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Abstract

The information collected from many fields of science is a directional data on

the unit sphere. The most important and most commonly used in the distribu-

tions of the directional data on the unit sphere is von Mises-Fisher distribution.

Many scholars and experts have analyzed the data with three-dimensional

von Mises-Fisher distribution in the past, and Nunez-AntonioGutierrez-Pena

(2005) have used a full Bayesian method to analyze three-dimensional von

Mises-Fisher distribution data. This thesis gives the first attempt in using

semi-parametric Bayesian method to analyze the data of three-dimensional

von Mises-Fisher distribution. Besides providing the parameter estimation

and giving the prediction probability density function of the future data, this

thesis also tests whether the mean directions of the sample sets, which are

from three-dimensional von Mises-Fisher distributions, are the same. We also

provide suggestions on how to give the prior distribution and its parameter

values.
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2 von Mises-Fisher��

��'T�������×����� von Mises-Fisher���«!"�¯:�

�����Øª«ÙQ���Ú�� von Mises-Fisher�� vMFp(λ, κ)�GÛÓ�Q

RSTUBÜ

vMFp(Y ; λ, κ) = (
κ

2
)( p

2
−1) 1

Γ(p
2
)I( p

2
−1)(κ)

exp{κλT Y }

0� ||Y || = 1�Γ(·)ÜGammaUB�IρÜ¬ª9ρÝ(first kind and order ρ)�modified

BesselUB�YÞG±

Iρ(κ) =
1

2π

∫ 2π

0

cosρµeκcosµdµ

ÃV ||λ|| = 1�λ�ß���ab���κ > 0Üß���
�KB(

� 3'§ p = 3à\���±�von Mises-Fisher�� vMF3(λ, κ)����$&�

��áp�����0QRSTUBÜ

vMF3(Y ; λ, κ) =
κ

2sinhκ
exp{κλT Y }

GÛ��¹Y 1λâãä�åæç�èLáÁä

Y = (sinθcosφ, sinθsinφ, cosθ)� λ = (sinαcosβ, sinαsinβ, cosα)

8é (θ, φ)�QRSTUBÜ

vMF3((θ, φ); (α, β), κ) =
κsinθ

4πsinhκ
exp{κ[cosθcosα+sinθsinαcos(φ−β)]}� 0 6 θ 6 π, 0 6 φ 6 2π

êëY1, Y2, . . . , Ynìí�]^ vMF3(λ, κ)���Yi = (Yi1, Yi2, Yi3)�îλ�MLEÜ

λ̂ = (

∑n
i=1 Yi1

R
,

∑n
i=1 Yi2

R
,

∑n
i=1 Yi3

R
)

0�R2 = (
∑n

i=1 Yi1)
2 + (

∑n
i=1 Yi2)

2 + (
∑n

i=1 Yi3)
2yÃV
�T κ�MLEÜ coth(κ) −

1/κ = R/nmï�è2&ðá (Fisher et al. (1987); Appendix A10)Ò��8MLE�ï

ñ¼ò 1/(1−R/n)�0�R/nÜÏ:ab�Ú�óT(
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3 Dirichlet��

Dirichlet)� (Dirichlet Process)�ª«�ôQRõ��UBö÷�����ø

��W��UBö÷��ùª9��úÜª«ûüý�þ���ûüý¨Y�

ÿ������ÜûDirichlet)�ý�¥8���Ferguson (1973)<jf����

Ferguson-Dirichlet��(

G ∼ DP (α0, G0)áÁG]^KBÜα01G0�Dirichlet Process���èúÜ�

�ö÷��9����1����1��	�ª«OT7
Y�0�G0áÁ1G 

¼ò����	�îα0áÁ��d���G��G0��T(G01α0���1�


ü���B����`�m�����ª«�����½�	�Ï_������

�ª9��úÜª9��(�»9���»9���Dirichlet Process������

���«B���G0� � á������α0�����1 á���!�T(

��2&Blackwell1MacQueen (1973)f��Polya urnÖ"ÎÏ�67áÁ]

^Dirichlet)�G�QRUB(øG ∼ DP (α0, G0)�� (α0, G0)¨Ym±ô0�α0Ü

ªü�G0Üª��õ�Polya urn^GÎ�Ï:λ1, . . . , λn��6Ü

λ1 ∼ G0�

λ2 | λ1




∼ G0� QRÜ α0

α0 + 1�

λ1� QRÜ 1
α0 + 1�

...

λn | λ1, . . . , λn−1




∼ G0� QRÜ α0

α0 + n− 1�

λj� QRÜ 1
α0 + n− 1� j = 1, . . . , n− 1(

(3.1)

��W λ1, . . . , λn�ä n�#$K%&'�()�*&+������ i�#$*

YÔ���W λi�ü�ä�`,8&+m+-(¬ 1�#$ù./hª&+�*

(λ1 ∼ G0)y¬ 2�#$èh�Ãª0�+�1å (λ2 ∼ G0)z1¬ 1�#$*`+

(λ2 = λ1)�0QR�\Üα0/(α0 + 1)M 1/(α0 + 1)yL8�·�¬ n�#$�QR
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α0/(α0 + n− 1)h�*0+ (λn ∼ G0)��QR 1/(α0 + n− 1)1Íp��ª�#$º

`ª+ (λn = λj, j = 1 . . . , n − 1)(W`ª+�$úÜ`ª2�3�n�#$�1å

Ô�èW�n�#$λ1, . . . , λn�äk2 (k ≤ n)��ª2�λü�d`(

�8ÎÏÖ"±�4λ = (λ1, . . . , λn)�56QRUB�è7ä

dF [(λ1, . . . , λn|(α0, G0)] =
n∏

i=1

α0 · dG0(λi) +
∑i−1

j=1 δ(λi, λj)

α0 + i− 1
� (3.2)

0��8λi = λj�δ(λi, λj) = 1y8λi 6= λj�δ(λi, λj) = 0(

9: Blackwell1MacQueen (1973)�;<�(3.1)	§Ü G ∼ DP (α0, G0)m±�

λ1, . . . , λn�56jk��(

Antoniak (1974);<øÏ: Y = (Y1, Y2, . . . , Yn)��« Yi�¨YKB λi±=

ìí���d`�>��%& Dirichlet)�8ä λ1, . . . , λn�jk��ôG ∼
DP (α0, G0)õ�î0Ôk��Ü�6Dirichlet)���	(9: Polya urn�Ö

"��¨YÏ:Y��µmKBλ1, . . . , λn�Ôk��èáÁä

dF [λ1, . . . , λn|Y , (α0, G0)] ∝
n∏

i=1

l(λi|Yi)
α0 · dG0(λi) +

∑i−1
j=1 δ(λi, λj)

α0 + i− 1
� (3.3)

0� l(λi|Yi)Üλi��?UB(

ø���2& (3.3)	IJ�ª« λi�@A�0� λB��LÒ� λi�Ôk�

�(C���n«�6��dD��	±B��d8EF�(ÜD%IJ���G

H)IJ�Escobar (1994);<DÃª�	�KL��

dF [λi|λ−i,Y , (α0, G0)] ∝ l(λi|Yi)α0dG0(λi) +
n∑

j=1,j 6=i

l(λj|Yi)δ(λi, λj)� (3.4)

0�λ−i = (λ1, λ2, . . . , λi−1, λi+1, . . . , λn)(G8��¨YY 1λ−i±�λiKL��_

� (3.3)dD�MN�	�i� m�� 1«O)��Mn − 1«PQR����6

�(ÜDÎÏ�����W (3.4)S7äL±��	T

λi| λ−i, Y




∼ h(λi |Yi)� QR�U, α0 ·m(Yi)�

= λj� QR�U, l(λj|Yi)� j 6= i�
i = 1, . . . , n� (3.5)

6



0��h(λi|Yi) ∝ l(λi|Yi)dG0(λi)ÜG08jk��éλi�Ôk��ym(Yi) =
∫

l(λi|Yi)dG0(λi)dλi

Üh(λi|Yi)�æVQ$B(8V�fWX+�(3.5)	�λi�KL��Y1Y ��Yi

�²���λi| λ−i, Y �è7äλi|λ−i, Yi(

4 vMF3���	Dirichlet��

:;!R�%&Dirichlet)�8jk��7�/Z[�� von Mises-Fisher��

� p = 3±mÏ:�¿�G±T

Yi | λi, κ ∼ vMF3(λi, κ)� i = 1, . . . , n�

λi ∼ G� i = 1, . . . , n�

G ∼ DP (α0G0)�

G0 = vMF3(ξ, ν)�

(4.1)

0� Y1, . . . , Yn�vwü��¨Y λi1 κ±� Yi\8]dìí�� Yi | λi, κ]^

von Mises-Fisher�� vMF3(λi, κ)�κ�^_�λi\8´ìí�]^G��G�ª«

Dirichlet)��0�G0#�ª«von Mises-Fisher�� vMF3(ξ, ν)(

�`¿��¨YÏ:Y = (Y1, Y2, . . . , Yn)��µmKB λ1, . . . , λn�Ôk��è

áÁä

dF [λ1, . . . , λn|Y , κ, (α0, G0)] ∝
n∏

i=1

vMF (λi|Yi, κ)
α0 · dG0(λi) +

∑i−1
j=1 δ(λi, λj)

α0 + i− 1
� (4.2)

a) (3.4)èLÒ�

dF [λi|λ−i, Y , κ, (α0, G0)] ∝ vMF3(λi|Yi, κ)α0dG0(λi) +
n∑

j=1,j 6=i

vMF3(λj|Yi, κ)δ(λi, λj)�

(4.3)
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bW (4.3)S7ä

λi| λ−i, κ, Y




∼ h(λi |κ,Yi)� QR�U, α0 ·m(Yi)�

= λj� QR�U, vMF3(Yi, |λj, κ)� j 6= i�
i = 1, . . . , n�

(4.4)

0�h(λi|κ, Yi) ∝ vMF (Yi|λi, κ)dG0(λi)ÜG08jk��éλi�Ôk���� (4.4)�

�m(Yi) =
∫

vMF (Yi|λi, κ)dG0(λi)Üh(λi|κ, Yi)�æVQ$B��,G0Ü von Mises-

Fisher�� vMF3(ξ, ν)��Yi = (sinθicosφi, sinθisinφi, cosθi)�

λi = (sinαicosβi, sinαisinβi, cosαi)1 ξ = (sinacosb, sinasinb, cosa, )

h(λi|κ, Yi) ∝ vMF3((θi, φi)|λi, κ) · vMF3((αi, βi)|ξ, ν)

= κsinθi

4πsinhκ
exp{κ[cosθicosαi + sinθisinαicos(φi − βi)]}·

νsinαi

4πsinhν
exp{ν[cosαicosa + sinαisinacos(βi − b)]}

∝ sinαiexp{ν∗[cosαicosa
∗ + sinαisina∗cos(βi − b∗)]}

(4.5)

�LÔk�� h(λi|κ, Yi)#�ª« von Mises-Fisher�� vMF3(ξ
∗, ν∗)�0� ξ∗ =

(sina∗cosb∗, sina∗sinb∗, cosb∗)1 ν∗^ (4.5)	2&�c�1d�	èÒ

exp{κ[cosθicosαi + sinθisinαicos(φi − βi)]}·
exp{ν[cosαicosa + sinαisinacos(βi − b)]}

= exp{cosαi(κcosθi + νcosa) + sinαi[κsinθicos(φi − βi) + νsinacos(βi − b)]}
= exp{cosαi(κcosθi + νcosa) + sinαi[κsinθicosφicosβi + κsinθisinφisinβi+

νsinacosβicosb + νsinasinβisinb]}
= exp{cosαi(κcosθi + νcosa) + sinαicosβi(κsinθicosφi + νsinacosb)+

sinαisinβi(κsinθisinφi + νsinasinb)}
= exp{ν∗cosαicosa

∗ + ν∗sinαisina∗cosβicosb
∗ + ν∗sinαisina∗sinβisinb∗}

¥8
ν∗cosa∗ = κcosθi + νcosa

ν∗sina∗sinb∗ = κsinθisinφi + νsinasinb

ν∗sina∗cosb∗ = κsinθicosφi + νsinacosb

(4.6)

8



^ (4.6)W�«��	a�d%èLÒ�

ν∗ = {κ2 + ν2 + 2κν[cosθicosa + sinθisinacos(φi − b)]}1/2

a∗ = cos−1( κ
ν∗ cosθi + ν

ν∗ cosa)

b∗ = sin−1( κ
ν∗ sinθisinφi + ν

ν∗ sinasinb)

= cos−1( κ
ν∗ sinθicosφi + ν

ν∗ sinacosb)

(4.7)

�D�� (4.4)�¨Y0�λ−im± λi�ÔkKL�����2&e5iÏ (Gibbs

sampler)�)��fg��÷¼�Ò�Ôkhi��λi|Y(

e5iÏ�ª92&KL��÷¼Ò�hi����6�Óèjkl3¼m

hi��é�n��MNB�op(L�«�B θ1, θ2, θ3�Ôk��Üs�êY

KL�� f(θ1 | θ2, θ3, Y )�f(θ2 | θ1, θ3,Y )1 f(θ3 | θ1, θ2,Y )Ü^_èÎÏ����

Y = (Y1, Y2, Y3)Ü^_vwü�e5iÏqr�^��«��ÎÏ��äª«�Ù

Q�B�[ä�ûe5BsôGibbs sequenceõý�

θ
(0)
2 , θ

(0)
3 , θ

(1)
1 , θ

(1)
2 , θ

(1)
3 , θ

(2)
1 , θ

(2)
2 , θ

(2)
3 , . . . , θ

(m)
1 , θ

(m)
2 , θ

(m)
3 �

0�CD θ
(0)
2 , θ

(0)
3 �Ù.¨Y�tuüV�0�=L±svîwx

θ
(j+1)
1 ∼ f(θ1 | θ(j)

2 , θ
(j)
3 , Y )�

θ
(j+1)
2 ∼ f(θ2 | θ(j)

3 , θ
(j+1)
1 ,Y )�

θ
(j+1)
3 ∼ f(θ3 | θ(j+1)

1 , θ
(j+1)
2 ,Y )(

Geman and Geman (1984)����y8�KL±�8m → ∞�θ
(m)
1 ���ñz{

� θ1|��Ôkhi�� f(θ1 | Y )(#��Ø�m}���~±�e5iÏ6è

Lxäª«]^ f(θ1 | Y )���Ï: θ
(m)
1 �8C���#`éÒ�]^ f(θ2 | Y )1

f(θ3 | Y )���Ï: θ
(m)
2 M θ

(m)
3 (

¢��`�¿À)��ñn�ª«Fp�#��"GH^ von Mises-Fisher��

vMF3(λ, κ)�iÏ����¹ª«��von Mises-Fish�� vMF3(λ, κ)��'���
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ÚY º tangent-normal�ï�

Y = t · λ + (1− t2)
1
2 · τ

0� τ���Y 1λ��äap�����Ú�lλ�3�ÙQ�B�ÃV t#�ª

«E, -1l1m÷�ÙQ�B�´§ t ·λÜY �λ������ (1− t2)
1
2 · τÜ t ·λ�Y

��Ú(8V t_Ù���Ú τ����S���L τ1 t�ìí��`é�Mardia

and Jupp (2000)�;Ò� p = 3���± τ������b���� t����U,

eκt��L��è��ÙQÎÏ� t1 τ7Ò�Y(

8V2&�`~¦1Jm���èL·¸��¨YY = (Y1, . . . , Yn)m±�Yn+1

�NOQRSTUB

f(Yn+1|Y , κ) =

∫
f(Yn+1|Y ,λ, κ)p(λ|Y , κ)dλ (4.8)

0� p(λ|Y , κ)�¨Yvw�Y 1κm±λ�Ôk56��(

8 G0Ü von Mises-Fisher�� vMF3(ξ, ν)� ξ = (sinacosb, sinasinb, cosa, )��

Yi = (sinθicosφi, sinθisinφi, cosθi)1λi = (sinαicosβi, sinαisinβi, cosαi)î

f(Yn+1|Y ,λ, κ)

=
∫

f(Yn+1|λn+1, Y , λ, κ)dp(λn+1|Y ,λ, κ)

=
∫

f(Yn+1|λn+1, κ)dp(λn+1|λ)

=
∫ κsinθn+1

4πsinhκ
exp{κ[cosθn+1cosαn+1 + sinθn+1sinαn+1cos(φn+1 − βn+1)]}

·{ α0

α0+n
dG0(λn+1) + 1

α0+n

∑n
j=1 δ(dλn+1, λj)}

= α0

α0+n

∫
κsinθn+1

4πsinhκ
exp{κ[cosθn+1cosαn+1 + sinθn+1sinαn+1cos(φn+1 − βn+1)]}

·νsinαn+1

4πsinhν
exp{ν[cosαn+1cosa + sinαn+1sinacos(βn+1 − b)]}dαn+1dβn+1

+ 1
α0+n

∑n
j=1

κsinθn+1

4πsinhκ
exp{κ[cosθn+1cosαj + sinθn+1sinαjcos(φn+1 − βj)]}

= α0

α0+n
κsinθn+1

4πsinhκ
· ν

4πsinhν
· 4πsinhν

′

ν′

+ 1
α0+n

∑n
j=1 vMF3(Yn+1|λj, κ)

= α0

α0+n
· νκsinθn+1sinhν

′

4πν
′
sinhκsinhν

+ 1
α0+n

∑n
j=1 vMF3(Yn+1|λj, κ)

(4.9)
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0� ξ
′
= (sina

′
cosb

′
, sina

′
sinb

′
, cosb

′
)1 ν

′��

ν
′
cosa

′
= κcosθn+1 + νcosa

ν
′
sina

′
sinb

′
= κsinθn+1sinφn+1 + νsinasinb

ν
′
sina

′
cosb

′
= κsinθn+1cosφn+1 + νsinacosb

(4.10)

�	 (4.10)èL¿� (4.6)Ò�ï(W (4.9) 1 (4.8)

f(Yn+1|Y , κ) =
∫

f(Yn+1|Y ,λ, κ)p(λ|Y , κ)dλ

=
∫ { α0

α0+n
· νκsinθn+1sinhν

′

4πν′sinhκsinhν
+ 1

α0+n

∑n
j=1 vMF3(Yn+1|λj, κ)}p(λ|Y , κ)dλ

=
∫ { α0

α0+n
q(Yn+1) + 1

α0+n

∑n
j=1 vMF3(Yn+1|λj, κ)}p(λ|Y , κ)dλ

= α0

α0+n
q(Yn+1) + 1

α0+n

∫ ∑n
j=1 vMF3(Yn+1|λj, κ)}p(λ|Y , κ)dλ

(4.11)

0� q(Yn+1) = νκsinθn+1sinhν
′

4πν′sinhκsinhν
Üª Yn+1l λ�²�QRSTUB��, (4.11)B

�_��Jm� f(Yn+1|Y , κ)�QRSTUB�¥8��W&¿À��	7

¿ÀÎÏ f(Yn+1|Y , κ)��6Üj^ p(λ|Y , κ)Ôk��ÙQÎÏÒ�ª[ λ(1) =

(λ
(1)
1 , λ

(1)
2 , . . . , λ

(1)
n )�CÔ� α0

α0+n
�Qñ^q(Yn+1)ÎÏ�� 1

α0+n
�Qñ^vMF3(Yn+1|λ(1)

1 κ)

���ÎÏ�� 1
α0+n

�Qñ^ vMF3(Yn+1|λ(1)
2 κ)���ÎÏ�· · ·�� 1

α0+n
�Qñ

^ vMF3(Yn+1|λ(1)
n κ)���ÎÏ�îÒ�ª[ Y

(1)
n+1��äª[�� (λ(1), Y

(1)
n+1)�!

M�`��N=Ò�� (λ(1), Y
(1)
n+1)�(λ(2), Y

(2)
n+1)�· · ·�(λ(N),Y

(N)
n+1)�8éY

(1)
n+1�

Y
(2)
n+1� · · ·�Y

(N)
n+1§Ü f(Y n+1|Y , κ)�hi¿ÀR�îèLJm���"NOUB

m�JÚ(��`���� q(Yn+1)e_��¿ÀÎÏ����Metropolis-Hastings

�67¿À�èLK�Press (2003)(

5 
��
������

��a)¿À��	iÒ 15Ä
���� 15Ä
�� 1� 5Ä�7©

vMF3((0,
√

1/2,
√

1/2), 5)� 6� 10Ä�7© vMF3((
√

1/4,
√

1/4,
√

1/2), 5)�11� 15

Ä�7© vMF3((
√

4/5, 0,
√

1/5), 5)�G��á� 1(
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a)¿� (4.1)�W� 15Ä
�úÜ^_`ab�� λi�¢d`KB κ(= 5)m

vMF3��iÒ�¥8��èLIJ�«
�d�µmab��λi(i = 1, . . . , 15)�

e�2& (4.11)	�#èLNO¬ 16Ä
�(2&e5iÏ�)�7IJ λi�0

� [λi|λ−i, Y ]�=�s�1 (burn in)30«�bhi± 1«�e�!Mhi 50=�b

W� 50Äi0ab8ºλi|Y �Ôk��IJüy��jk��G0� 49h���

\�G1
0 = vMF3((0.5321, 0.4607, 0.7104), 5)�0ab��Ü�«A|��ab��m

abyG2
0 = vMF3((0.5634, 0.5596, 0.6077), 5)�0ab��Ü
���«�Úm �

üyG3
0 = vMF3((0.2885,−0.9322,−0.2187), 5)�0ab��Ü
���«�Úm 

�üyG4
0 = vMF3((0.6467, 0.3955, 0.6522), 5)�0ab��Ü
��Ï:abüy�

� 49α0 = (15−1, 1, 15, 152)�î��2&IJ�7�λi(i = 1, . . . , 15)1�:A|�

ab��i�5�ÿ (d1)���á� 2(

���á� 2èL���� 169[6��LG1
0��α0 = 1�Ò���5�ÿ

(d1)Ü ���G3
0��ùHα0�Ò���5�ÿ (d1)� ÒU0¡[6�Ò���

LG3
0?¢_y678�jk�����,^
��èL£¤�«�ÚÜ��¥��

¥8�G0�hi�0ab��#Ü�����IJ�ñU¦V§(

�α0�hi�p�è2&L±²¨

P ∗ =
α0

α0 + n
z α0 =

P ∗

1− P ∗

0�n�Ï:B�P ∗�����d�G0��G�|��jk���Us�sG��

� 50%d�jk��ÜG0�înoα0 = n(ÃV�Escobar (1994)no��^
�

�£¤
��ä©2�GÛ
�qèG7©`ª9A|îhα0 = 1/n�ªmGÛ


�èG=7©_`9A|�îhα0 = n2�GÛ
�èG7©�, 2n/39A|îh

α0 = n�ø
�èG7©�, 2n/39¢_«ª9A|îhα0 = 1�¥8��Ä
�

�h�α0 = 1µß�U¦¬8�(

CDIJKBV���#�­®��NO¬16Ä
��a) (4.11)	���49

G01 49α0�èÒ� 16[NOQRSTUBmab�GH7U¦¯ª[jk��l

12



α0NOU¦°����\^�«A|«\¿À� 100«± 300«Ï:R�²�ª[

NOQRSTUBmabl� 300«Ï:Ri�5�ÿ (d2)G��á� 3(

���á� 3èL_³�`ªα0±�G1
08jk���Ò�NOQRSTUBm

ab��5�ÿ (d2)Ü ���G3
08jk���Ò�NOQRSTUBmab��

5�ÿ (d2)Ü ���,G3
00ab��Ü
����Úm �ü��0���Ü´

��¥8µÿ�u��«A|ab����Lim7NO¶Û_·y��¶9α0±

¥Ü���q¸��¹d�G1
0��Dirichlet)�G�|��jk����L���

[6�LG1
08jk���α0 = 225±�Ò��NOQRSTUBabü��5�

ÿd2Ü �(GÛ�__³|ºA|���±�9:�`LM���¿À
�7£

¤���hiα0 = 1� ¬8���^��á� 3����α0 = 1�LG4
0Üjk�

��Ò��NOQRSTUBab��5�ÿ (d2)Ü ��¥8��no�º»�

ºNOé�èLi¼k��?Ï:ab78�jk���ab��(

�,NOQRSTUB��^ (4.11)	_³NOQRSTUBlα0�q��²

¨�GÛ�α0q����±�îNOQRSTUBñ½ò, q(Yn+1)(��¾ 1�L

G1
0Üjk��l_`�α0�Ò�NOQRSTUB�¬ª'T�Ú�IJhiQ

RSTUB�0�UB 1Üα0 = 1/15�UB 2Üα0 = 1�UB 3Üα0 = 15�UB 4Ü

α0 = 225�UB 5Üα0 = 1000�UB 6Ü q(Yn+1)�¬ª'T�Ú�hiQRSTU

B¾����èL��¾�ñÙ½α0���½ò,UB 6(

�:®� Ô��W�/ª[
� (Fisher et al. (1987); Appendix B2)G��á

� 4���^ÅÆ�Ç�OÚ�� 26Ä����
��0�Dec.1 Inc.Ü����

��%&�åædT�W�Z«dTâäTTÚÜ (ρ = 180
π

θ = Inc. + 90o,

σ = 180
π

φ = 360o − Dec.)��Fisher et al. (1987)¿�%&¾�z�~¦��/£

¤�6~�ÀÜ�Ä
�]^ 3'� von Mises Fisher���e�%& ��?I

J6 (MLE)�Ò� (ρ̂, σ̂) = (147.195, 215.805)� κ̂ = 113�0�6Üêë� 26Ä
�

Y1, Y2, . . . , Y26=7©`ª 3' von Mises Fisher���Yi = (Yi1, Yi2, Yi3)�îab��

13



�MLEÜ (
∑26

i=1 Yi1/R,
∑26

i=1 Yi2/R,
∑26

i=1 Yi3/R)�0�R2 = (
∑26

i=1 Yi1)
2 +(

∑26
i=1 Yi2)

2 +

(
∑26

i=1 Yi3)
2�ÃV
�Tκ�MLEÜ coth(κ) − 1/κ = R/26mï�è2&ðá (Fisher

et al. (1987); Appendix A10)Ò�yNunez-Antonio1Gutierrez-Pena (2005)#.2&

34567�/8Ä
��a) 10=� SIR (Sampling-Importance-Resampling)�6

Ò�abüÜ (ρ̂, σ̂) = (147.1866, 215.7904)� κ̂ = 112.9713y��2& (4.1)¿�7�/

�Ä
���,r"¨Y� (4.1)	��κ��8W ��?IJ6�Ò�� κ̂ = 113

Á1IJλi��G0ab��hiÜÏ:ab���a) (4.4)	e5iÏ�=�1

(burn in)30«�bhi±ª«�!Mhi 50=èÒ� λ̂i(i = 1, 2, . . . , 26)�bi0a

bÒ� (ρ̂, σ̂) = (146.4864, 234.3856)(�`�¦�%& ��?IJ6z�%&34

56�@Aêë� 26Ä
��7©`ª 3'�von Mises Fisher����:;�%&

�¿�êëèÂ��ªÄ
�=7©_`� 3' von Mises Fisher���¥8GÛn

�
���};:êëb7©`ª 3' von Mises Fisher��z�§º7©_`� 3

'von Mises Fisher��é�î«G%&:;m�6(

6 ���
���

êë���Z[�\7©,Z« vMF3���
������XY�Z[
�

��u vMF3��mab��KB�cd`���W�@AB4567�/(4

X = (X1, . . . , Xn)1Y = (Y1, . . . , Ym)ÜZ[
���

Xi | λ1, κ ∼ vMF3(λ1, κ1)� i = 1, . . . , n�

Yj | λ2, κ ∼ vMF3(λ2, κ2)� j = 1, . . . , m�

λ1, λ2 ∼ G �

G ∼ DP (α0G0) �

G0 = vMF3(ξ, ν)

0�Z« vMF ��mKBκ11κ2^_��λ11λ2]^G��G�ª«Dirichlet)

��0�G0 = vMF3(ξ, ν)#�ª«von Mises-Fisher��(

14



a)âãä�åæλ1 = (sinα1cosβ1, sinα1sinβ1, cosα1)�λ2 = (sinα2cosβ2, sinα2sinβ2, cosα2)�

�L��Wλ11λ2Ã�áÁÜλ1 = (α1, β1)1λ2 = (α2, β2)(êë

Ω = {ω = (λ1, λ2) : λ1 = (α1, β1), λ2 = (α2, β2), 0 ≤ α1, α2 ≤ π, 0 ≤ β1, β2 ≤ 2π} �
Ω0 = {ω ∈ Ω : λ1 = λ2}�Ω1 = {ω ∈ Ω : λ1 6= λ2} �

��"XYÄ�êëH0 : ω ∈ Ω0���íêëH1 : ω ∈ Ω1(4 pi = P (Hi)�HiÜ

|�jkQR (i = 0, 1)��ω|Hi ∼ gi(·)�0� gi(·)�8HiÜ|���±ω���

(i = 0, 1)��ω��?UBL(ω|X,Y )Ü

L(ω|X, Y ) = {
n∏

i=1

vMF3(Xi|λ1, κ)}{
m∏

j=1

vMF3(Yj|λ2, κ)}

9:BayesY~

P (Hi|X,Y ) =
P (Hi)P (X,Y |Hi)

∑1
k=0 P (Hk)P (X,Y |Hk)

=
P (Hi)

∫
P (X,Y , ω|Hi)dω

∑1
k=0 P (Hk)

∫
P (X, Y , ω|Hk)dω

=
P (Hi)

∫
P (X,Y |Hi, ω)P (ω|Hi)dω

∑1
k=0 P (Hk)

∫
P (X, Y |Hk, ω)P (ω|Hk)dω

=
pi

∫
L(ω|X,Y )gi(ω)dω

∑1
k=0 pk

∫
L(ω|X,Y )gk(ω)dω

(6.1)

ÜÄ�êë (i = 0)1�íêë (i = 1)�ÔkQR(

9: (6.1)	�����d8EF*Jm0ü�¥8���&¿À��	7Jm

ÔkQR(��j^¨Y
�X1Y ± (λ1, λ2)�Ôk�� [λ1, λ2|X, Y ]�Î�}�

�N«Ï:�î

P (Hi|X,Y ) =
1

N
(�N«Ï:�Hi��x�=B) (6.2)

>Ôk�� [λ1, λ2|X,Y ]"GH7ÎÏ��9: (3.1)	èÒ

dG(λ1|λ2) = α0

α0+2−1
dG0(λ1) + 1

α0+2−1
δλ2(dλ1)

dG(λ2|λ1) = α0

α0+2−1
dG0(λ2) + 1

α0+2−1
δλ1(dλ2)

(6.3)

15



b2& (3.4)èÒ

dG(λ1|λ2,X,Y ) ∝ α0

∏n
i=1 vMF3(Xi|λ1, κ)dG0(λ1) +

∏n
i=1 vMF3(Xi|λ2, κ)δλ2(λ1)

dG(λ2|λ1,X,Y ) ∝ α0

∏m
j=1 vMF3(Yi|λ2, κ)dG0(λ2) +

∏m
j=1 vMF3(Yi|λ1, κ)δλ1(λ2)

(6.4)

0��GÛG0h� vMF3���î
∏n

i=1 vMF3(Xi|λ1, κ)dG0(λ1)#Üª vMF3��y

��W (6.4)	2&e5iÏ (Gibbs sampler)�)��èLfg��Ò� [λ1, λ2|X,Y ]

�Ï:R(

�DÄ�êë1�íêë�ÔkQRÔ���%&ÔkÅmUPOR(posterior

odds ratio)7XY�c¼ÆÄ�êë�0�

POR =
P (H0|X, Y )

P (H1|X, Y )

Ü�¨Y
�X1Y ±Ä�êë�ÔkQRCL�¨Y
�X1Y ±�í�êë�

ÔkQR�ø�, 1î¼ÆÄ�êë�cî¼Æ�íêë(

7 
��
���

��a)¿À�\�A| a�§ vMF3((
√

1/3,
√

1/3,
√

1/3), 0.5)�Ò� 10ÄÏ

:�4ÜA
� (Ç��á� 5)��A|b�§ vMF3((
√

1/3,
√

1/3,
√

1/3), 2)�Ò�

10ÄÏ:�4ÜB
�(Ç��á�6)��A|c�§vMF3((
√

1/3,
√

1/3,
√

1/3), 4)�

Ò�10ÄÏ:�4ÜC
�(Ç��á�7)��A|d�§vMF3((
√

1/2,
√

1/8,
√

3/8), 2)�

Ò�10ÄÏ:�4ÜD
�(Ç��á�8)��A|e�§vMF3((
√

1/2,
√

1/8,
√

3/8), 4)�

Ò� 10ÄÏ:�4ÜE
� (Ç��á� 9)��¾«A|�ab��1
�TÈ~

G��á� 10(

���XYB
�7ÉA|b1D
�7ÉA|d�ab���cd`�2&Í

ª® (6.2)	�(6.4)	1e5iÏ (Gibbs sampler)èÒ��¨YZ[Ï:±H0�Ôk
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QR���LG0 = vMF3((
√

1/3,
√

1/3,
√

1/3), 5)Üjk���2& (6.4)	e5i

Ïé�1 (burn in)50«Ô�bi 10000«R�QñÅmUPORÜ��H0Ä�êë�

��UsP (H0|X,Y )CL��H1�íêë���UsP (H1|X,Y )�î_`α0�ü

1POR�ü²¨G��á� 11yÃVXYB
�7ÉA| b1E
�7ÉA| e�

ab���cd`m_`α0�ü1POR�ü²¨G��á� 12yXYB
�7É

A|b1A
�7ÉA| a�ab���cd`_`α0�ü1POR�ü²¨G��

á�13yXYXYB
�7ÉA|b1C
�7ÉA| c�ab���cd`m_`

α0�ü1POR�ü²¨G��á� 14(

^��á� 11�á� 12�á� 131á� 14������ α0�POR��Êq

���¥èL� (6.4)	�èLË��8α0�é�¿Àλ1üé�_���,λ2�d`

��¿Àλ2üé#_���,λ1�¥8λ1 = λ2�Qñ����Ò��P (H0|X,Y )

ü����LPORü��Tþ�B
�7ÉA|b1D
�7ÉA|dab���

XY�ÌC��^¼_³ab��_`�¢�GÛhi�α0)�#ñ%ÒXYÖÛ

Í�Z[
�ab��d��sG8α0 ≤ 0.05é�PORü�Î) 1�UsÏÐH0

Ü|�#��ÏÐZ[
�7ÉA|ab��d�(b^B
�7ÉA| b1E


�7ÉA| eab���XY7Ë�d�,B
�7ÉA|b1E�D
�7ÉA|

e�dab���XY«�D
�7ÉA|d1E
�7ÉA| e�
�T_` (�\

Ü 21 4)�^��á� 111á� 12����PORü�`ªα0±á� 12< �Uá

� 117Ò��¥8øZ[
��\7©Z«_`ab���A|��0�ª«A|

�
�TÑY�Ãª«A|�
�T��é�îPORüñ��yÃVbÒB
�

7ÉA|b�\�A
�7ÉA| a1C
�7ÉA| cab���XY�8éB


��A
�1C
�7ÉA|b�a1 c�ab��d���C
�7ÉA| c�
�

TUA
�7ÉA| c�
�T��^��á� 131á� 14�èL��B
�7É

A|blC
�7ÉA| cab��XYmPORü�`ªα0±bUB
�7ÉA|

blA
�7ÉA| aab��XYmPORü7Ò��¥8øZ[
��\7©d

`ab���A|��0�ª«A|�
�TÑY�Ãª«A|�
�T��é�
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îPORüñ��(

ÃVþ�1(
√

1/3,
√

1/3,
√

1/3)�«���Ód�����\Ü(
√

2/5,
√

2/5,
√

1/5)�

(
√

1/2,
√

1/8,
√

3/8)� (
√

1/10,
√

2/10,
√

7/10)�(
√

1/20,
√

2/20,
√

17/20)�øL�`

m��Üab���\¿À� 10Ä vMF3���
�TÜ 2�
��b�\lB


�7ÉA|XYab���cd`�0α01PORü�²¨l�«ab���²¨

Gá�15(^��á�15èL��Ù½l (
√

1/3,
√

1/3,
√

1/3)�dTÔ�îPORü

îÔ��¥8øZ[
��\7©Z«_`ab���A|�8�Z«A|�
�

TÑYé��Z«A|�ab���ÓddT��é�îPORñ��(

8 ��

���:¦;fgD@AB45�/67�/�� 3' von Mises-Fisher���


��2&e5iÏ (Gibbs sampler)èLIJ�»
���µ��ab���Ôk

���e�no/hα0éè��
�Ï:�2B7¨Y�
�qèG7©`ª9A

|îhα0 = 1/n�ªmGÛ
�èG=7©_`9A|�îhα0 = n2�GÛ
�è

G7©�,2n/39A|îhα0 = n�ø
�èG7©�,2n/39¢_«ª9A|î

hα0 = 1y�,"NO±ªÄ
�#fgNOQRSTUB�¿À1IJ�#¨D

8α0½ò,�Õ�é�NOQRSTUBÜ q(Yn+1)(��#�/ªÄÅÆ�Ç��

���ÎÏ
��a)@AB456��IJ� (ρ̂, σ̂)yÃVþ�Z[�� 3' von

Mises-Fisher���
��"XY�Z«���ab���cd`�2&@AB45

�/67XY�a)e5iÏ (Gibbs sampler)��èLÒ��¨YZ[Ï:±H0�

ÔkQR�#��¿À�
���øZ[
��\7©Z«_`ab���A|�

�0�ª«A|�
�TÑY�Ãª«A|�
�T��é�îPORüñ��yª

møZ[
��\7©d`ab���A|��0�ª«A|�
�TÑY�Ãª

«A|�
�T��é�îPORüñ��y`éøZ[
��\7©Z«_`ab
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���A|�8�Z«A|�
�TÑYé��Z«A|�ab���ÓddT�

�é�îPORñ��(
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A ��

á� 1:¿À
�Ï:

1 (0.762224026, 0.510966491, 0.397401282)

2 (0.584075366, 0.787907363, 0.195084479)

3 (0.545186257, 0.346005839, 0.763578355)

4 (0.371913831, 0.503273207, 0.779997552)

5 (0.557679841, -0.15551163, 0.815358405)

6 (0.150056663, 0.382469007, 0.911701956)

7 (0.369238511, 0.461796234, 0.806478245)

8 (0.598896436, 0.183259103, 0.77957627)

9 (0.845281166, 0.47637276, 0.242009801)

10 (0.844465489, 0.368708407, 0.388499868)

11 (0.449927074, 0.761035188, 0.467323304)

12 (0.8736035, -0.27048592, 0.404542076)

13 (0.531184512, 0.839587267, -0.113737572)

14 (0.236785871, 0.371894214, 0.897567348)

15 (0.589738345, -0.484817344, 0.645879887)

22



á� 2: λiÔk��IJü��5�ÿ (d1)

α0 = 1/15 α0 = 1 α0 = 15 α0 = 225

G1
0 d1 = 0.49146 d1 = 0.48772 d1 = 0.49676 d1 = 0.50047

G2
0 d1 = 0.49148 d1 = 0.48804 d1 = 0.49203 d1 = 0.49845

G3
0 d1 = 1.09716 d1 = 1.09186 d1 = 1.07608 d1 = 1.08501

G4
0 d1 = 0.48932 d1 = 0.49137 d1 = 0.49434 d1 = 0.48734

¾ 1:LG1
0Üjk��±NOQRSTUB¬ª'T�Ú�IJhiQRSTUB

23



á� 3:NOUBmabl�5�ÿ (d2)

α0 = 1/15 α0 = 1

G1
0

(0.591166111, 0.42276286, 0.686872764)

d2=0.6604

(0.600142725, 0.426235699, 0.676869144)

d2=0.66123

G2
0

(0.635193799, 0.471726413, 0.61155787)

d2=0.6686

(0.584922624, 0.499738514, 0.638848136)

d2=0.66333

G3
0

(0.801806793, -0.496649562, 0.332332782)

d2=1.0866

(0.780534917, -0.548349761, 0.300129608)

d2=1.1256

G4
0

(0.65374033, 0.408761646, 0.63681826)

d2=0.66881

(0.633446886, 0.403049527, 0.660527155)

d2=0.6653

α0 = 15 α0 = 225

G1
0

(0.553579535, 0.441363842, 0.706220686)

d2=0.65815

(0.543792693, 0.451596874, 0.707354064)

d2=0.65794

G2
0

(0.611963494, 0.511400286, 0.603299618)

d2=0.66888

(0.585257382, 0.539413022, 0.605398537)

d2=0.66892

G3
0

(0.604483529, -0.796581231, 0.007616073)

d2=1.3782

(0.411827086, -0.886507718, -0.2109562)

d2=1.5382

G4
0

(0.670222858, 0.383101363, 0.635637213)

d2=0.67191

(0.653763623, 0.393047597, 0.646611716)

d2=0.6687
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á� 4:ÅÆ�Ç����
�

Dec. Inc. ρ = 180
π

θ σ = 180
π

φ Dec. Inc. ρ = 180
π

θ σ = 180
π

φ

= Inc. + 90o = 360o −Dec. = Inc. + 90o = 360o −Dec.

1 122.5 55.5 145.5 237.5 14 156 56.5 146.5 204

2 130.5 58 148 229.5 15 139.5 54 144 220.5

3 132.5 44 134 227.5 16 153.5 47.5 137.5 206.5

4 148.5 56 146 211.5 17 151.5 61 151 208.5

5 140 63 153 220 18 147.5 58.5 148.5 212.5

6 133 64.5 154.5 227 19 141 57 147 219

7 157.5 53 143 202.5 20 143.5 67.5 157.5 216.5

8 153 44.5 134.5 207 21 131.5 62.5 152.5 228.5

9 140 61.5 151.5 220 22 147.5 63.5 153.5 212.5

10 147.5 54.5 144.5 212.5 23 147 55.5 145.5 213

11 142 51 141 218 24 149 62 152 211

12 163.5 56 146 196.5 25 144 53.5 143.5 216

13 141 59.5 149.5 219 26 139.5 58 148 220.5
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á� 5:¿À vMF3((
√

1/3,
√

1/3,
√

1/3), 0.5)mA
�

1 ( 0.70604951 , -0.111579473 , 0.699316889)

2 (0.775622817, 0.630414085, -0.031421776)

3 (0.238480258 ,0.627569506 ,0.74113675)

4 (0.387489128, 0.813955661 ,0.432814462)

5 (-0.749667004 , 0.227845915, -0.621357886)

6 (0.983488541, 0.165648807, -0.072874978)

7 (-0.096461962 , -0.474354312 , 0.875033186)

8 (-0.336913913 , 0.696157429, 0.633919434)

9 (0.76317397 ,0.039730905, -0.6449705)

10 (0.501756654, 0.575300687 ,0.645963916)

á� 6:¿À vMF3((
√

1/3,
√

1/3,
√

1/3), 2)mB
�

1 ( -0.51678261 ,0.850126556 ,-0.101096848)

2 (0.765426336 0.402268765 -0.502297089)

3 (0.481233981, 0.733890909 ,-0.479393357)

4 (0.941306134 ,0.312060055 ,-0.128690653)

5 (-0.709600604 , 0.615058537, 0.343758604)

6 (-0.6640711 , 0.673720901, 0.324206294)

7 (0.275737455, 0.847324596 ,-0.453883119)

8 (0.538831874 ,-0.332874767 , 0.773856964)

9 (0.522785624, -0.40703509, 0.7490111)

10 (0.933476942, -0.074957879 , 0.350716573)
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á� 7:¿À vMF3((
√

1/3,
√

1/3,
√

1/3), 4)mC
�

1 (0.888467419, 0.263112418 ,0.37602859)

2 (-0.29446245 ,0.745589043, 0.597820078)

3 (0.505370234, 0.816032569 ,0.280520539)

4 4 (0.822600661, 0.299306265 ,0.483470695)

5 (0.535792449 ,0.793088713 ,0.289718391)

6 (0.410606128, 0.843843381, 0.345443131)

7 (0.638061957 ,0.567563498, -0.520335099)

8 (0.57773628 , 0.791788163, -0.198222843)

9 (0.125611203, 0.717939359, 0.684678685)

10 (0.930523546, 0.154992559, -0.331818078)

á� 8:¿À vMF3((
√

1/2,
√

1/8,
√

3/8), 2)mD
�

1 ( -0.005149362, 0.50909882 , 0.860692672)

2 (-0.746858267 , 0.445694665 ,-0.493516965)

3 (-0.781984996 , 0.450953009, 0.430279967)

4 (0.353836182, -0.043670359 , 0.934287352)

5 (0.292770627 ,0.430320172 ,0.85387933)

6 (0.868804414, 0.187609363, 0.458237512)

7 (0.678965869 ,-0.371489777 , 0.633246156)

8 (0.889189999 ,0.338416745, 0.307920854)

9 (0.758527662, 0.599738642, 0.254851619)

10 (0.343458244 ,-0.727339546 , 0.594149492)
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á� 9:¿À vMF3((
√

1/2,
√

1/8,
√

3/8), 4)mE
�

1 ( 0.330837581, 0.245337287 ,0.911238778)

2 (0.58664181, 0.647293818, 0.486684805)

3 (0.820489707 ,0.206837623, 0.532930426)

4 (0.910805145 ,0.298728844, 0.284947479)

5 (0.040171565, -0.180391157 , 0.982774275)

6 (0.612367166 ,-0.300439985 , 0.73126074)

7 (0.80848674, 0.36582377, 0.461001258)

8 (0.546137596, 0.399943903, 0.736056113)

9 (0.449335959 ,-0.205676394 , 0.869364375)

10 (0.827504829, 0.383237359, 0.410322903)

á� 10:¾«A|ab��1
�T

A| ab�� 
�T

aA| (
√

1/3,
√

1/3,
√

1/3) 0.5

bA| (
√

1/3,
√

1/3,
√

1/3) 2

cA| (
√

1/3,
√

1/3,
√

1/3) 4

dA| (
√

1/2,
√

1/8,
√

3/8) 2

eA| (
√

1/2,
√

1/8,
√

3/8) 4
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á� 11: B
�7ÉA|b1D
�7ÉA|dab��mXY

α0 0.001 0.01 0.05 0.1 0.5 1 4

POR 49.2513 5.3331 1.0375 0.5256 0.0898 0.0365 0.0083

α0 8 10 20 30 50 75 100

POR 0.0048 0.0027 0.0017 0.0014 0.0007 0.0005 0.0004

á� 12: B
�7ÉA|b1E
�7ÉA| eab��mXY

α0 0.001 0.01 0.05 0.1 0.5 1 4

POR 0.9683 0.7852 0.4286 0.2795 0.0704 0.0353 0.0076

α0 8 10 20 30 50 75 100

POR 0.0042 0.0028 0.0020 0.0014 0.0007 0.0004 0.0003

á� 13: B
�7ÉA|b1A
�7ÉA| aab��mXY

α0 0.001 0.01 0.05 0.1 0.5 1 4

POR 10.2867 3.7015 1.1390 0.6900 0.1606 0.0810 0.0251

α0 8 10 20 30 50 75 100

POR 0.0092 0.0078 0.0041 0.0024 0.0020 0.0019 0.0005

á� 14: B
�7ÉA|b1C
�7ÉA| cab��mXY

α0 0.001 0.01 0.05 0.1 0.5 1 4

POR 207.3333 21.6757 4.5556 2.2342 0.4631 0.2381 0.0598

α0 8 10 20 30 50 75 100

POR 0.0293 0.0220 0.0130 0.0078 0.0040 0.0039 0.0018
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á� 15:�
�TÑY (�Ü 2)±�B
�7ÉA|b1¶«_`ab��
�7É

A|ab��mXY

A|�ab�� α0=0.05 α0=0.1 α0=0.5

(
√

2/5,
√

2/5,
√

1/5) POR=0.9796 POR=0.6867 POR=0.3043

(
√

1/2,
√

1/8,
√

3/8) POR=1.0375 POR=0.5256 POR=0.0898

(
√

1/10,
√

2/10,
√

7/10) POR=0.034 POR=0.0144 POR=0.0024

(
√

1/20,
√

2/20,
√

17/20) POR=0.0268 POR=0.0102 POR=0.0015
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