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Abstract

In regression analysis, when the relation between the response variable and
the explanatory variable is nonlinear, one can use nonparametric methods to
estimate the regression function.

B-Spline regression is one of the popular nonparametric regression meth-
ods. B-Splines are piecewise polynomial joint at knots, and the choice of
knot locations is crucial.

Zhou and Shen (2001) proposed to use spatially adaptive regression splines
(SARS), where the knots are estimated using a selection scheme. Dimatteo,
Genovese, and Kass (2001) proposed to use Bayesian adaptive regression
splines (BARS), where certain priors for knot locations are considered. In
this thesis, a knot estimation method based on the Bayesian information cri-

terion (BIC) is proposed, and simulation studies are carried out to compare

BARS, SARS and the proposed BIC-based method.
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2  SUELEIER

B-Spline# & f£19464F & SchoenberghT #2 i , 3t #h & &1 B-Splinedy & & (ba-
sis) R B AL A, T g A 2T R B A UTAL, B-Splined & Ao % AKX (piece-
wise polynomial), 2B 2644 & #p 2 (knots), A&7 @@ FHHF, &
57 % BT A & @ B-Splinedh 8 8L, B A F 7 kA3, AR AB-Splinef 3t
RHERCHR, AP —BRAE T RXAEFHYRAGIEIZIHEM L, 22
TR E R A B A%, #l4e Halpern[10]. Lindstorm[12]3% Ruppert[13]391% A
AR NERE T AR EREG ARG %, ASb—MH ik EF B8
128, #l4e Friedman[7)$2 Zhous Shen[16]#93 4% T Stein#) A% 4E[15] 4 &
a9 s B BAEE, H P Zhous? Shenty L 3R E TH & E HL 5 F X B i &
f&3t, 3ksh, Denison, Mallick$2 Smith[4]. Biller[1]$2 Dimatteo, Genovese$
Kass[5]89 st & 4% H B IK 89 7 N2 2 #p B 69 Far 4B, A direversible-jump
Markov chain Monte Carlo[9]89 7 ik ¥} & 35 69 F & - B dhik, A EATHEE S
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%

L — B RA T, AR B, Sk AR R Sy, BT SR S 8 M ke A B (1):

vi = flx;) +e,i=1,--- n. (1)
HF
g; ~ N(0,0%)
% fE— TR A X R, BIEATT v4E A B-Spline & 4L f ££3.155

FAVEE —F S de T3 f

3.1 #3B-Spline®&ER

B f B— % &3 a, b B M E&§B-Spline& ¥k, BfE—5B %AX, LT kT
AB-Spline & kK eyt a s, 5B %AX RS REAEMIT, B-Spline#y
REJ B —@HIREGE = (t, -, 0)TRE, RREEEAL+m+ 18,
By, ehamat, T A de Boorig 8K [3] F . sBFAEA (1) F 69 f 7T 208 e

k+m+1

fl@Bt) = > Biejlast)a <z <b. (2)
j=1
K96 =B, Bon) AXRNH G STRITIR B A5 Latithr
T’TVXéﬂﬂi :Fﬁ/ik\‘/fé“"i_ y17 'ayn T'EL
131, s €k+m+1(‘r1; t)
By =
HEnst) - enpmr (i t)

B BHG 51T 77 ik et A
B = (Bg:tBk,t)ilBg:ty
BB — BRER (2)TAE fo R T 3, 2k f (0.
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AT AN B EAE B2 B 69/ 3t 5 %, #3286 0% ZhousZ Sheni? ik
&9 spatially adaptive regression splines[16]. 3.38p4~# Dimatteo,Genovese$
Kass#? i 9 Bayesian adaptive regression splines[5], 3.48 &AL F 42 H
69 %7 7 %, &K Bayesian information criterion(vA T 35 i #% BIC)#) — 4 &
Tfbatar A,

3.2 Spatially Adaptive Regression Splines

A B 9 &spatially adaptive regression splines(VA T 3 # #SARS)# 7 %
FESARSH 77 ik P 4 AStein[15]AT 4% i 49 1R R B, LAREA AT,
R BB e T 5 AXE ke, R&RR(F(1)):

R(f(1)) =3 (i = flas0)*/n+2 % (k+m + 1)a*/n, (3)

¥ AR R AFHET, mohREEA() e % 28, B &
Fm, PTARAME Flotkst:

o= medianlgigg/nﬂ Y2i — Y2i—1 ‘ /(06745\/5) (4)

Stein sy 1 AR e A 1B BB B 4% 4T ()%mﬂ»%%+,%mﬂmwzxw+
m + 1)o? /nB—# 3 A (penalty), v b4 3178 69 JR A 2748 %, 828 % 69 f B
B, EABEREZAL,

FSARSH 77 ik AR R T — B4 89 3% ik M — 4 e 46 B B HOE e MR R
FHEIFR(f (1) AR R KB F B, AT 423.2. 180 3B 4o T30 B AL 4L 57 B,
713.2. 280 9~ 43 4o AT dh AL 44 Bp BEUE . MR S F R EBIFTE T,

3.2.1 FiKdp ey dia

ZhouszShen[16]4% th T —f8 S BLAz 4 3 85 9 77 X, A2 9 B 4y - 4, F 4
B, AR AT ARG, FREA TR,



ZRA; B P —B M, —d,x; +d,i =1, n, (d8RDAEKRDNEGZ
#waaa), AJ={j|1<j<na; € x;—dx;+d}, BEW(z;,y;),) € JE

# AR A
y]_ald +Zﬂ’vd +€1] (5)
R

(j — x5)4 = max{0, (z; — x;)}
A a By g TN AESE, | Qug |BIREE, Bla, MR BAedb a2, AT
Fas Az, A X BEA(5) e MBS SRR, AP
X = ((% - l‘z)Ta (ij - xi)oa T (%‘ - fﬁi)m)aj € J,

AVar(dig) = 62((XTX) D, ft‘#’((XTXrl)u%((XTX) ') — 17—
Lk, Mo &#AN4), 4r(r) =| ald/\/Var Qia) | Zr(z;)
Bl Qi |R, EAfamBlieds i 8, o CROMAEE T4,

Je BRI TS BALE M Bk 20, MM BEEoNE—FE
&, AR LGB, B Ies i@, B EESAN:

BBl &g —pla, 18457 N 60 E BEKRAD,

M&2 d = ((max(z;) —min(z;))/n)x 1.2, x; € [v;—d, z;+d], KEr(zx;), =
L--on, EAr ()3 07ACRIBEIRERS, & RIEGRERS,

B3 A r AR () > C, BBE e, BIAT,

FE4 2T F gttt B, Bk, —d o+ dOEMARARTZEE o
A BlAL 4GB B

FEB5 hmpFp+ 1, FEBEE2, 4Rd < (max(z;) — min(x;))/5, BUzE,

WA LR BT RIFEH B A E BN, 2R ARRKE—FELS, BTUH
BIRC = 4, T EE Bk RAIG e deib,



3.2.2 HAeLHBHE o, ML R TFH

§3.2. 180 F B 6 AL i Bo o, EATH AL B BEEOG A, MR KT AL F KA

#ip Bk

3% Jm B 26

Wk - 4%

BuAKLTBOEE = (t, -, 1), REEGEEBEML ¢T3
Aol s, RHPio= 1.k, mtBZERELHFTFRER
B[, tipa] P R (3) 695 MEH A4 E, At BtodE b Bl[t, 1, K a9 H B
¥, ZR(f(ta) < R(f(t)), BEEALI B[t 1]

JE38 e B BB B BRI Bty = (b, -+, by, )s TR T s T A 5
B[t — 1t + 1Bt TR, i=1-- k,, mt?BE &AL T X
FRAEBM[L 1, ti| PR@) R EHEALE, L P, At R 6 &
BEE, Mkt %6 B G E Ay, ZR(f(t,)) < R(f(ts), BIF#t 3

~ A

BRIt — 1t + 1A, FR(f()) > R(f(ta), RIRER L,

2.3 o B BT B 2 S AEAT 6 Ae ks B B 38 e, B e B MRR F- AS T BT
R M BAAL IR BE, T B e i B, BRA S S B e, BIK A
WIS R E R ERZ AT,

P A b o BT A At A B B 3 4% B -8 4 F1  BE AR A (1),

3.3

Bayesian Adaptive Regression Splines

f£Bayesian adaptive regression splines(¥A T 3 ##BARS) 4% 3+ B-Splinei® &4

HEF,

AR RX b7 ik, Hap Bt A6 R 4m 5o R B XX — F 77 9 & (prior

distribution), % #% & 1% M Green[9] Freversible-jump Markov chain Monte
Carlo(vAF 3 ffi #reversible-jump MCMC) &) 77 ik %t #p 25 69 F 4% 9~ B¢ (posterior
distribution) ¥4, #3HEEREA (1), AT &A% 89S ABARS F a7 2B 69 3%
TVAR AR, BARS$BICH) B 14:

k) =1/A , k=1,-\



APNEFE, ALTFHEHLS. MEB@EL = (L, -, )2 RFT X B A7
B, o, WBREERIEFATE, -ty

(o) =1/0,

B | k,t,o~ Ngrmi1{0, 02n(B,€tBk7t)_1},

(B, k,t,0) =mg(B |t k,o)m(t | k)mp(k)m,(0),

W PR FAT YRR EZT, TRMFp(y | Byk, t,0), MEESEp(y |k t)TE

BT RS A
Pyl k) = [ oy | B,k t.0)n(8,0 | k. t)dddo,

AMeg B AEA G HBHFRE >R FRINGIBGMEEALE, Hibik
Freversible-jump MCMC# 77 X ik, Adir@fEE , AFTHH BT
s, mAnis s A A B ATE Ap B ) I E AT B A e YR BT — ok AR
AR, RERTEHGBEMUELE T —RMWE KRR, bt2H3tceik
. ke, t¢ . .
£ 3| likelihood ratio= %’—w—)ﬁﬁ B2 likelihood ratio$k X iF, HEZE
pP\y )
5% Wt E # |t
vA T @likelihood ratio™ A & £ BARS#2BIC # B 1%
ply | k¢, t°)
py | k1)
( 1 )k—k( y"{I, —n(n+1)"' By (B{,Brs) ' Bi}y )n/2
vn+1 yT{In — n(n -+ 1)7lBkcytc (Blzﬂc’tchcytc)ilBgcjtc}y

likelihood ratio =

12

ke (y - Bk,tB)T(y — Bkc,tﬁ) n/2 _ o ( (BICy —
(\/ﬁ> ((y — Bkc,tCBC)T(y _ Bk,tCBC)) exXp ( 2

B EX T4, & BIC, %1, likelihood ratiodk k, BEkipBd St w5
% 337 8p B E1C.
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1% Areversible-jump MCMCHdbikes, &ML BN + Noadp 85, 465
BlLRA e i B, BITTARRIR(2)F fagk NP A3 (1), Ttk f o fAT 4
#t:

N+Ng

~

> flwt)/N

[=No+1

B — B A P A B 60 AR 5 R AR e, P AP AT N P 4

3.4 AABICH & B35 A

KR EABICH AR R R ER G 2, HARLEFH AT, &% E 5 HLoF,
4515 (a,b) B M Bk E Bk i B AT R A
t(k) = argmin, g, > (yi — Flast)?,

=1

RSS(t(k)) = " (yi — flast(k))),

BIC(k) =nln (5%“:») + kln(n).

EPh =1, k" Bk =argmin .. BIC(k), RIE(k) A AASBICIRERIR Y

HAVE 3B R A optim R SARAE 09 — A8 R ALK 7 XAF L kE(E), Ml Ak
Br XEBRRALDIOE, AT HAN b TR I AL I, @k
7 KA AW ERIFHA, S EH e RE AL, AMEREKEE M (0,b) L
AR B B AF B — A 46 FF B @, B RSBATARE(K), ATk, B BKM
697 (k) PTRIER RSS(E(K)) T b, BIAS )k 691 (k) 4F Bl (k)89 AR, !

L ok ey, RAMVEREY = 10,5 = 5.
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4 e

4.1 &#

5% = B4 B T BARS. SARSs2 R #4BICH) #p B 45 3H 77 X (WA T &AM
#BIC based) =4&7 i § #&B-Spline® # 89 #p B,

AFEE T AR ()T ER, LFa, - 2, HEM0,1]F FEH
HENBE, nE T AH101, KRMEBSELE fdie, i3k, FRLAR2, H—
AEE T A B 1004 BB A A, AMSE; A% jaEA#E#® BARS., SARS#
BIC based#y 7 k&3t fAT4F 21693975 £

MSE; = (f(z:) = fyl@i))*/(n ~1),j = 1,---,100
i=1
VAT AE 1 50R AR A5 1100 Z B 4 s BARS. SARS#2BIC based#y 77 ik AT &+t i
6377 ZBCF 4 4A:2

100
S MSE;/100

j=1

& 1 FRBRBZAEER

S ELAR B 7 ik BARS BIC based SARS

1 0.0092(0.0005) 0.0107(0.0007)  0.0112(0.0007)
2 0.6047(0.0838)  0.6840(0.0945) 0.3792(0.0802)
3 0.0221(0.0020)  0.0225(0.0035) 0.0131(0.0015)
4 1.30 x 1076 1.49 x 1076 1.13 x 1076

(9.48 x 1078)  (1.59 x 1077)  (1.44 x 1077)

2ERAVED T BRE, —HEATRNEGRIE, F—4AMETRE K



& 2. MBTA R Z AR

B Bk BARS BIC based

5 0.0490(0.0030)  0.0398(0.0036) 0.1252(0.0102)
6 0.1921(0.0215) 0.1854(0.0139) 0.2705(0.0443)
7 1.8330(0.1198) 1.1571(0.0983) 1.6073(0.2812)
8 0.9018(0.0567) 0.8710(0.0984) 1.1217(0.1237)

R 3. AR B2 A M (B 420)

R Bk BARS SARS  BIC based

1 8 3 66
2 8 3 60
3 9 3 60
4 8 3 59
5 8 4 53
6 8 3 54
7 8 4 58
8 9 4 66
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4.2

& 4 IR B E
Rk ATEEHK BARS SARS BIC based

1 & 6 7 6
2 3 2 1 2
3 2 2 1 2
4 & 3 1 2
5 5 4 6 5
6 6 5 7 5
7 6 4 7 5
8 6 3 7 4

2e% 3

FAVIEALBE L R L2

1.

BARS# 7 k¥, & A MHEB AR $eF, fEotaoREa 28 i &K
£, REALABARSH 7 ik f£4% Areversible-jump MCMC#) ik 842
T, AN BTG, AR TR MBI A &% A TIPS
HOE T, wB2T KM UL AGITHEMTIARE, TRALTEHHK
#, EHRALABARSH 7 k=T, HRAARBRMETRA&XEINR TR
o

. SARS# 7% ¥, %1% FB-Splinedk E AT+t i 69 #p B JBF, AISARSH

A (3) AT P b 7 B 09 A3 R 247, e B3RMDABIT2EKRE,
TRELTEGHHH, ERy 5MEA SARS. BARSH BIC based A7 f&
+

.

BIC based#)7r ik, 2% B M BT A ® & K 3ny, feid ez R Lty ik
+F

EE R B AR MR L, B ABIC basedik A 44 #h B 4F & 47 F
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KB H A B, AL FBICH) AR B PLif & @ 69 & FfF 3, B AR HE e B
FBARS$#2SARSk,

T T T T T T T T T T T T
0.0 02 04 06 08 10 00 02 04 06 08 10

2: BARS /& ) 7 2038 5 3 e 2B 7

BARS SARS BIC based

3: #l-F2+4¢ FISARS. BARS¥LBIC-basedZ B #
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FE 5w i P R AV 69 4 R, T4 23 A MBT AT e, 1%
HABIC based#y 7 k&3t 4, X FRMEAEZIT, T4 RBEFEBARSH
7rik, JREESER BB M ETEE LRI S 6 B B4 ST, $ERBARSH ok
A2 P BT AR R 8 TR AR R B s, {2BARSH) 7 kL2 4% FIBIC#) 42 238 BB
%LﬁﬁM&%&ﬁﬁU%@ﬁﬂmhf*ﬁkrm A RE

LEMEZRATFRAEHNANE G IR I, & ASARSHTEME, &
B EZRBTFRAEERBLE IR Z0F, BIBARSHME T REHME,

5.2 &K
FART P &R E T —4 LA BIC#B-Splinefp Bs4&+1 7 X, 3 A3t BARSH)

SARS# 7 ikfortdn, 12id ik PG £ 15E%, HsbiR b ZBERMEERR
B 5 )
1. BIC based#y 7 ik R A MET R A A AR IF69 KR, 2R Fmk T

B M, R EaeiR TR i BEE, B4 EfEstaF M,

2. £V ERBFAEG T, TOAZEA G B F BB, R ER, Pl
Halpern[10]. Lindstorm[12]$2 Ruppert[13]# sUEk 4% & 7 ] 3% 3 #p 25 4R
b7k, A SARS. BARSs K ABICH) & B3 7 XL B8 A
RRFR T @),
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sk 1

3T A A s 55 4o T AL 80 7 R AR EIE(R) o B R A2 M
ﬂijéﬂgp 2L 4% /{é’k&tl = (tl,j,ka . tk]k)l%%l/kjl_/f&'( P%é@’j%, ﬁg<t> «’fik
BRSS(H(k)) 5%k

g(t) = >(yi — flai 1)

FURABREM R g(t) ~ glt) + volt)(t — t) + Lt — t)TH(t — t), &
Fg(t) B—FEEHK, H=2g(t)BReey =15 E &, M BERER:

0%g .. 0%
8t%gk Ot110tk
H = :
_ %9 ... 9
8tkjkat1jk Bti]k

HA L6 5 30 B B XA — T8 EHOR0, B 89 27— 1% 8 SR RAT R B =530
'fLé"_, Vg(t) >~ vg(tl) + Hl(t ¥ tl) =0, BAEZHEt = tl+1) —51‘257‘23

ti =t — H ' v g(t) (6)
A = H', EHEX(6) @A ¥, 4% MABroyden[2]. Goldfarb[8].

Fletcher[6]32Shanno[14]|w A PT#2 1 89 BGSFi% 37 A1

T T
S15] AlQle A T
A=A+ — + qf Aiquw 7
i SITQI qlTAIQZ : ( )

A

St AlQl
SlTCIz qu A

q = 9(ti) — vg(t)

sp =t —ty

3 X(6) F RMEI=1004 B KR40k
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7 BT 34 X, (7) 16 B

Ay = A+ QZC]lT AZSZSZTAZ
+1 = A -
" qlTSl SEFAlSl

AEZL, ARRERY, KPAEMN G — T EH:

—H ' v g(t) =t -t
= vg(t) = —(t —t,) H
= Vgt (t —t) = =(t — t) " H(t — t,)

= 4(t) = glt) = —5(t — t)THi(s ~ )

wA LR E—BAXT P, tAG BRE, ZREA HBEDE, gt )%
5,5\’]‘7;/:\.9(13[), /E]'](t — tl)THl(t u! tl) > 0, ﬁb/ﬁ:;ﬁé:EF?%‘jﬁ%ii#Eﬁlo
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F 4% 2

au)
=

#51:

151-F-2:
11-F3:
#1114
#1-¥5:
#1-F6:
BIFT:

#18:

EH P, 12 ASMARR AT E ARG ey H ik, mAHNE R LTS
R e b —T 15 e, Ak

yi = f(xi) + &

uid

B EEFRHE f(2;) = sin(20 x 2;), £ Fe; ~ N(0,0.23%)

B F 8 5% X B —B-SplineX &, #p % At = (0.3,0.5,0.7), A& ELF=(-
10,-5,5,10,15,20,1), e, ~ N(0,2.492)

B F =5 %5 —B-Splined#, #% A = (0.5,0.7), 1A%55=(10,8,8,10,
12,2), e ~ N(0,0.482)

0.0384, #¥e; ~ N(0,0. 0032)

£ 19 57 % # R —B-Spline & #, #p B At = (0.4,0.4,0.4,0.4,0.7), 1A%
By 3=(-1.78,-0.33,1.62,-5,5,1.85,-3,-0.35,1.39), HFe; ~ N(0,0.572)

B F 19 X A —B-Splinesk ¥, #p % At = (0.3,0.3,0.3,0.3,0.7,0.8),
%% % B=(2,5,4,20,4,16,10,8,5,4), HFe; ~ N(0,1.1%)

1§ % ¢ % —B-Splines #, # % &t = (0.1,0.5,0.5,0.5,0.5,0.7),
%3 B =(-10,-5,-2,20,1,20,25,10,1,-1), HEFe; ~ N(0,2.7?)

B F 18 57 & A —B-Spline #, # B At = (0.2,0.5,0.5,0.5,0.5,0.8),
1% B L=(-5,-3,-2,5,25,25,5,-2,-3-5), £ ¥e; ~ N(0,2.59%)
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BABBIT1IFAAANETA, THRALETEF R, KL AB-SplineR o
S IBARS. SARS#2BIC based#) 7 ik £ B gp B 4531,

BARS SARS BIC based

4: #-F1:BARS. SARS#BIC based

Bl5&BIT2F AT 2 A 69 A, BHRABETEFRHE, &% AB-Splines #k 5
S1E AIBARS. SARS#2BIC based#) 7 ik £ B gy B 4& 31,

5: #-F2:BARS. SARS#BIC based
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Bl6ARBITI3FATALMEH, FRALT DS ZHH, K% AB-Splined s
A& FIBARS. SARS$2BIC based#y 7 ik BB g 5463t

6: #-F3:BARS. SARS#2BIC based

BI7TABITATATAAGEH, RRALT QM ZHE, &% AB-Splined 5
A4k ABARS. SARS#BIC based )7 ik # B #p 2o 453,

BARS SARS BIC based

7: 45 F4:BARS. SARS#BIC based
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BISABI TS AT AL AN, FRAL T HH, K% AB-Splined #s
A& FIBARS. SARS$2BIC based#y 7 ik BB g 5463t

BARS SARS BIC based

8: #1-F5:BARS. SARS#2BIC based

BlORABIT6F AT AAMEH, RRALT QM HE, &4 AB-Splined s
A4k ABARS. SARS#BIC based )7 ik # B #p 2o 453,

9: #]-76:BARS. SARS#BIC based
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B10AGIT7H A EAGTA, THRAELTEHIH, HEAB-Spline sy
$14¢ FIBARS. SARS¥BIC based#) 7 ik iE B ap B 4E 31,

10: #1-F7:BARS. SARS#2BIC based

B11ABT8FATAAGEH, FRALTEEHRHK, KL% AB-Splinedk &y
%14 ABARS. SARS#BIC based#) 7 ik B Bh4x3t,

BARS SARS BIC based

11: #-F8:BARS. SARS#2BIC based
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