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Abstract

Tropical geometry is the geometry defined on the tropical semiring. Like
the classic geometry, we must understand the properties of linear alge-
bra in tropical geometry. In this thesis, we discuss problems of matrix
defined on tropical semiring. Though we find that many properties of
classic linear algebra can not be applied in tropical matrix, we do can
find some similiar properties in the tropical matrix defined on the ex-
tended tropical semiring. We introduce the extended tropical semiring
constructed by Izhakian, define extended tropical matrix, and discuss
the difference between extended tropical matrix, traditional matrix, and

standard tropical matrix.
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MFEATALFRATAGKES K, Radm® F R 28 EAEEA

B2 Wk, 2 RREFTHEEARG IR (2, BB E [T RELRELAET, =
RU{—oco}t, &4@", “@" g ME=AEFELHH ARG RELEH, HETr,y € Ty,
EME &k @y = max{z,y}, 2Oy = v+ yA— AT LG WE, KMTAH
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ing), BB T LRAREGWE, HERAGEME, R AAFERARTFRLE
SR R ERMERE G E R, AR, 995 R AR TR 4o TH BAR SRR
B X A2 SR 20733 B L 2 AR AR LRY S22 (1],

AT R B AR B AR, B —F 8 AR F R KR, KIS
SELE AR FR T KRB 4ERE 1R S My 3 AR RA FER 0 — bt et
B KT RIEREE, A BT R ERA RAFGIERE 09451,

BT AR RiEAR A B ¥, Izhakkian [4] & & T ATRIRAE AT F R (extend tropical
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semiring), RIVEEGHA, A2 BT R BERGRELEH T, —BEGERGHT KA
XAREORG, ROV IRGsER | RP M o IR R AP I M — sk, 3 B4R
TR A B SE R 6 R ARHE

ARA LG R T H =T RV E — R BH BTG H F ok, H=FRMT
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2.1 AAT &

1RG GG BATITE BOH R T, R THRANWE{—00}, #AT) ELZ&HE=

IR F 4T

T & 211 mte,yeTy), RMTRrBy=max{z, y}, rOy=o+ySHTHLE
#kmik [2,8, 9],

BAEA L8 &, RMTARMBER, —cchEmikEiiidt, mMOALREE
A,

E—RREHTLP, KA & S AR GR AR S AX 1AL AT A
o5 MAE(Ty, @, 0)XF AT RAE LA 58X, (2245 BBG S ARG F
R REABB S ARARBRSZ S AR S—coX REMAN RS, KNG HR—
PR, T @y,

Bl 2.1.2 ZESf(z,y) =3P Dy 0 B—#% 58X

AT ARy 58, ditf(r,y) = max{(z + z),y,0}, BrHETr,y €
To, f(z,y) # —oc0, LE@megEplT, RIVRFREGINA T SEMIRGE 5 ARG
BEFEENE(T, 0, 0)X L, RREMMATIE B —5 KR E & FAXGR (9,

T4 213 ZRfA—EAHNTo,®,0)0%EX, KMERKELEIRAEESTHEELTH
AR iE B S AXMEZ AEITRZES,

AV T 8 S PR FLART §AXGRZEH

#5214 ZEEAXSf(v,y) =2 DyD0



w4 f(r,y) =22 @y @0 =max{2z,y,0}, #(z,y)THEELPRHAED ZAXME, &K
PI=T VA4 By A2 T Rtk

(1) F2x =y >0, REM Ay = 20 £ 5 —FREGHy,
(2) #y=02>2z, PIEN Ariyy X304,
(3) #0=1x >y, RIEN Ayt TFH5,

AT A A L6303 3] f (2, y) ZAR 6 B W 4o T B2 157

124

. Yy =2%

=0

B 2.1 f(z,y) =22®yP0

ENBARFTSANGE Rk, BMETRAEZARGTRANLGH 5 AR
P % A XX M8 M 1R, P78 89 2% 3 4L (tropicalization ) 48 89 & 4§ 1% 4 % B X F 89 Je
A RO BB O O Blde: ERf(2,y) = o® +y+ 3, MARBLL
# % AXtrop(f(z,y) = 2 Dy @0, AR, ARAMEREH? BH AITE
Htrop(3) & 1E0 2 AT RIS A ARFE L AR,

2.2 £HWRELER

AB R RARE T ERREEATOM R, g AR 7 =R RE
REHG R AE; FEsb, HA&Z AWM E YRR T —EHAALEF @ RC
f(z1,20) = 089 FARRE, HEXMARREAEL, BT RIS BPEALE, RMAE
788 (Amoebas) #9 BB R R L FAR GG B U £ B L84 5],



% &Log : CN(CY)? — R?, ¥ 2 = (21,20) > (log|z],log|2]), &AM
W Log ER*PT ) MZAL BB s R C Y T

%%wﬁﬁ%%,m%mm%zﬁﬁ%,%uﬁm%é%%%%Cm@Wou
T, RAMF R ER IR FAE YT &,

#bl 222 FREKECTLOBRC = {2]2) + 20 = 1}

HAC LOE—B2 = (21, 22), @2 =1 — 29, T4 2T A08F, 2 BUAT;
s, RIOVTAIFEIEy = log 20| a7 —oobF, x = log |z |[#L40, Flixd, &M%
g IS —col, y MBI 0, A, wzby MU colF, 2 MUAA oo™ fnx
AU cobFy MUA —oo, mBx =log|zi| = log|l — 23] = log|z| =y, EsbFzk
ByAL A SRR, BHGMMALERY = v, @A LNGHR, RMmECHE BT
B 2.2P7 7%,

22: 71+ 2 =1

5 2.2.3 ZRFTEZECT LG HHRC = {z]e 22 +e 12 =1}

% (21, 20) BCEZ B, BMV4wil & Miishe B, 2 ABEA0, Bz MiibenF,
2480, Bk, Fy = log|z|BLA1E, v =log |z |t —oco, mr =log|z |4
VM, y = log || B #—oc0, B, @Rz =e—e 2, R4l Fo AR



7ool¥, 2L G —coBy = log|z| = logle — e 2| = logle tz| = —1 4
BT A RAAT B G v, yA BT Aooks, BIMGBANEALY = —1 + 2, wA LFRTHE
BMA =B x=2, y=1, BRy=0—1, mCHEHE w23+,

2.3: 72z Felzy =1

LR ARG P, RATABR S Loghf thaCeg R & ik ZR* 69 — A A 094
B, A2 R R R e fTHE 33 (B B M9 8 AT % 2R X 69 RAR B 7R ?
KATTAE B 5 — 4t Log, : C N (C*H)2 — R? |, LPtAEH,

log |z1]  log |2

Log,(z) = Logi(s1,2) = (= Iog, =1 ~ log, 2a]) = (=502, 2 2
‘ , 1

HAEFHa, EMsitlog,(a) = —loij, Bk A 7R R, BB SR
(0]

s B A A B R R B R B AT B, Al SR AT AT 3h 69 617 C = {z]21 + 22 = 1}
, e E R T B2.457 7,

Fligd, RME B @ C = {2]e %2 +e 'z = 1} o ftLlog, Bt 74K
AR R, B8z = (21, 20)BCE—3, §2 AN, 2nBfte, 124 FtHL
OB, log, |2 = 1°g|22‘ﬁ% et 0, AV % SO, St Log, F Ao Bk %
88 64 LB 4 R A &%&l%zﬁ%%ﬁéﬁ%

BETZBAEHEOEY, AMEREF—Ha @k C = {2|t?2 +tzn =1}, #
AT $ct, KA ECHEHE(120), (0,67 )RS, EtLog,(C N (CY)*)A mikdis
B ow=20Ry =1; REHEELA0N, BHGTEABLA0RLABNER L2, 1),



w-y=0

2.4:

BRTE ==, A%, RMELGET— & LKA (valuation) 89 #7854 34 34 12 18 49
To

y=1

2.5:

2.3 UAEAZBEHBRIBRT RBBEAT

b — 188, RAVR ARG R G E T EBUER 6 7 KRG BT ey, mig
by NA AR LR, B, ROV G —18 A BN AR KT
B,

Bk, KMV RAEZHE(Puiseux Series)4 T :

& 231 FRQ ={ql¢ c QEFP¢ATREA—XFASH}A—ARZHKYTE, Al



$eFla =) a b TR b KPP B B

qeQ’
BNV R E IO~ AREHHE, RHAKT O AEe= ) agt?, EMNTH

qeQ’

T S — AR A4 T

513 2.3.2 ZEval : K — R, X ¥val(a) = qo, g = min{qla, # 0}, Blval;Zz —1EK
fé,
proof.

(1) #EfTa € K, val(a) = cox B%a =0

(2) #H1E1fTa,b € K, 4val(a) = ¢, val(b) = qo; KM Feidabby kR A K
Bq + q, ZEPFPval(ab) = val(a) + val(b)

(3) #H1EfTa,b € K, 4valla) = ¢> val(b) = qu, BHEFRK—FWT, KRMT
ARG < qoo Bla + b89 R AKIE R R $osb KA RF 74 qy, &P val(a + b) >
min{val(a), val(b)}

u
WA E B0, log, |a] & 10g, [ayaym)t™ @] = log, |ayaa) | +val(a) ~ val(a),
EAVER valfe L — & B3k Bl6glog, £tABITA08F 6915 A F AR &R, FLEMIE &
AT #Val : (K*)? — R?,

Val(z1, 22) = (—val(z1), —val(z)) = (z,y) € R?
FB— kM, RAVAVal b iR 85k 3434 b ol 7)1
#) 2.3.3 ERFT EZL(K) L C, = {2|t22 + 12 = 1}

Fval(z)) > —2, WitAr = —val(z) < 28, ROAT UGt (1 - t22) =
t1 —tz, Bty = —val(z) = 1,
g val(z) > —1, wihty = —val(z) < 18§, KT A A 48R 69 7 XA+



#val(z) < —28val(z) < —1; @wad 22 + 'z = 1, &M’z Atz P
WAk AR &, R RAREval(t2))§ Ftval(t' ), Bk, —val(z) —2 =
—val(zg) — 1, Flx —y =1,

m A L Z AR WAt , ROLEAR AT 2] L& B = 2w B,

EwiAEHGRIE, RMTUAH TG

T & 2.3.4 ZBRCE—EHAK ORI BE, KM EZLRLPGHEEVal(CN(K)?)Z

M e (closure),
wAVal(C N (K*)?) AQ*Z T4, Hub&AE B & P B ME K64 P & 48 B

A T, TR ZEHINKE—ANREETPARE, AR A K BT ey 37 55 Rl AR
#, W AValt B4, 74 %28 KR F Bg % R0,



KE LR, AT EE A B L 05 (To, 0, 0) R 2 H th — 837 89 45
(4], RV AT

& 3.0.5 ZRRATHROEL, AMTKTARU{—co}UR", XFR, {—oco}, R'A
EJf. A%, MR U{—o0}ieARY, T\ {—oo}AT",

B, BT HrRER, &MEMabFRFEATRYZAE, o, V' EAFR' XA
%, r,yRkTTPZ i,
3.1 RAARRKRE\ER
B, RMEATET RAFALTF B F“<”
& 3.1.1 EAToF RAGER “<”, BMTAMNEC—AAILETF 490E7F <7
(1) #ETT P8yt FEr, —0c0 <z
(2) HAEFRY 89 %a, b, Ba <b; RMZ K <D, a <V, a’ <
(3) HEARF O TEa, a<a’
(4) 2y < yka =y
WA B &R VA il
#% 3.1.2
(1) “X7RARF (partial order)d) =184 H : R & M (reflexivity), REFFHE (antisymmetry)vA

B A (transivity ),
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(2) HIETRY 90 Fa < b, HMwifa <a® <b< b
(3) AA Eohey Rk ERAR P, FX2 = ydh,
HETA, EMEATHEERRAATFH=AERF DL Q"
& 3.1.3 AT ¥ RAY-AZHLGRO, RMAAECMIAEKTTHERL DA D7
(1) #ATF8LEr,y, 2 #y, TRIDY= mjtx{x,y}
(2) HEFT G Ex, EfMMmiE—codr =0 -0 =1
(3) HARF G LHKa, Rhada=a"Pa" =a’
(4) HATF Mz, THRT O —00 =—00 O T = —00
(5) #H#ARF¥ e LHa, b, TExRkaOb=a+0b
(6) #HARF ¥ AFa b, REa' Ob=a0t =d" O = (a®b)’ = (a+b)"
BXERATY AR —TEE L, AT RIMAGIAT — R H
HH 3.1.4 T OmE, ARBRBEUABRLEELIE, Bt —ocoEmikFlLE,

proof. w8 &3.1.3KMTAsmil, —co Ak Rl %, A, HEMz,y e T,
EMfells Dy =y D, k&, RMBELLEESHE LT

(1) Fx#y# 2BTF2A%E; Bl (z0y)Pz = mgx{m{ax{x, y}, 2} = miix{:r;, Y, 2} =
max{z, max{y,z}} =2 B (y & 2),
< <

(2) Za, bARFHRMEALE, Mla®a)®b=a® (a®b)?
F AV FIA ZAE TR B 6 H etk
a’, b<a ada=a", b<a
EZX=0a"®b=1 a’, b=a ,» WEA=4 a®a’"=d", b=a

b, b=a a@b:b, b>a
TR b, 2R AP e 3 3, X AR 2
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7 B A R AP ST VA R ABALRG 7 i R I

HE 3.1.56 THR:OME, AXBREARLELE, AI0XEREELTE,

proof.
Hitr,y e T, KIFIAZK3VIEFRRAGHERARBRELREL Oy=yO T

(1) #Ea, bR ERYZAE; aOb=a+b=b+a=0b0a
(2) ZRacR, VeRY; ab =(a+b)"=(b+a)"=b0"0a
(3) ZRa", V'RIAR' FXAEK; a" OV =(a+b)"=(b+a)=b"0a"

A, HEFMTY ALKy, BfFE 20 (Y0 2) =20 (yO02) XA 0Oz =
rO0=1x, HBoMiL, ROALREELEL,
u

HHE 3.1.6 ATZ ¥, fREOHWKQEA S EAE,

proof.
Htr,y,z €T, BHAz O (yd2) = (2 0y @ (x © z), RIMLHHr,y, 2R
BRFZAFHZEN,

(

a®b, bxc

EMTUHEZRXNEFaO bDc) =X amb’, b=c >
e b=<c

(0ob, b
MEXTEE (0D @ (a®c)=< (a®b), b=c
a®c, b<c

A& M4l , fo, y,zl’lﬂ?ﬁy*"%’:ﬂ% O R A B, W ALK R
B BIRVF AFEFL A, RATT AR R PTERE R R E S a) o R AR R
£3.1.3%39,

Bldm: a"©(bdc) = (a0 (b®c)’ = ((a®b)®(a@c)’=(a®b)’®(a®c)’ =
(a"©b)® (a" ©c)
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Q
Lt E AT TR —UEE LR, EFEEETHREEZTE
AO0m TZ0Y, RAVR AT 89585 R 30A

ffl 3.1.7 AT F, 0" I2RZ*FZA,

% Rga’ € R, &M4ila” ©0" = (a+0)" = a’s 2#7%a € R, &4
Ha©0"=(a+0)" #a, A, 0"ETETHREFEALA

#% 3.1.8

(1) ETZF, ©, OFHERTiEHER, KRIMF Bz, y#R3" G r = —00, 3'0
r=0, TBHEOMES, CLETHISATHY,

(2) %z €T, a’ € RY, &M4eifiz ©a’ € R, RO 8RE, REKTTZ
AERIKFIRZF,

(3) A ETZF, a®a = a", £MEE(T,®,O)F L% F (idempotent), #
b, Rv &9 0F a" TARALLE B heik 3 (additive multiplicities) KA1 Z 4,

(4) (T,®,0)0t51 2 dRGE R REIRG by, @ RG22 R £ 5L
Mt FF F R EREB B IR FFER, Pl (Z, max, +) & (R, min, +),

3.2 —MF

BTARMG E—HAAT ROTALER, FREEEEH (4], A TEAE, &K
e A" RETNBr O © - O x4, B EZTPLErHVELT:

T & 3.2.1 ZaeR, T&atyvtiv(a) =a”; Fa’ €RY, T&v(a") =a’; Fmv(—o0) =

—o0

AR EGE, vTAREH(T,®,0)ERE — @k s, Hidte,y € T, Kl

Ho(z®y) =v(z) Do(y), vizoy)=v(@)Ov(y)

E Ao ARG B AT P, #HiEZr,y € Tp, nBEEH, FX(z0
Yt =a" Dy L, AEETZ PR ELA ARG H R RIVAAT W H RS
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HH 3.2.2 #iEZr,y e T, nBEXEE, (20y)" =2"By"
proof. HAVEF| R H L 65 Ak R BRI AT F N
(1) ré’n — 15577 j‘\&;‘?‘?ﬁ?}:\ﬁiic

(2) #Hitn > 1, £X=(z@y)" = (2@y)0(zoyY)" " = (@dYy " Oy =
ajn@mn—l@y@x@yn—l@yn(*)

v

tr =y, Bla" = 2" Oy =r oy =y, m(x) =a" =a" dy"
Fr <y, Blx)=y"=2"@y"
tr =y, Blx)=2"@®2" ' 0yoz0y" oy =2" 0" 2" da" =
(vE)"=2"@z" =z" ®Y"

(3) o B AR B E A RN FeE A X IHEZEE S R,

d

Hedh 3.2.3 HAEEHn, 5 eT,i=1,2--,s, £MFid (Ol ,2:)" = O, ()"

o, Fo(r) = v(zg) = = v(z,), BEFEE—Er; € R, RXZIFRAL,

proof.
Srg=max{wy, 9,5, wn ), ARBEHS228ATTHE A X5 1
OOy D D= (1 D D D)
el M O¥ MORRRIOF Ml AROK ZROK ZSOREREOR
FEXEE v(a)) = v(zs) = = v(z,) BLE Y —fAz; € R,
RELHAA N, RETHRZY, AXE1 050130 -0, € R,
REXA 1 Doy @y ©---@a) R, AXBAFARIL,
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WE R

ni

BTRGIY, ROV E—FF B8R E (T, d,0) 5L, RANGHALEY
SEMEME , ABAMRR G BERBIERZ T, ERZHAMG—ERELEHE, KM
E(T,®,0) LA & B e R LEAE G ROUGEERE, AAZAATESEE
JR AR FE, KO RATERR LA R,

4.1 AARAEHFET X

ﬁ%%&ﬁﬁﬁ%%ﬁ@ﬁ%g$ﬁﬁ,ﬁﬁ?uamﬁmm%i%nxmwﬁﬁ
M, (T) R LEHL [4]4TF:

T & 4.1.1 RITE Ko’ @TF T E PR GnlE 7 @& —RB 5k, FRRATF
F$A = (aij)nxru B = (bw)anV/{&fL’ S T &{F}]z;&ﬁ%$3§—%‘ T:

(1) #ARBHE G ik, RMETRAGB=C = (€ij)nxn> EFCij = aij @ bijo

(2) HARFITRGRE, KMNT R AOB = D = (dij)nxn> £ Fdy =

@ a;r © bkj

k=1

(3) HARA F R FHA, KMEETO A= (T O aij)nxno
(4) AT FREGHE, EIMTERA = (0ji)nxno

(5) /'i?kff§']f\fﬁ|A| = @ (ala(l) © A24(2) © ... © Oy n)) Hx+S, F"ﬂb{l 2,3,
0ESh

JeBI{1,2,3, - n}RATH ERATHARZES,

(6) & &AKTHEME (minor)A;; Bk FiF| R B AT AR BEIIAZ (n — 1)1,

15
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(7) &ZAZMFHELERA(A) = (a};)) 0 BV a); = |Ay]

ij

AL LT &, RATT %038 M, (T) 8y ik A2 ART =

ik BAL L (—c0 O L) T A&, RMAMERERS],

1 -1 —o0 3 0 1
] 4.1.2 ZRERA=| 2 1 3 B=| - 2 0
2 0 1 -1 -2 1

KAl
4 —-—00Php—0 141H—00 206—-1h—
AoGB = 5@ -00®2  263a1 30194
5@ -00®0 202®&-1 30092
4 1% 2
=15 3 4
52° 3
45 5
(AoB)!==[ 1v 3 2v
2 4 3
3 —oc0 —1 1 22
BoA =0 2 -2 -1 10
1 0 1 —c0 3 1

4 —00P—00 HP—-—00B®2 5D —00h0
= 1619 —0 293d1 2¢02@ —1

20 -1® -0 Sol1d4 3002
4 5 5
=1 1" 3 2°
2 4 3
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a b c
Bl 4.1.3 FRA=| =z y =z

u v w

$EIE A 8947 5| XAL| A|
=aQYUOWPRaOzOVALOITOWRLOzOUBRCOTOUVRcOYOU
=00 YOuwdzOV)BLOXTOWD2z20uU)DcO (TOVDYOu)
=a@|An|DbO|A;| B c® |As]s

oA L KA SG], KM@ WAL TMWE,

MHH 4.1.4
(1) (A® B! = B' & A,
(2) A#ITHIRAE|A| = éam @ [Anjls E¥igh—r K,
j=1
proof.
(1) AT 4k Loy rtk, &RMEAB = C = (¢ij)uxn, MC'F HiFIFjiTHOAE, &
MR AF, A FiolE T ad, &MRAaAw, B'Y FiFlHEjiT0LE,

EIVAY AT, BI(AO B)'®FiFIFjiTe A% = d; = cji = Pap © by =

k=1

B ai; 00 = P Oay, AB'A'Y FiF jiriotk, Ak(AOB) = B'OA'
k=1 k=1

(2) Hs, HAEEEL < ik < n&MRARES, (AR (1,2, 0} \ {io} B
£ (1,2, 0} \ {k} LATABRATRZ RS, HAS o EHEK]L <, <n,
Al = P a101) © a20(2) O+ + © o)

oES,
= Qi1 © @ <@ aja(j)) D aig2 © @ (@ ajo(j)) D
UESnéig) J#io aesng‘;) J#io
D aipn © @ (@ aja(j))
UESTLE;O)) J#i0

= Qi1 O |Aig1] B -+ B Gign © |Aignlo
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T bk e RARMEE 2, RALT BT AR S s R B ARG TR
HHE 4.1.5
(1) 481 ARG E; AN ELRD|, HRITHRE, ERGITIIXBEDRETHRE
(2) #H4EM 83 —17 (F]), 4B a04T 7| KB AR TS R4,
proof.

(1) HAERA = (a5;)nen RAVE AT AT A2, $AZE (0] nxn = (03)nsne
A" = PO i) = D) toty) Bito h—Bi, EiMaibo "5k A—

o0€Sy i=1 o€S, i=1
E#, BT4) =o(i)mRX = P () aje1() = 4]
o€Sy j=1
11 ai2 T QA1n
(2) BEERA=| 0, 0k Oby an®kOby -+ ap, ®kOby |-
Qn1 An2 04 Qpn
FAVT V0 RS 0 77 XA AP &
Plai; ® k@ b;) © |Ay| = Pl(ai; © |Ay]) & ((k © biy) © [Ai))]
J=1 J=1
aix G2 - Adip aip @12 - Ain
= Qi1 Q2 st Qg DkO N S
apl QAp2 - Qpp Qp1 Qp2 " Qpp

Q
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