energy
function E(¢) by (3.1) and show that it is a constant function of ¢ which will follow
immediately from some essential identities that will be used later for estimating the
lifespan 7. Then we obtain Theorem 4.4, which shows blow-up of solutions under
some restrictions. Estimates for the blow-up time 7 are also given. In the last section,
we give a uniqueness result in Theorem 5.1 under further assumptions on f. In this
paper, we extend the result of Li [12] to the system of Hamiltonian type. In Examples
3.7 and 4.6, we also give a partial classification of global existence and blow-up of
solutions in the problem (1.2)—(1.4) which is proposed in [20, p. 121].

2. Local existence results

In this section we shall discuss local existence of solutions for (1.1)—(1.3) by the
method of successive approximations. We first give some notations below. Let

H1=CY0,T,L*(Q)) N C°0, T, H) (Q)),

H2 = C*0,T,L*(Q))N C'(0, T, H} (Q)),
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with the norms
[ull = sup ([lue]l2 + [[Vull2)
0<(<T
and
ullzrz = sup ([fuel2 + [[Veuell2 + [[Vul]2).
0<i<T
We say hc Wh1(0,T,L*(Q)), to mean that
heL'(0,T,L%(Q)) and h, € L'(0,T, H)(Q)).

Definition. A function u = (u;,u;) € H1 x H1 is called a weak solution of the initial
boundary value problem (1.1)—(1.3), if

/Q () (O (6) — ()0 Yni(0Y] dx

t
- / / [ = Vi, Vi + ) n)e — mlum + iG] dx ds
0 Q
holds for n =(n1,m)€HL x H1.

Assume that
(Al) f;:R?> — R is continuously differentiable such that for each u = (uj,uy) €
H(Q) x H}(RQ), we have u; fi(u) € LY(Q), i=1,2, and F(u) € L'(Q), where

F(u):/o lfl(s,uz)ds+/0zfz(O,s)ds.

(A2) f;:H(Q)x HI(Q) — L*(Q), i=1,2, satisfies a local Lipschitz condition, i.e.,
for any p > 0, there exists a positive constant C(p) such that

1) = £z < Cw = 0l s

for u,v € Hy(Q) x Hy(2) with ||y sy 10111y < p-

(A3)
oo
Ouy  Oup

Note that the functions of the form

M) = w7 s +ufl,  folu,u) =y +uf,
satisfy the assumptions (A1)—(A3) where 1 <s, p,g < n/(n—2) forn =3 ors, p,g > 1
for n=1,2. The functions of mixed type in (1.4) also satisfy (Al)—(A3) when n=3.

Remark. For brevity, we only consider a system of two equations. In fact, a system
of k equations (k > 2) can be similarly investigated and here (A3) is replaced by
assuming that 0f;/0u; = 0f;/0u; for i # j, 1 <i,j <k.
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Before proving the existence theorem for nonlinear equations, we need the existence
result for linear wave equations which is given by Lions and Magenes [15, p. 95] and

Haraux [5, p. 31].

Lemma 2.1. Assume that f € W“1(0,T,L*(Q)) and that u, € H}(Q), uo€ Hj(Q) N
H?(Q). Then the linear problem for the scalar equation

uy — Au+ f(t,x) =0,

u(xs 0) = MO(x)7 Mt(x7 0) = ul(x)a X e Q:

u(x,t) =0 on 02 x (0,T), 2.1)
has a unique solution u e H?2.

Lemma 2.2 (A priori estimate). Let u be a solution of (2.1). Then we have the
inequality

t
IDula(6) < IDulla(0)+ [ 1712 (2.2)
where Du = (u;, Vu) and |Dul|3(t) = [,(u + [Vul*)dx.

Proof. Multiplying by u, both sides of (2.1) and then integrating over Q, we have

/ u(uy — Au)dx = — / u f dx. (2.3)
Q Q
By the Divergence Theorem, we get
1d [
/ u(uy — Au)dx = = — / (? + |Vu|*)dx. (2.4)
Ja 2.dt Jg

Combining (2.3) and (2.4), using Hélder’s inequality, we obtain

L pulae < 171 @5)

Hence (2.2) follows at once by integrating (2.5) from 0 to ¢.

Remark. The continuous dependence of the solutions of (1.1)—(1.3) on the initial data
can be obtained by Lemma 2.2 and Gronwall’s inequality.

Theorem 2.3 (Local existence). Let ¢; € H}(Q) and y; € L*(Q) for i=1,2, then there
exists a solution u of (1.1)—(1.3) in H1 x H1.

Proof. Due to the fact that H2(Q) N H} (L) is dense in H}(Q) and H} (L) is dense in
L*(Q), it suffices to consider this problem for ¢; € H*(Q)NH(R2) and ; € Hi(Q) for
i=1,2. Let {u#"},,>1 be a sequence of solutions obtained by considering the following
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linear problems:

D — D™t = —mu = fi"), i=1.2. (2:6)
U™ (x,0) = P(x), U (x,0) = yY(x), x€Q

W"(x,t)=0 on 0Q x (0,T), (2.7)

with the initial function u'(x,#) = ¢(x).

The existence and uniqueness of the solution u” € H2 x H2 of (2.6), (2.7) is
guaranteed by Lemma 2.1 since the right-hand side of (2.6) is in W1(0,T,L*(Q))
due to (Al) and (A2).

By Lemma 2.2, we have

t
1D o) < 1D 20)+ [ pfa? + fiaar) 28)
0
Denote by
Bi = 1D [2(0) = (W13 + IVl i=1,2. (2.9)
And let
f=Fi+ o (2.10)
For m > 1 and i = 1,2, define
Goni = m?||u||2 + || fi(™)||2- (2.11)
Let
H (1) = ||Du|12(0) = | Dk |2(t) + [|Dus [l2(0), K > 1, (2.12)
where Duf = (Duk, Dut), for u* = (uf,ub).
We see that
G + G2 < C|[Du™||2(2). (2.13)

From (2.8), we have
t
Do) < B+ [ @R+ @R dr
0
< ﬁi + G17,'l. (2.14)
Note that by (2.13), we have
H?(t) < B+ Ct||Du'||2(2). (2.15)
Define

[[ull oo, = sup{[|Dull2() |0 < < <}
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Let M be a positive constant such that M > . Then H'(t) <M, for 0 <t <, or
lu!|co.c < M. Thus from (2.15), we have

H*(t)<P+CtM <M for 0<t<r, (2.16)
provided that T = (M — f)/CM.
That is,
1| co.c < M. (2.17)

Suppose that |[u"||o.; < M. By adding (2.8) and by using (2.13), we have
H" (1) < B+ (G + G2t
< B+ Ct||Du" (1) <M, 0<t<rt (2.18)
Thus [[u”*!||oc.. < M. Therefore, we have
||| co,e <M for all m > 1. (2.19)

Next we claim that {u"},> is a Cauchy sequence in H1 x H1. Let 2 ="' — ",
From (2.6) and (2.7), we see that

(& = A = —miz ™" = (file™) = fiw" ™)), (2.20)

zZ"(x,0)=0, z"(x,0)=0, xeQ, Z"(x,t)=0 on 0Q x (0,T). (2.21)
As in the previous argument, we see that

1D2"[|2(2) < [[Dz"]]2(0)
2 t
30 [l e+ 16 ~ s e} (222)
i=1 70
From (2.21), ||Dz"|2(0) =0. By (2.19), (A2) and by Sobolev’s inequality, we obtain

IDE)a(6) < K /0 IDE o dr, 0<r<r, (223)

where K is a constant depending on m1, m; and the Sobolev constant. Thus by induction
we have

2" loo.e < K'E”Zmi1 looe <-+- < (KT)m71||Zl||oo,f- (2.24)
Thus for any positive integer p and Kt €(0,1), we get
||um+p o umHoo,r < [(KT)erpr R (Kr)'”fl]Huz o ul Hoo,t

(K,E)mfl
1 —-Kz

< |t — ' ||ooc — 0, as m — oc.
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Thus the Cauchy sequence {u"},>; converges in H1 x H1 and the limit function
u=1im, . u" in H1 x H1 is a local solution of (1.1)—(1.3).
3. Global existence
In this section, we shall show the local uniqueness and the global existence of
solutions u for the problem (1.1)—(1.3). Before doing this, we shall prove that ||Du||2(¢)

is uniformly bounded by a constant (independent of ¢) for all 0 <7 < T < o0.
We first define an energy function E(¢) by

2
1
B0 =3 [V + @i+ mtidyax+ [ Faax G.1)
i=1 /2 Q
where F' is given in (Al).

Lemma 3.1. Let u be a solution of (1.1)—(1.3). Then
2
1
B0 =33 [(VoF + 4 + mighar+ [ F@ax (32)
i=1 /8 Q

Proof. We see that dE/df = 0 by using the Divergence Theorem, (1.1)—(1.3). Thus
E(t)=E(0) for t > 0, i.e., we have (3.2).

Lemma 3.2. Let u be a solution of (1.1)—(1.3). Assume that
(A4)

2
Q)+ mE =0 for E=(&,6) R
i=1

Then we have

|Dull3(t) < E0)  for all t > 0. (3.3)
Proof. Eq. (3.3) follows at once from (3.2) and (A4).

Theorem 3.3 (Global existence). If (Al)—(A4) holds, then there exists a global
solution u of (1.1)—(1.3).

Proof. We first claim the local uniqueness of solutions of (1.1)—(1.3). Let u and u*
be two solutions of (1.1)—(1.3) and let w =u — u*, then we get, for i = 1,2,

Wiu — Aw; = —mi (u; — up) = (fi(w) — fiu*)). (3.4)
Multiplying (3.4) by (w;), and then integrating over {2, we obtain

1d X X

5 37 12wills < Iwodlla{llm s = w2 + 1| fiGaw) = ficw™)]l2}, (3.5)
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fori=1,2, or
d * *
g7 1Pwill2 < ([ (i = w2+ || filw) = fiw) |- (3.6)

Hence we have

d 2 :
3 IPwlle < D (il — w92 + 1 fiw) = fi(w™)]la3- (3.7)

i=1
Note that by Lemma 3.2 we have
|Dw|5(¢) < E(0) for t > 0. (3.8)

By using the Lipschitz condition on f and Sobolev’s inequality, we obtain

d
3 1Pwla() < ClIDwl2(0), (3.9)
where C is some constant.

After integrating (3.9), we obtain

|Dw||2(t) < e[| Dw||2(0) for 0 <t <. (3.10)

Hence ||Dw||2(#)=0 for 0 < ¢ < 7, and we have proved local uniqueness of the solution
of (1.1)—(1.3).

A global solution of (1.1)—(1.3) can be obtained in the usual manner because of
(3.3). Once we have a local solution u in [0,7), we then set
) eL¥@),

T

by =u(-3)emi@, O =u -

T
2

then we have a local solution # of (1.1)—(1.3) on [t/2,37/2). By the local uniqueness

of solutions, we have u =u on [t/2,7). Now we have extended the solution u up to

[0,37/2). Continuing in this way, we then obtain a global solution of (1.1)—(1.3).
Let

A(t) = /Q(u§(x,t)+u§(x,t))dx. (3.11)

In the following, we shall prove the triviality of the solution provided that the initial
data are zero functions. We first derive an essential equality which will be used later.

Lemma 3.4. Let u be a solution of (1.1)—(1.3) with u; € CH(R*, H}(Q)), for i=1,2.
Then we have

2 A"(1)
2 — 7
/Q;|vui| dx =£(0) — =,

2
—/ <F(u)+z <m,2u? n '”;“”)) dx, (3.12)
Q i=1
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or

4" 2
/Z( )t ()+2E(O)—|—/ (Zu,f(u)—EF(u)) dx. (3.13)
Q

i=1

Proof. By differentiating (3.13) once and twice, respectively, we obtain

2
A(t)=2 u;i(u;), dx (3.14)
Ih3
and
2 2
A"(t)=2 D7 dx —2 Vui|* + miu? 4 u; fi(u)) dx. 3.15
) /Q;m x /Q;(I wl? + i + i fi(w)) dx (3.15)

By (3.2), we then obtain (3.12). It follows at once that (3.13) holds by using (3.15)
in (3.12).

Theorem 3.5. Let u be a solution of (1.1)—(1.3) with u; € CH(R*, H(RQ)), for i=1,2.
Assume that

2F(f)+z <2m + )feréf,(f) 0 for all ¢ R?, (3.16)

where

i
[Jull2

If =y =0 in Q, then the only global solution of (1.1)—(1.3) is the trivial solution.

ucHy(Q),u # 0}.

Proof. From the assumptions (3.16) and (3.2), we have E(0) = 0. From (3.12), we
get

2 " 2
2/92|Vui|2dx:—¥—/g <2F(u)+2(2m§uf+uif,-(u))> dx. (3.17)
i=1 i=1

By using Poincaré’s inequality in (3.17) and (3.16), we get A”(¢) < 0. That is A(¢) is
concave down. Since 4(0) =0, 4’(0) =0, we then obtain A(¢) <0 for ¢ > 0. Hence
A(t) =0 for t = 0.

Example 3.6. Consider a particular system (1.1)—(1.3) in R® with

Frlut, ) =yonuz,  fo(ur,uz) = yautun, (3.18)

here 7,7y, > 0.

Without loss of generality, we may assume that y; =7y, =1 by changing the scales.
Now F(uy,uy)= u,uz, and (A1)—(A4) are satisfied. By Theorem 3.3, there is a global
solution u of (1. 1) (1.3) where f is given by (3.18).
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Example 3.7. Consider the problem (1.2)—(1.4) in R*. Assume that 2 >0, f > 0 and
o is any real number. Now F(uj,up) = A(u; + ouy)* + Buu3, and conditions (Al)—
(A4) are satisfied. By Theorem 3.3, there is a global solution u of (1.2)—(1.4).

4. Blow-up of solutions

In this section, we shall discuss blow-up properties of solutions for a system
(1.1)—(1.3). Before doing this, let us give the following two lemmas, which will be
used later.

Definition. A solution u = (uy,u;) of (1.1)—(1.3) is called a blow-up solution if there
exists a finite 7* such that

—1
lim (/(u% + ug)dx> =0.
t—T*— 0

Lemma 4.1. Let b(t): RT — R be a C*>-function satisfying

b'(t) =40+ D)b'(t) + 46+ 1b(t) =0  for t = 0. 4.1)
If

b'(0) > rb(0), (4.2)
then b'(t) > 0 for t > 0, where ry =2(0 + 1)—2\/m is the smallest root of the
equation 1> — 46+ 1)r +4(5 +1)=0.

Proof. Let r; be the largest root of r> — 4(5 + 1)r + 4(6 + 1) = 0. Then (4.1) is
equivalent to

d d
— — - — >
(dt r1> (dt r2> b(t) = 0. (4.3)
By integrating (4.3) from 0 to ¢, we get
b'(t) = rab(t) + (b'(0) — rb(0))e. 4.4)

By (4.2), we get b'(t) > 0 for ¢ > 0.

Lemma 4.2. If J(t) is a nonincreasing function on [ty,>0), ty = 0, and satisfies the
differential inequality

J' ()} =a+bJ(0)V for t =1, (4.5)

where a >0 and beR, then there exists a finite positive number T* such that
lim, 7+ J(t) =0 and an upper bound for T* is estimated, respectively, in the fol-
lowing cases:

(i) when b < 0 and J(ty) < min{1,\/a/ — b},
1 val —b
S 1 , .
e TP “o
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(i1) when b =0,

J(t)
T <t , 4.7
o+ Ja 4.7)
(iii) when b > 0,
S .
T <ty 4 p(o+1)/28 7%{1 —a +cJ(to))_”2‘>}, (4.8)

where ¢ = (a/b)*™/°.

Proof. (i) Since v¢2 —d? > c—d for ¢ = d > 0, we have from (4.5),

J()< —Va+—bJ(t) fort> 1. (4.9)
Thus we get
J(t) < (J(to) - s/—(a/b)) =V (b, (4.10)

Hence there exists a positive 7" < oo such that lim,_,7«_ J(¢)=0, and an upper bound
of T* is given by (4.6).
(ii) When b =0, from (4.5), we get
J(@) <J(ty) — Va(t —ty) for t = t,.
Thus there exists 7" < oo such that lim,_,7«_ J(¢) =0, and an upper bound of T* is
given by (4.7).
(iii) When b > 0, we get from (4.5)
J'(t) < — Va(l + (cJ (1)), (4.11)
where ¢ = (a/b)**'7.
By using the inequality

mi +n? =2""9(m+n)? for myn>0and ¢ > 1, (4.12)
with ¢ =2 + 1/6, we obtain

J'(t) < — a2 =021 4 cJ(r) 1, (4.13)
By solving the differential inequality (4.13), we obtain

—20
J(t) < % {—1 + {(1 +cJ(t) VP + ng(”*”/z% - tg)} } ) (4.14)

Hence there exists 7* < oo such that lim,_.7~_ J(#) =0 and an upper bound of 7™ is
given by (4.8).
Hereafter we shall consider the blow-up of the solution under the following assumption:
(A5) there exists a positive constant ¢ such that

2
NGO @I+ DF(E) =0 for all &= (&,5) R

i=1
Let
J(t)=A(t)"° for t > 0. (4.15)
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By differentiating (4.15) once and twice, respectively, we obtain

J'(t) = —0A()"°7 4 (1), (4.16)
and

J"(t) = A(t) (0 + 1)(A'(1))* — A)A" (1)} (4.17)
Note that by the Schwarz inequality and the triangle inequality, we obtain

(A'1))* < 4/1(t)/9((u1)[2 + (u2)7) dx. (4.18)
From (4.17) and (4.18), we get

J'(t) < — 0A(t) °T'K(¢) for t >0, (4.19)
where

K(t)=4"(t) —4(5 + 1)/9((%)? + ()} dx. (4.20)

By (3.2) and (3.13), we have
K(t)=—4(1+26)E(0) + /(85 +4)F(u)dx
Q

2
+> [ @8|Vul® + 4omiuf — 2u; fi(u)) dx. (4.21)
1:1 Q 1 1

By Sobolev’s inequality, there is a constant /; such that

/Q\Vw|2dx > ;—1/Q|w\2dx for w € Hy(Q). (4.22)
Combining (4.20), (4.21) and (4.22), we have

K(t) = —4(1 +26)E(0) + /9(85 +4)F(u)dx

2 1

here m = min{m,, m;}.
By (AS), we have

A" () — 46 + l)/((ul )t2 + (uz)f)dx > —4(1 4 20)E(0). (4.24)
Q

We consider three different cases on the sign of the initial energy E(0).
(i) If E(0) <0, then 4" (¢) = — 4(1 + 26)E(0), for ¢t > 0. By integration, we have
A'(t) = A'(0) — 4(1 + 20)E(0)t, for ¢ = 0. Thus we get A’(¢) > 0, for ¢ > *, where
4'(0)
= o\, 4.25
max{4(1 +20)E(0)’ } (4:25)

(ii) If E(0) =0, then A”(¢) = 0, for ¢t = 0. If 4/(0) > 0, then A’(¢) > 0, for ¢ > 0.
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(i) If £(0) > 0, by the triangle inequality, we have

A1) < A(t) + /((ul),2 + (u2)?) dx. (4.26)
Q

From (4.24) and (4.26), we have the differential inequality

A"() =40+ 1)A'(t) + 40 + DA(r) + 4(1 + 20)E(0) = 0. (4.27)
Let

B (14+20)E(0)

b(t)=A(t) + 4o for ¢ > 0.

Then b(¢) satisfies (4.1). By Lemma 4.1, we obtain 4’(z) > 0 for ¢ > 0, provided that
1+20)E
A0)>r (A(O) + (Jrlj)é(o)) . (4.28)

Consequently, we have

Lemma 4.3. Assume that (A5) holds and that either one of the following statements
is satisfied.

(i) £(0) <O,
(i) E(0)=0 and 4'(0) > 0,
(iii) E(0) > 0 and (4.28) holds.

Then A'(t) > 0 for t > ty, where ty = t* is given by (4.25) in case (i) and ty =0 in
cases (ii) and (iii).
Hereafter, we shall find the estimate for the lifespan of A(¢). From (4.19) and (4.24),
we have
J'(t) < 40(1 4+ 28)E(0)A(1)™°""  for ¢ > 1. (4.29)

Note that J'(¢) < 0 for ¢t >ty by Lemma 4.3. Hence multiplying (4.29) by J'(¢) and
then integrating from #, to ¢, we get

J'(tY =a+bJ(t)° for t = 1, (4.30)
where

a=0A(ty) "2 HA (1,)* — 8E(0)A(1)}, (4.31)
and

b= 85°E(0). (4.32)

Note that @ > 0 if and only if E(0) < 4'(t))*/84(t).

In the case that £(0) < 0, we obtain the rough estimate of the upper bound for
blow-up time 7* with T* <ty —J()/J'(t). For the remaining cases, by Lemma 4.2,
we obtain the following main result.
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Theorem 4.4. Assume that (A1)—(A3) and (A5) hold and that either one of the
following statements is satisfied:

(i) E£(0) <0,
(ii) E(0)=0 and A'(0) > 0,
(iii) 4’(0)2/84(0) > E(0) > 0 and (4.28) holds.

Then the solution u blows up at time T* in the sense that lim, .7-_ A(t) = co.

In case (i),
~ J()

J'(to)’
Furthermore, if J(f) < min{1,+/a/ — b}, we have
T < ty + ! In a/ —0 .
V=b " \Ja] —b—J(1)

In case (ii),

T* <t

J(t0)
Ve

T <ty +

In case (iii),
5 0
T* <ty + 2<30+1>/257%{1 — (1 + (1)),

where ¢ = (a/b)*™? with a = §*4(ty)~2°=2{4'(ty)* — 8E(0)A(ty)} and b = 85%E(0).
Note that in case (i), fp =¢* is given in (4.25) and #, =0 in cases (ii) and (iii).

Example 4.5. Consider the system (1.1)—(1.3) in R3, with m; =0, i=1,2, f1(ui,uz)=
—uyu3 and fo(uy,up)=—uluy. Now we have F(uy,ur)=—1 utu. The assumption (AS)
is satisfied if 0 <9 < % Hence Theorem 4.4 is applicable.

Example 4.6. Consider the problem (1.2)—(1.4) in R*. Assume that 1 < 0, f < 0 and
o is any real number. Now we have

F(uy,up) = A(uy + oux)* + Puius.
We see that (AS) is satisfied if 0 < J < % Thus Theorem 4.4 is applicable.

5. Uniqueness of solutions

In this section, we shall discuss the uniqueness of the solutions of the system
(1.1)—(1.3) under the following assumption:
(A6) Assume that there exists p > 1 such that

< k(U + [P~ w7, i j=1,2,

o
‘af(ul,uz)
uj

holds for all u;,u, € R.
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We are going to prove the following uniqueness result.

Theorem 5.1. Assume that (A6) holds, then the uniqueness of the solutions of
(1.1)=(1.3) holds either in C([0,T],L®(Q)) for p>1, or in C(0,T,H}(2)) N
CYO0,T,LX(Q)) for 1 < p<n/(n—2), n=3, and for 1 < p<oo, n=1,2.
Proof. Let u and u* be two solutions of (1.1)—(1.3). Put w =u — u* and let

H(1) = [|Dwi [[3(2) + [|Dwa|[3(2).
From (1.1)—(1.3) we get

(Wiu — Aw; = —miw; — (fi(w) — fiu*)) for i=1,2. (5.1)
Multiplying (5.1) by (w;), and then integrating over €2, we obtain
d .
1D = =2 [ fou+ o) — i)} . (52)
Hence we have
d *
g 1Pwille < llmwilz + 11£i) = fiu®)o- (5.3)
By integrating (5.3) from 0 to ¢, we have
t
Dwilate) < [ lmlato) + i) = 5 ) s (5:4)
0
or
t
Dm0 <2 [ {mls) + i) ~ St )3} s (5.5)
0

Then we have
t 2
HO <2 [ 3 fnflnlBes) + 10~ £} ds (5.6)
i=1

By (A6) we have
| fi(u) — fi(u")|

1
= |/ Vfilsu+ (1 —s)u™) - (u—u")ds
0

1
<lu-— u*|/ k(14 [sup + (1 — )i )P~ + |sus + (1 — s)ui |7~ ds
0

< klu = ({1 4+ 272 [P 4 uf [P+ P+ 5] (5.7)
Thus we have

| fiw) — fiu*) < 26°G(x,0)|u — u* |2, (5.8)
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where
G(x,t) =14 2P|y PP72 4 [uf PP72 o+ [P 72 4 [u3[PP72). (5.9)
Hence
i) — fiu")|3 < 282 / G, Ol — u* d. (5.10)
Q
Thus from (5.6) we have
t
H(t) < 2/ (M||u —u*|3(s) + 2k2/ G(x,t)|u — u*|2dx> ds, (5.11)
0 Q

where M = max{m},m3}.
(I) If w;,uf € C([0,T1,L>°(RQ)), let

K(T)= sw {1422772 (2272 o oy P72 o+ P72 o+ s |2P72) )

0<t<

Then we have

H(t) <2 /OI(M + 2k K(T))||u — u*||5(s) ds. (5.12)
Note that |lu — u*||3(t) < AH(t) for some A > 0. Then we obtain

H(t) < 2M(M + 2K*K(T)) /Ot H(s)ds, (5.13)

for all £ €[0,T]. By Gronwall’s inequality, we have H(¢) =0 for all #€[0,7T]. Hence
the uniqueness result holds.

(I1) If wi,uf € C(0,T,HL(Q)) N CY(0,T,L*(Q)), we shall discuss the uniqueness of
solutions of (1.1)—(1.3) for 1 < p < n/(n —2).

(i) When 1 + 1/n < p < n/(n — 2), note that by Holder’s inequality, we have

1/q 1/r
/ G(x,t)|u — u** dx < (/ G(x,s)? dx> (/ lu — u*|* dx) dx, (5.14)
Q Q Q

here g =r/(r — 1), r > 1.
Now from (5.9), by (4.12), we have

G(x,1)? < 2971(1 + 2271 Dg(x, 1)),
where
g(x,1) = |u1|(2p—2)q + |u>1k|(2p—2)q + |up|@P=27 4 |u;|(2p—2)q.

Thus
/G(x,t)q dx < 217! {|Q| +22(pq_l)/g(x,t)} dx. (5.15)
Q Q

Since 1 + 1/n < p < nf/(n—2), by choosing r =n/(n — 2) or ¢ =n/2 in (5.15), we
have 1 < (2p — 2)q < 2n/(n — 2). By Sobolev’s inequality, we have

/ G(x, 1) dx < 277(|Q| + C)) = C7, (5.16)
Q
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where

2p—1 2p—1 2p—1 2p—1
Cr=sup 220 ({luy 1570+ i 1T 07+ N 135 sz 1750,
0<I<T

Thus by using Holder’s inequality in (5.11) and (5.16), we obtain
t
H) <2 [ Gl ) + 25C) = 0 ) . (5.17)
0
By Sobolev’s inequality again, we obtain

t
H(r)sé/ H(s)ds for 0<t<T, (5.18)
0

where C = 24(M + 2k*(C*)Y4) and 2 is Sobolev constant. Therefore, H(¢) = 0 for
0<t<T.
(i) When 1 < p <1+ 1/n, from (5.2), we have

aHDwiH% <2 /Q {mfwil [Owi] + 10w 1) = Siw™)]} dx. (5.19)
By (5.7), we then have

% [Dwill3 < 2 /Q {m [wil [(wi)| + GO, 0w |(wi)|} do, (5.20)
where

GO, t) = k{1 +272(Juy | P~ + |uf| P~ + |ua |77+ 5P} (5.21)

By Holder’s inequality, we have

/Q G, 0w |00l dx < 1G]l 0wl (5.22)

with 1o+ 1/f=1/2, a,f > 2.
Note that by the inequality (4.12), we have
Gx,t)f < kﬂzﬁfl{l + 2pﬂ72(|u1|(p71)13 + |u>1k|(p71)ﬂ + |u2|(p71)/f + ‘u;|(p71)/3)}.

Since 1 < p < 1+ 1/n, after suitably choosing o with 2 < o < 2n/(n —2), we can get
1 <(p—1)p <2n/(n—2). Therefore Sobolev’s inequality is applicable. Thus we have

1/B
(/ G(x,t)f dx) <[22 Q + e = ¢, (5.23)
Q
where
1
C,= sup opPh— 2}(||”1||(p 1)q+||ul||(p 1)q+||u2||(p l)qHuzn(p )q)
0<1<T

Again by Sobolev’s inequality, we have
2n
n—2

[wlle < Awlh2  for I <a< (5.24)
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Thus from (5.22)—(5.24) we get
/ G(x, 0)|w||(w;)|dx < CA
Q

wllallwiell, 1= 1,2. (5.25)
Hence from (5.20) we obtain

d .
T [Dwill3 < 2m} + CA)[[wll12ll(wi)l2

< (mf + CAWIE + 113, (5.26)
fori=1,2.
Therefore, we get
dH (¢ ~
df ) < (2 +n+ COH() for 0<t<T (5.27)

By solving (5.27) with H(0) = 0, we obtain H(t) = 0 for 0 <¢ < 7. Hence we
completed the proof. [J
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