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Abstract

In this thesis, we consider the initial-value problem for the Boltz-

mann equation of the form

ft—'_gvxf = Q(faf)a (t,X,g) € RJr x R? x Rg,

f(07X7£) :fO(ng)a (X7£> GRB X]RS.
We prove that the existence of mild solution in the weighted Lebesgue
space

LL(RY X RY) = { fe LNRS X RY) | fuw € D'(RE Rg>}

by using Banach’s fixed point theorem, and that the uniform stability
of solution with respect to the weighted norm. Here w = M(ﬁ)%l, and

M(¢) is any Maxwellian.

Key words: Boltzmann equation, Mazwellian, existence of mild solution-

s, uniform stability.
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1 Introduction

The kinetic theory, introduced by Boltzmann [17] at the end of the nineteenth
century, provides a description of gases at an intermediate level between the hy-
drodynamic description which does not allow to take into account phenomena far
from thermodynamic equilibrium, and the atomistic description which is often too
complex. Nevertheless, a gas flow may be modelled at either the macroscopic or the
microscopic level. The macroscopic model regards the gas as a continuous medium
and the description is in terms of the spatial and temporal variations of the familiar
flow properties such as the velocity, density, pressure, and temperature. The Euler
and Navier-Stokes equations provide the conventional mathematical model of a gas
as a continuum.

On the other hand, the microscopic or molecular model recognizes the partic-
ulate structure of the gas as a myriad of discrete molecules and ideally provides
information on the position, velocity, and state of every molecule at all times. The
mathematical model at this level is the celebrated Boltzmann equation, which is
a mathematical model of the phenomenological kinetic theory of gases which de-
scribes the evolution, in time and space, of the one-particle distribution function
for a simple monatomic gas of a large number of identical particles.

Furthermore, the degree of rarefaction of a gas is generally expressed through
the Knudsen number, denoted by x (or Kn), which is the ratio of the mean free

path A to some characteristic length L of the domain containing the gas, i.e.,
K= —. (1.1)

It plays an essential role in the analysis of asymptotic relations between the Boltz-
mann equation and macroscopic fluid equations.

In this paper, we study the existence theory and stability of solutions to the
Boltzmann equation. The first existence theory of the solutions to the Boltzmann
equation goes back to 1932 when T.S.Carleman [18] proved the existence of glob-

al (in time) solutions to the Cauchy problem for the spatially homogeneous case.



It should be stressed that this is 2 years before the incompressible Navier-Stokes
equation was solved by J.Leray on the existence of global weak solutions. On the
other hand, the research on the spatially inhomogeneous Boltzmann equation start-
ed much later. It is only in 1965 when Grad [11] constructed the first local solutions
near the Maxwellian, and it is in 1974 when the first author of this note constructed
global solutions that are also near the Maxwellian, extending Grad’s mathematical
framework, [19].

However, the process made afterward was remarkable. Up to the present, three
different methods have been developed for establishing the global existence theory.
The difference is due to difference of function spaces used for solving the Boltzmann
equation, and consequently, the methods of proof employed are also different. The

following is a short summary of the solutions established so far :

1. Solutions in L*> framework: Grad’s scheme was extended to construct glob-
al solutions in the L space for various initial and initial boundary value

problems. See, [19], etc.

2. Solutions in L' framework: DiPerna-Lions [5] constructed global L! solutions
without smallness assumption on initial data. These solutions are called the
renormalized solutions because they are the weak solutions to the Boltzmann

equation in the renormalized form.

3. Solutions in L? framework: Recently, the L? energy method, which is famil-
iar in the theory of nonlinear PDE’s, because available for the Boltzmann
equation by introducing a new decomposition of the equation and solutions,
called the macro-micro decomposition. This was developed by Liu-Yang-Yu
[16], Liu-Yu [12], Yang-Zhao [22] and independently by Guo [6, 7, 8, 9, 10].
Also, the green function for the Cauchy problem was constructed by Liu-Yu

13].

4. Solutions in L framework: The first global existence theorem was established

in the space Ly (R H¥(RY)), 8> 3, k > 2, by using the spectral analysis



by Nishida-Imai [14], where
L) ={7: (16107 e 17my

The same result was obtained by Shizuta [15] for the torus case with the
space Ly (R CH(T3)), B > 3, k € Z*. Recently, Yang-Ukai [20] present-
ed a function space L?(R3 x RE) N Ly (RE; L>(RY)), 4 > 3, in which the

Cauchy problem is globally well-posed in a mild sense without any regularity

conditions.

This thesis contains five sections. In section 1, we give an introduction. In
section 2, we review the binary elastic collisions and the well-known Boltzmann e-
quation. In section 3, we introduce collision invariants, which aid in obtaining fluid
dynamic conservation equations and the H-Theorem. This theorem in turn leads to
the well-known Maxwellian distribution. We end section 3 by introducing the Grad’s
angular cutoff potential, which plays a crucial role of the existence theory. Further-
more, thanks to [16, 21, 22|, we study a presentation of the few rigorous results
on the fluid dynamical limit available in section 4. These are Hilbert expansion,
Chapman-Enskog expansion, and macro-micro decomposition. They explain how
the compressible Euler equations and compressible Navier-Stokes equations arise in
suitable limits from the Boltzmann equation. Finally, in section 5, we study the ex-
istence of mild solution to the Boltzmann equation in the weighted Lebesgue space
LL(RS x R?) by using the Banach’s fixed point theorem, and the uniform L)-type

stability of solution.



2 Basic Kinetic Theory of Gases and the Boltz-

mann Equation

This section begins with a review of scattering concepts important to derivation

of the Boltzmann equation. More details can be found in [1, 2, 3].

2.1 Binary elastic collisions

Intermolecular collisions in dilute gases are overwhelmingly likely to be binary
collisions involving just two molecules. An elastic collision is defined as one in which
there is no interchange of translational and internal energy. We may denote the
pre-collision velocities of the two collision partners in a typical binary collision by
¢ and &,. Given the physical properties of the molecules and the orientation of the
trajectories, our task is to determine the post-collision velocities £ and &..

Linear momentum and energy must be conserved in the collision. This requires
mlf =+ mgf* = mlf’ =+ mggi = (m1 + m2>§m (2].)
and

my | &7 +my [ & P=my [ €] +ma | & ) (2.2)

where m; and my are the masses of the two molecules and &, is the velocity of
the center of mass of the pair of molecules. Equation (2.1) shows that this center
of mass velocity is not affected by the collision. The pre-collision and post-collision

values of the relative velocity between the molecules may be defined by

57“:6_5*’

§ =& &



Equations (2.1) and (2.3) give

f = gm + mlﬁzngr’
(2.4)

€= b — T E
The pre-collision velocities relative to the center of mass are & — &, and &, — &,,.
Equation (2.4) shows that these velocities are antiparallel in this frame of reference
and, if the molecules are point centers of force, the force between them remains
in the plane containing the two velocities. The collision is therefore planer in the

center of mass frame. Similarly, equations (2.1) and (2.3) imply

’ /
5 - Sm + mlrj_%,n2 )
(2.5)
§e=Em— #imgi
This shows that the post-collision velocities are also anti-parallel in the center of
mass frame.

Furthermore, equations (2.4) and (2.5) show that

ma | g |2 +my | 5* |2: (ml +m2> | gm |2 +m7” | 57" |27

(2.6)
my [ & [ +may | € [P= (my+ ma) | & [ +my | &7
where m, := ;™22 is called the reduced mass. A comparison of equation (2.6)

with the energy equation (2.2) shows that the magnitude of the relative velocity is
unchanged by collision, i.e.,
& =& (2.7)
Since both &, and &. may be calculated from the pre-collision velocities, the deter-
mination of the post-collision velocities reduces to the calculation of the change in
direction n of the relative velocity vector.
Now we rewrite (2.1) and (2.2) as

E+&6=¢+¢&,
(2.8)

[EPH & P=IEP+IE.



Introduce a unit vector n directed along & — ¢’; this direction bisects the directions

of £ and —¢&'. Because of our definition of n we have
"=¢+nC, (2.9)
where C'is a scalar to be determined. The first of equations (2.8) gives
¢ =¢ —nC. (2.10)
Substituting (2.9) and (2.10) into (2.8) we obtain
[ +2n €+ CP+ [ & P —2n- O+ O = £ P+ | & )

which implies that

Hence, dismissing the case C' = 0 which corresponds to a trivial solution of the

conservation equations, we have

C=-n (£-¢&) (2.11)

Thus, we have

{'=&—mnn-(£-&)),

(2.12)
§o=&+nn-(E-&)).
On the other hand, if we consider the case on a hard sphere
S2 = {9682 (5—@)-920},
then (2.12) becomes
§=86—-[¢—-&) -,
(2.13)

Eo=&+ (€ —6&) Q.

In this case, we use B(|{ — &,|,7) to denote the collision cross section, where

9 = arccos (%) e {0, g} (2.14)



is the scattering angle between £ — &, and ). The definition of B depends on the
physics of collision. In fact, for the inverse power interaction potential, B takes the

form of

B([§ = &I, 0) = b,(0)|§ = &7, =2 <y <1, (2.15)

where b,(¥) is the collision kernel. However, different values of v corresponds to
different kinds of interactions, namely, v > 0 corresponds to the hard intersection
potential, and v < 0 corresponds to the soft intersection potential. Moreover, the

hard sphere model satisfies
B(|¢ — &.,0) = 0] — & cosV

with ¢ being the radius of the hard sphere.

2.2 The distribution functions and macroscopic fluid vari-

ables

A gas flow would be completely described, in the classical sense, by listings of
the position, velocity, and internal state of every molecule at a particular instant.
The number of molecules in a real gas is so large that such a description is un-
thinkable, and we must resort to a statistical description in terms of probability
distributions.

To see this, consider a sample of gas which is homogeneous in physical space
and contains N identical molecules. A typical molecule has a velocity ¢ with com-
ponent &1.€2, €% in the direction of the Cartesian axes z', 2% and z3. Note that
2!, 2%, and x* define a space called physical space, and a volume element in physical
space may be denoted by dx. Similarly, £!, &2, and &3 define velocity space, and a
volume element may be denoted by d¢. The product dxd§ then denotes a volume
element in phase space, which is the 6-dimensional (in general, 6 N-dimensional)

space formed by the combination of physical space and velocity space. The state of

the gas is therefore modelled by a distribution function in phase space. In the case



of a monatomic gas, the function
FE,%,€), (6%, €Ry x RS x R?

is termed the velocity distribution function. Its definition involves probability con-
cepts; any result in which it appears will be a result as to the probable, or average,

behavior of the gas; in addition,
£t %, €)dxds (2.16)

represents the number of particles, which at time ¢, have position x and velocity &.
Notice that f can never be negative and must either have finite bounds in velocity
space or tend to zero as || — o0.

Furthermore, in order to relate the macroscopic properties to this distribution
function, we must determine the relationship between the function and the average
value of any molecule quantity q. This quantity is either a constant or a function

of the molecule velocity. The mean value principle gives

= /R afic (2.17)

Now, we introduce some macroscopic fluid variables, and f will be assumed to

be an expected mass density in phase space. Define the mass density

p(t,x) = g ft,x,&)dE. (2.18)

The fluid velocity (or bulk velocity of gas) u(t,x) is the average of the molecular
velocities £ at a certain point x and time instant t; since f is proportional to the

probability for a molecular to have a given velocity, u is given by

[ rtx /fftx€
Zf

u(t,x) = (2.19)
[ sxgae ()
Equation(2.19) can also be written as follows:
plt.xJult.x) = [ €£(0x,)d€ =m0, (2.20



or, using components:
m'(t,x) = p(t,x)u'(t,x) = Ef(t,x,6)dE, i=1,2,3. (2.21)
R3

The fluid velocity u is what we can directly perceive of the molecular motion by
means of macroscopic observation; it is zero for a gas in equilibrium in a box at
rest. Every molecule has its own velocity &, which can be decomposed into the sum
of u and other velocity

c=¢—u (2.22)

called the random or peculiar velocity. By (2.17), we have

E=égcfd€=/Rgﬁfdf—/ﬂ@wdf=/Rgﬁfd€—w=0,

i.e., the average of c is zero.
The quantity m’ that appears in equation (2.21) is the ith component of the
mass flow or of the momentum density of the gas. Other quantities of similar nature

are the momentum flow:

mijz/ gefde (i,j=1,2,3); (2.23)
R3
the energy density per unit volume:
1 2
w= [ 1EP rae (2.24)
R3
and the energy flow:
i1 i 2 :
r=g [ ElEP fdg (i=1,23) (2.25)
R3

Equation (2.25) shows that the momentum flow is described by the components of
a symmetric tensor of second order, because we need to describe the flow in the ith

direction of the momentum in the jth direction. Note also that

/ cofds = / (€ = u) (g — ) fdg
R3 R3

= my; — pu'e,



which implies that
mi; = pu'n’ + /3 c'c! fd¢ = pu'u? + pyj, (2.26)
R
where
pij = /Rg ddfde (i,j=1,2,3) (2.27)
plays the role of stress tensor.

Furthermore, we define the internal energy F per unit mass (associated with

random motions) by

1
pE = 5/]&3 | c|? fde. (2.28)

1 1
3| Vel rae = 5 [ 1e—uP rae

Note that

= w—%p\u|2.

Thus the energy density per unit volume can also be written as follows:

1 1

Similarly, we define

qzz—/ e fde, (i=1,2,3), (2.30)
2 Ju

called the components of the so-called heat-flow vector, and we can obtain
1 3
" p”l(§ [l +E> Pyl (=1.2.3) (2.31)

The decomposition in equation (2.31) shows that the microscopic energy flow is a
sum of a macroscopic flow of energy (both kinetic and internal), of the work (per
unit area and unit time) done by stresses, and of the heat flow.

We end this subsection with the definition of pressure p in terms of f; p is
nothing other than 1/3 of the spur or trace (i.e. the sum of the three diagonal

terms) of p;; and thus is given by

1
p=3 [ eF rie (2.32)

10



If we compare this with the definition of the specific internal energy FE, given in

equation (2.28), we obtain the relation:

2
p=3 pE. (2.33)
In order to complete the connection, as a simple mathematical consequence of
the Boltzmann equation, we can derive five differential relations satisfied by the
macroscopic quantities introduced above; these relations describe the balance of
mass, momentum, and energy and have the same form as in continuum mechanics,

and we will introduce these in the following sections.

2.3 The Boltzmann equation

Now, we can drive the well-known Boltzmann equation. At a particular instant,
the number of molecules in the phase space element dxd¢ is given by equation (2.16).

The rate of change of the number of molecules in the element is
9 fdxd¢ (2.34)
ot ' '

The processes that contribute to the change in the number of molecules within

dxd§, which are

(i) The convection of molecules across the face of dx by the molecular velocity &.
The representation of the phase space element as separate volume elements
in physical and velocity space emphasizes the fact that x and £ are treated as

independent variables.

(ii) The 'convection’ of molecules across the surface of d¢ as a result of the external

force per unit mass F.

(iii) The scattering of molecules into and out of dxd¢ as a result of intermolecular
collisions. The gas is assumed to be dilute. One consequence of this assump-

tion is that a collision may be assumed to be an instantaneous event at a

11



fixed location in physical space. A second major consequence of the dilute gas

assumption is that all collisions may be assumed to be binary collisions.

First consider process (i) which is a conservative process across the surface
dx. The number of molecules in the phase space element is fdxd§, so the number
density of class & molecules within dx is fd¢. Note that the flux of the quantity q
across the element per unit area per unit time in the direction of e is Aqg¢ - e. So,

the total flux is obtained by summing over all velocity classes and can be written

qf - e. (2.35)

Hence, equations (2.35) and (2.17) then enable the net inflow of molecules of this

class & across the surface of dr to be written as

y / fg : exdsxdga (236)
Sx

where Sy is the total area of the surface of dx, dSx is the element of this surface,
and ey is the unit normal vector of this unit element. By the Gauss-divergence
Theorem, we have
- | s e =~ [ V- (10dlaxde = -V (fe)ixde (237
Sx dx
because f and £ are constants within dx.
Also, since we are considering only molecules of class &, the velocity £ may be
taken outside the divergence in physical space. Therefore, the inflow of molecules

of class £ across the surface of dx due to the velocity & is
—& - Vy fdxdg, (2.38)

and the inflow of molecules across the surface of d¢ due to the external force F per

unit mass is

—F -V fdxdt. (2.39)

Furthermore, the volume swept out in physical space by the collision cross sec-

tion B(|¢ — &.],7) in the hard sphere is B(|{ — |, ¥)dS2, and the number of class

12



&, molecules per unit volume in physical space is f.d&,, where f, denotes the value

of f at &,. The number of collisions in the hard sphere per unit time is
feB(|€ — &, 0)dQdE,.. (2.40)

Since the number of class £ molecules in the phase space element is fd¢dx, the

number of class £, & — &, & collisions per unit time in the element is
FIB(|€ = &, 0)dQdE, dEdx. (2.41)

Just as f denotes the value of the velocity distribution function f at &, f.
denotes the value of f at &,. Similarly, f" and f. denote the values of f at £ and
!, respectively.

The existence of inverse collisions means that an analysis, exactly similar to
that leading to equation (2.40) may be made for the collisions of class £, &, «— &', &,

that scatter molecules into class . This yields
FEB(E = &, 9)dY'dg d€ dx (2.42)
for the collision rate in the phase space element d¢’'dx. By equation (2.7), we have
| B(€ — &1, 0)dQdg.d€ [=| B(|S" = €], 9)dYd€.dE’ | . (2.43)
So, equation (2.42) may be written
fEB(I€ = &, 9)dQdE, dEdx. (2.44)

The rate of increase of molecules of class £ in the phase space element dédx as a
result of the combined direct and inverse collisions of class £, &, «— £, &, is obtained
by the subtracting the loss rate (equation (2.40)) from the rate of gain(equation
(2.43)). This gives

(f'f. = F£)B(E — &), 0)dQde, dédx. (2.45)

The total rate of increase of molecules of class £ in the element as a result of collisions
is given by

[ [0 = 11800 ~ ], 0)a0us.deax .16)

13



Hence, equations (2.34),(2.38),(2.39), and (2.46) give

9

8tfd§dx = —¢-V,fdédx — F - Vefdédx

2.47
+// (f'fo = F£)B(E = &, 9)dQdE. dEdx. (247)
R3 J§2

If the latter terms are transferred to the left-hand side and the complete equation

is divided by d¢dx, we have the Boltzmann equation for a sample dilute gas:
0
G € Val +F-Ves = [ [ (Fr= 1B - €| vade. (249
R +

The term on the right-hand side of the Boltzmann equation is called the collision

operator or simply the collision term, and is denoted by Q(f, f).

14



3 Element Properties of the Collision Operator

In this section, we review some element properties of the collision operator
and introduce the celebrated H-Theorem. Finally, we introduce the Grad’s angular

cutoff potential, which plays a role of the existence theory.

3.1 Collision invariants

In this subsection, we study some elementary properties of the collision integral

on a hard sphere

QU f) = / (F'f. = FEIB(E — €], 0)d0dE. (3.1)

R3 xS3.
where
S2 = {Qeszz(g—g*)-gzo}.
Actually it turns out that it is more convenient to study the slightly more general

bilinear expression associated with Q(f, f), i.e.,

1

QLD =5 [ g~ fo - alBE -l o)inde. (32

It is clear that when g = f, equation (3.2) reduces to equation (3.1) and

Q(f,9)=Q(g, ). (3.3)

Our first aim is to study the eightfold integral:

]' ! ! ! el
[augu@as=5 [ (#asd s fe. - ol e Bl ~ €.l 0)ie.de,
RR3 R3 XR3 x§%
(3.4)
where f, g, and ¢ are functions such that the indicated integrals exist and the order

of the integration does not matter. Furthermore, by the Fubini’s Theorem and the

15



fact that the Jacobian | g((g,’i’j)) |= 1, we have

Qi =5 [ (g~ Fo.— ol B — €| Dydded,
R3 R3XR3 x§%

(3.5)

1

o [ Ut 1= g RN €. 0)d0g e,
R3 xRS %87

(3.6)
- % /  (fgetafs = 1o — g FIUE)B(IE = &, 9)dQEdE,
R3 xR3 xS$%

(3.7)

1

5 [ Ueal = £ - S EYREDBE - ¢ v)douede.
R3 XR3 x§%

(3.8)

Taking the sum of equations (3.4), (3.5), (3.7), and (3.8) and dividing by four we

obtain

1
[ @@ =5 [ (g i fo gt Bl ).
R3 R3 XR3 xS§%
(3.9)
This relation expresses a basic property of the collision term, which is frequently

used. In particular, when g = f, equation (3.9) becomes

1
QUANGOIE = [ (T FI0 6~ =) B~ 6| D).
R3 R3 xR3xS§%
(3.10)
Observe that the integral in (3.9) is zero independent of the particular functions f
and g, if
Y+ =P+ (3.11)

is valid almost everywhere in velocity space. Since the integral appearing in the
left-hand side of equation (3.10) is the rate of change of the average value of the
function ¢ due to collisions, the functions satisfying (3.11) is called collision invari-

ants.

16



Definition 3.1. A function () is called the collision invariant if it satisfies equa-

tion (3.11), or, equivalently, if it satisfies

y Q(f, 9)(§)dE = 0. (3.12)
for all f,g € C3°(RE, R,).

Remark 3.1.

(i) In fact, Q has five collision invariants in R®, which are

YolE) =1, (€ =€ = 1,2.3), $u(6) =5 le (313)

This leads to the conservation laws of the Boltzmann equation (2.48) introduced

latter.

(ii) The first discussion of equation (3.11) is due to Boltzmann [17], who assumed
¢ to be differentiable twice and arrived at the result that the most general solution

of equation (3.11) is given by
Y(E)=A+B-£+C|¢[ (3.14)

where A, B, and C" are constants.

3.2 The H-Theorem and the Maxwellian distribution

Now consider the case that the external force F = 0, and let f be a nonnega-
tive solution to (2.48) with rapid decay properties in (x,&). Then the Boltzmann
equation (2.48) becomes

af

5 = QLD (3.15)

Furthermore, if we let f be a density function of a gas, and since it is nonneg-

ative, we may define the H-function by

H(t) = /]R . Jlos(f)axde. (3.16)

17



Theorem 3.1 (The Boltzmann’s H-Theorem). If f is a nonnegative solution
to the equation (3.15), i.e., the Boltzmann equation (2.48) is under the assumptions
that f is a nonnegative solution to (2.48) with rapid decay properties in (x,§) and
F =0, then

dH

o <0. (3.17)
Proof. Note that
dd_il p R3xR3 %(f tos (f))dng 19
:/ %(1+log(f))dxd§ (3.19)
R3xR3

= [ (1 et )i (3:20)
~ [, QU b tos r)axde (:21)
i /R QU ) log (F.)deds. (3.22)
- /R QU (€ oa (e (3.23)
_ /R ., QU F) (€ g (£, (3.24)

because ¢ = 1 is a collision invariant. From (3.21) to (3.24), we obtain

dH 1 o 1 -
o1 g VT 15 (25 ) 5 ~ cland.acix. 329

Since the logarithm function is increasing on (0, c0), then

(JLf — F1.)log ( - ) <0 (3.26)

H
Thus, from (3.25) and (3.26), we conclude that a;—t <0.

In above proof, we also obtain
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Corollary 3.1. If f is a nonnegative function such that log (f)Q(f, f) is integrable
and the manipulations of the previous section when ¥ =log (f), then the Boltzmann
inequality

[ s (ns. e <o, (3:27)

holds. In particular, the equality holds if and only if log (f) is a collision invariant
by equation (3.26), or equivalently,

f=explatb-&+eclEf’), (3.28)
where a, b, and ¢ are constants.

Remark 3.2.

(i) The integral

e
f'fi

in the equation (3.25) is called the entropy dissipation integral. Tt is non-

D)=~ [ g~ stog () Ble - & vjane.ds 329

negative as seen (3.26).

(ii) In the equation (3.28) ¢ must be negative, since f € L'(R?). If we rewrite
(3.28) as

_ | € ~u
I = Grraypn O ( ~ " 2R6 ) (3:30)

where 6 > 0 is the temperature and R is the gas constant. The function ap-
pearing in equation (3.30) is the celebrated Mazwell distribution or Mazwellian,

and is always denoted by M(§) or My, ., (§).

(#7i) The Maxwellian is known to describe the velocity distribution of a gas in an
equilibrium state. Here (p,u,0) are taken to be parameters, and if they are
constants, M is called a global Maxwellian while if they are functions of (¢, x),

it is called a local Maxwellian.

(iv) Without loss of generality, we may take a global Maxwellian as

_ . s
M =My, (&) = (2m)3/2 eXp B (3.31)
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in R3. Evidently, the global Maxwellian is a stationary solution of the Boltz-

mann equation (2.48) if the external force F is absent.

(v) By the Corollary 3.1, we conclude that

Q) = 0= [ o5(NQU. g = 0= £ =M(©)

Remark 3.3. The H-Theorem provides many physical implications as follows:

(i) Tt says that the entropy is increasing with time.

(i1) As far as the total entropy dissipation integral
Ddx
R3
is bounded in t, the H-function may play a role of the Lyapounov function,
to prove that the solution of the Boltzmann equation converges to a limit.
Corollary 3.1 then asserts that this limit should be a Maxwellian; that is, the
Maxwellian is the only possible asyptotically stable stationary solution of the

Boltzmann equation.

(17i) Physically, this can be rephrased as the equilibrium state of the gas is uniquely
described by the Maxwellian, not by any other distribution functions. Thus,

one can say that the Maxwellian is built-in in the Boltzmann equation.

3.3 Grad’s angular cutoff potential

Note that the properties of the collision operator () stated in the previous
section are valid only when the relevant integrals converge. However, there are two
different singular properties of the collision kernel, which are the strong singularity
at ¥ = 7 in (2.15) due to the grazing collision and the unboundedness as |{| — oo.

The first singularity does not guarantee the convergence of integral over S? in

(3.1) under a mild assumption on f such that it is bounded. To avoid this difficulty,
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Grad [11] introduced an idea to cutoff the singularity at ©) = 7 assuming that b, (?)
vanishes near ¥/ = 7. The assumption was highly successful for existence theory of
the Boltzmann equation in the sense that almost all progresses made after Grad
owe to his idea. This is known as the Grad’s angular cutoff assumption.

In the following sections, we assume that b,(¢) is a nonnegative measurable

function satisfying

/ b (9)dQ > bo, by (9) < by| cos | (3.32)
5t
for some constants by, by > 0.

Under this assumption, the collision operator () becomes well-defined. To see

this, let M = M(&) be any Maxwellian and introduce the function
nal©) = [ B~ &1 O)M(E )0 (3.33)
R3 xS3.
which satisfies under the assumption (3.32),

w1+ €))7 <wm(é) < wm(l+ 57, (3.34)

for some positive constants v and v4. Notice that (3.34) only holds in the case on

hard potentials, i.e., v € [0, 1].
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4 Hydrodynamical Limits:Expansions and Decom-

position

In this section, we will use the decomposition of the solution into the macroscopic

and microscopic components to reformulate the Boltzmann equation

fit € Vaf = QULD, (6%.8) ER, x B X R, (a.1)

where k is the Knudsen number introduced in section 1, as a system of conservation
laws for the macroscopic components coupled with an equation for the microscopic
components. This kind of thinking is similar to the Hilbert and Champman-Enskog
expansions where the leading term is a local Maxwellian with its macroscopic com-
ponents governed by the conservation laws, either the Euler equations or Navier-

Stokes equations.

4.1 A formal discussion on conservation laws

Note that if we multiply both sides of (4.1) by one of the element collision
invariants v, (o =0,1,2,3,4) which are given by (3.13), and integrate with respect
to &, we have

[l € Vf)ig =0
or

3
O ofd Oy, jad: =Y, L, 4,9,%). :
/Rg¢f€+; J/]Rggwfg 0 (a=0,1,2,3,4) (4.2)

If o = 0, then equation (4.2) becomes
3
pt+zaﬂ gjfdfzoa
j=1 I

which implies

pr + divym = 0.
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If « =14, i =1,2,3, then equation (4.2) becomes

3
i D, | i fde = 0.
mi 3 [ geira=o

By (2.23) and (2.26), we get

Similarly, if o = 4 we have

3 3
o510 +oB) + Y0 ool (5 1] +E)+;upﬁ+qj] 0

J=1

Hence, form above discussion, we have the system of conservation laws:

( pr + divem = 0,

{p(@jLE)LjL{JZ; {puj(| 2'2 +E) + ; uipji—i—qj]} =0

\ x)

These equations have the so-called conservation form because they express the cir-

cumstance that a certain quantity neither created nor destroyed in a certain region

D C R? because something is flowing through the boundary 9D.

4.2 Hilbert expansion

In this subsection, we assume that s is a small constant and use it as the

parameter for the expansion. In 1912, Hilbert [4] introduced the following famous

expansion of the solution to the Boltzmann equation:

f = Z H'nfn-
n=0
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By putting this expansion into the Boltzmann equation (4.1) and comparing the

terms by the order of k, we have the following equations for f,:

@ =0, (4.5)
(fn71>t + 5 : vxfnfl = QTL? n > 17
where -
Qo = Q(fo, fo), Qn =2Q(fo, fn) + > Qfxs far), n > 1. (4.6)
k=1

Hence, by the Remark 3.2 (iv), the first equation in (4.6) implies that fj is a local

Maxwellian, i.e.,

0 012
_ p [ €=’ |
fO = MO = M[p07u0790] = (27‘(‘R90)3/2 €xXp ( — oRA0 ), (47)

where p°, u°, and 0° are functions of (¢,x), and f; satisfies

(fo)e +&- Vxfo= Q1. (4.8)

Here, ()1 is a microscopic component which is orthogonal to the five collision in-
variants ¥, (§), « = 0,1, -+ ,4. The solvability condition for (4.8) gives the system

of conservation laws

2 wa((fo)t + f : foo)df = 07 (49)

which are exactly the compressible Euler equations

.
pg+vx~(pOU)=0,

(P°u®)t + Vi - (0" @ u°) + Vyp” = 0, (4.10)

| [PP(B + 51®P)], + Vi {[P°(E° + 51u®P) + pJu} =0,
where the pressure function is given by p® = Rp0" and the internal energy E° =
SR,

Forn > 1, let

i
L

Sn = Q(fkafn—k)a (411>

1

=
Il



and
Laioh = 2Q(h, fo), (4.12)

which is the linearized collision operator with respect to the local Maxwellian M.

Then under the solvability condition for the second equation in (4.5)

77/}06((fn—1)t + g . fon—l)dg - O, (413)
R3
fn can be represented in terms of fi for k=0,1,--- ,n—1 by
4
fn - Z CawaMO + Lil ((fn*1>t + f : fonfl — Sn) (414)
a=0

Thus, the conservation laws

wa((fn)t"i_gvxfn)dgzoa C(:O,l,"' 747 (415)
R3

are the systems of linearized Euler equations around the fluid variables (p°, u°, 6°)
for the macroscopic components in f,.

Since to determine the value of f, in the Hilbert expansion involves the dif-
ferentiation of f, 1, by induction, the convergence of this expansion can only be
expected when the solution is infinitely differentiable and bounded with respect to
the Knudsen number x. Therefore, in general, the Hilbert expansion does not con-
vergence, especially in the present of initial layer, shock layer and boundary layer

where the value of the differentiation grows when x decreases.

4.3 Chapman-Enskog expansion

The Chapman-Enskog expansion was introduced by Chapman and Enskog in
1916 and 1917 independently. The advantage of this expansion is that the first order
correction yields the Navier-Stokes equations for the macroscopic components so
that the viscosity and heat conductivity are correctly represented.

Formally, we can write

of < ,L0mf,
n . 4.1
;n " (4.16)

ot 9
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Since the conserved quantities are unexpanded, the consistency requires that for
n>1,
/ Vo fndé =0, a=0,1,2,3,4, (4.17)
R3
which implies that all the function f,, for n > 1 are microscopic. Substituting (4.4)

and (4.16) into the Boltzmann equation (4.1), we have

([ Qo= QUfo. fo) =0,
(4.18)

-1

~— OB f

Z% +§ vxfn_l = ZQ(f()afn) +Sn7 n 2 ].7
\ k=0

where the notation has the same meaning as in the last subsection. However, notice
that here each f,, is a functional of the conserved quantities which are not expanded.

Again, the first equation in (4.18) implies that f, must be a local Maxwellian, i.e.,

P (27RH)3/2 2R0
Furthermore, for n = 1, the second equation in (4.18) can be written as
o)

The solvability condition for (4.20) immediately gives the following Euler equations

( (9(0)p:_ o ( ul)
ot ERAUGRA

0Oy out 1 0p
= = ;i=1.2.3 4.21
ot ey p Oxt’ " T (4.21)

000 .00 2 oul

(ot~ Yor 3 ox

where p = Rpf, here and in what follows, the summation is over any repeated
indices. By plugging the expression of the local Maxwellian of fy into the equation

(4.20), we have

vBop 4 1 Jof _3 MB% + — B — I f (4.22)
o P g\oRre T 2 RO - ML '
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where ¢ = £ —u is the random velocity introduced in (2.22) and B is the following

linear operator

go= 2 \Y% 4.23
= +&- Vi (4.23)
Now we can substitute the time derivative % of (4.21) into the equation (4.22) to
obtain
lc? 5\, 290 1 [ ,. 1, , ou’
B WMET L (b = e | MY = L fi. 4.24
(2R9 2 MG an TR\ T 3lelw )MG5 = I/ (4.24)

By using the Burnett functions defined by

2_ ; .
A(6) =2 j =123,

2

(4.25)

we have '
fi= L5 \/EA-(L)M@ v, B--(L)MW . (4.26)

M ‘\VRg/ 0 TU\YRe/ O

Notice that we have used the fact that the operator Ly is invertible in the micro-
scopic space which is the space orthogonal to the null space of Ly;.

Before going further, we review the properties of the Burnett functions.

Proposition 4.1. Let
A =LA, B =LyuB. (4.27)

Then there exist positive functions a(r) and b(r) defined on [0,00) such that

A'(§) = —allE)A(E),  B(&) = —b(I€))B(S). (4.28)

And the following properties hold, where {-,-) denotes the inner product of L?(R3).

(1) (—A;, AL) is positive and independent of i.

(2) (Ai, A}) =0 for any i # j.

(3) (Ai. By) =0 for any i, ..
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(4) (Bij, Byy) = (Bu, Bj;) = (Bji, By) holds and is independent of i,j for any
fized k, 1.

(5) —(Byj, Bi;) is positive and independent of i, j when i # j.
(6) —(Bii, B};) is positive and independent of i,j when i # j.
(7) —(Bii, BY;) is positive and independent of i.
(8) (Bi;, By;) = 0 unless either (i,7) = (k,1) or (I,k), ori=j and k = 1.
(9) (B, Bi;) — (B, Bj;) = 2(Bij, Bj;) holds for any i # j.
These proofs are quite technical and can be found in [23].

With the Burnett functions, the viscosity 1(#) and heat condutivity coefficient
N(0) can be represented by

u(0) = —KR@/RSBU (ﬁ) Ly} (Bij (\/%) M) de >0, i#j,

R(0) = —KR?e/RSAl (%) Ly} (Al (ﬁ) M) de >0,

Note that these coefficients are independent of the density function p.

(

(4.29)

\

Now, if we put f7 into the conservation laws to include the first order approxi-

mation, then the conservation laws take the form

| a((fo)e+ & Valfo+ f1))dE = 0. (4.30)

Since f; is microscopic, its contribution to the conservation of mass is zero. And
its contribution to the equations of conservation of momentum and energy is rep-

resented by the stress tensor and heat flux:

n_Fk

py :ﬁ/ ddfde, g 25/ c|c|? frd€. (4.31)
R3 R3
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With the proposition 4.1, it is straightforward to calculate the stress tensor and

heat flux in terms of the fluid variables:

out  ou’ 2 ouk
L z .
P = Mw)(@:ﬂ + axi) + 3'u(9)8xk5”’

(4.32)

oxt’
In summary, the first order approximation in the Chapman-Enskog expansion is

the compressible Navier-Stokes equations:

.
pr + divym = 0,

mi + dive(miu) + py = [p(0) (ul; + uly — 26;diveu)] 5, 0,5 =1,2,3,

(o), e 3}

= u(f)u’ <u;J +ul, — %(Zjdivxu) + (N(0)0,:) ;-

(4.33)

J
\

Again, similar but tedious calculation can be used to find the next terms, fs, f3,-- -,

in the Chapman-Enskog expansion, however, without good mathematical theory.

4.4 Micro-macro decomposition

In this subsection, we study a micro-macro decomposition of the Boltzmann
equation (4.1), which is based on the decomposition of the solution into its macro-
scopic (fluid dynamic) and microscopic (kinetic) component, we can reformulate the
Boltzmann equation into a system of conservation laws for the time evolution of
the macroscopic variables and an equation for the time evolution of the microscopic
variable. The main idea is not to have any approximation, but a complete descrip-
tion of the solutions to the Boltzmann equation so that the analytic techniques
from the theory of conservation laws can be applied in the study of the Boltzmann

equation.
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To see this, let f(t,x,£) be the solution to the Boltzmann equation (4.1),
we will decompose it into the macroscopic fluid part, the local Maxwellian M =

M(t,x,&) = M, (£), and the microscopic, non-fluid part G = G(t,x,§),
f(t,x,§) = M(¢,x,£) + G(1,x, §). (4.34)

The local Maxwellian M (%, x, ) is constructed from the fluid variables, the five con-
served quantities, the mass density p(¢,x), momentum m(¢,x) and energy F(t,x)+

: | u(t,x) |? of the Boltzmann equation:

¢

pltx) = [ f(tx €y,

mi(t,x) = vif(t,x,8)dE, (i=1,2,3), (4.35)
R3

p(E+5lul?)(tx) = / Yaf(t,x, €)de,
\ RB
and

2
M = My(§) = iyt o ( - %) (436)

With respect to the local Maxwellian, we define an inner product in £ € R? as

(ua = [ S5O0 (4.37)

for functions h, g of £ such that the integral is well defined. Using this inner product
with respect to this Maxwellian, the subspace spanned by the collision invariants

has the following set of orthogonal basis:

( 1

Xo = XO(fHOJ u, 9) \/ﬁM’

gi_ui .
i = XilS: P, 79 E—MJ :172737
Xi = Xi(&; psu, 0) RO, fori

(4.38)

1 _ 2

L <Xa7XB> :5aﬁ fOT aaﬁ:O717273a4-
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With this basis, we can define the macroscopic projection Py and microscopic pro-

jection Py as follows:
4

Poh = (h, Xa)MXa: (4.39)
a=0

Note that the operators Py and P are projections, that is,
PPy, =Py, PP, =P, PP, =PPy=0.

We view the above decomposition of Boltzmann equation as the linearization around

the local Maxwellian states so that the linear collision operator Lyg is

L=Ljpung=QM+g,M+g)—Q(g,9). (4.41)

Definition 4.1. A function h(§) is called non-fluid if it gives raise to zero conserved
quantities, that is,

/ hE)YadE =0, «=0,1,2,3,4. (4.42)
RS

Note that functions in the range of the microscopic projection P; are non-
fluid. It is clear that for the solution f(¢,x, &) of the form (4.34) of the Boltzmann
equation (4.1), we have

Pof =M, Pif=G.

From the decomposition of the solution f = M + G, the Boltzmann equation (4.1)

becomes
(M+G),+£-Vi(M+G) = %(QQ(G,M) 1 Q(G.G)).  (443)

We now decompose the Boltzmann equation. Using the same method as above,

if we multiply equation (4.43) by ¥, (a=0,1,2,3,4) and integrate with respect
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to & we obtain the system of conservation laws:

( pr + divem = 0,

3
m1+(2mi”j> ot [ e VG =0, i=1,23
=1 ) R3

xJ

3
[,O(UT|2 + E)} + Z {uj [,0(% + E) +p] } + - Ya(€ -V, G)dE = 0.
t x] (4.44)

Here p is the pressure for the monatomic gases same as Equation(2.33).

The microscopic equation is obtained by applying the microscopic projection
P; to the Boltzmann equation (4.43). Note that M;, as a function of &, is in the
space spanned by x., o =0,1,2,3,4. Hence
PoM; = M,.

Note also that Poh = 0 if
/ hpadé =0, a=0,1,2,3,4.
R3
Thus the projection of collision terms under Py is zero. We also have
Giodé =0y | Gindé = 0.
R3 R3

Therefore, we have

P()G't = 0,

and so

P.(M; + Gy = (M, + Gy) — Po(M; + G) = Gy.
With these, the microscopic equation is
G+ Pi(¢- VG +£- VM) = %LG + %Q(G, G). (4.45)
From (4.45), we have
G = kLY PV M|+ L7 (/ﬁ(@tG + P& - ViG) — Q(G, G))

(4.46)
= kLY P VM) +0,
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where
©:="L" (m(@tG +Pi£- ViG) - Q(G, G))7

and substitute this into (4.44) yields the following fluid-type system for the macro-

scopic components:

( pr + divem =0,

3
+ (Z miuﬂ'> + pai + K / Vi€ Vi L7IP1E - VM) de
j=1 o R?

_I_/ wz<€vx®)zoa i:172737
R3

{p('“' +E)} +i{ { ( ul +E) +p]}x e R3w4(£-VxL*1P1£-VxM)d5

j=1 J
¢4(§ vx@>

In the above system, the terms

(4.47)
-k ¢z(€ ’ VXL_1P1€ ’ VXM)dé- = =K %(f : VXL[_p}u’g}Plf : VXM[p,u,H})dg
R3 R3

= —K 3w1(5 : VXL[_l’luﬂ]Plg ’ VXM[I,u,G])df
R

and

_R/#ﬁ(f Vil 'PE -V M)dE = —k 3¢4(§ VoL, g P1E - VM, 0)d€
R- R

=~k [ ¢ VL g P 1€ - VM 0)dé
R

are the viscosity and heat conductivity terms which are the same as those in the
compressible Navier-Stokes equations; and they are independent of the density gra-
dient V,p. In fact, with the Burnett functions defined by (4.25), and the viscosity
coefficient 1(f) and heat conductivity coefficient RX(6) defined by (4.29), the fluid-
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type system (4.47) can be written as

(
pr + divem =0,

o 05)], 25 m) ),

v W) (u;j vl 2, divxu)Lj B (Nw)eﬁ)ﬂ - /R X (5 - vx@) 3

- (4.48)

From this fluid-type system, we can easily deduce the structure of the compress-
ible Euler and the compressible Navier-Stokes equations. For example, when the
Knudsen number & is set to be zero, the system (4.48) becomes the compressible
Euler equations; and when © is set to be zero in (4.48), it becomes the compressible
Navier-Stokes equations. These fluid equations as derived through the Hilbert and
Chapman-Enskog expansions are approximations to the Boltzmann equation. How-
ever, the above system is part of Boltzmann equation. Nevertheless, our approach
is consistent in spirit with these expansions in that the higher order terms beyond
first order in the expansions must satisfy a solvability condition, which means that
these terms are microscopic. Furthermore, the above analysis also indicates that if
we deduce the compressible Navier-Stokes equations from the Boltzmann equation,
the viscosity coefficient ;(6) > 0 and the heat conductivity coefficient RX(#) > 0 are

smooth functions of the temperature 6.
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5 Solutions in a Weighted Lebesgue Space

This section we are going to discuss the initial-value problem for the Boltzmann

equation for the hard-sphere monatomic gas in the whole space R?:

fit & Vuf=Q(f.f), (tx§) Ry xR xR’

(5.1)
f(0,x,€) = fo(x,8), (x,6) € R® x R,
where
1 ! ! ! r!
QRo© =5 [ (e ¥4~ foi~ af)BE - &I, 0)ands.

R3xS3

S?‘r: {9682(5_5*)920}7
and
as before.

5.1 Preliminaries

In this subsection, we give the definition of the mild solution, and present some

lemmas which will be needed in the proofs of our main results.

Motivation for definition of mild solutions. We first consider the case for
the collision term Q(f, f) = 0 in (5.1) so that the Boltzmann equation in (5.1)

becomes the free transport equation with initial data:

Je +&-Vxf =0, (t,x,6) € Ry x R3 x R3,

(5.2)
F0,%,6) = fo(x,€), (x,€) € B x R
Fix any point (t,x,£) € Ry x R3 x R? and define
2(s) == f(t+ s,x+ s, &) for s € R. (5.3)
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Then

%z(s) = Vi f(t+s,x+558) -+ filt +5,x+5£§) =0.

Hence, z is a constant function of s, and therefore for each point (¢,x,§), f is
constant on the line through (¢, x, &) with the direction (1,£,0) € R®. Furthermore,
since f(0,x —t&, &) = fo(x — t&, £), we deduce

flt,x,6) = fo(x —t£,€), (t,x,€) € Ry x R* x R, (5.4)

Hence, if (5.2) has a sufficiently regular solution f, it must certainly be given by
(5.4). And conversely, we can check directly that if fo is O, then f defined by (5.4)
is indeed a solution of (5.2).

Now, we return to the I.V.P. (5.1). As above, fix (¢,x,£) € Ry x R? x R? and,
inspired by the calculation above, set z(s) := f(t + s,z + s&,§) for s € R. Then

iz(s) = Vaf(t+s,x+88E)-E+ fi(t+s,x+3£,&) = Q(f, [)(t+s, x4+, E). (5.5)

ds
Thus,
f(t,X, g) r= fO(X | té.,f) N Z(O) - Z(—t)
0d
— /th(s)ds

0
_ / QU+ 5%+ 56,

- / QU F)(s.x + (5 — D)E.€)ds,
which implies that
F(t%.6) = folx — 16,€) + /0 QU.f(s.x+ (s—DEE)ds.  (5.6)

The definition of mild solutions can be stated as follows:

Definition 5.1. A nonnegative function f € C([0,T); L} (R} x RY)) is a mild
solution to (5.1) with a nonnegative initial data fo if and only if for all t € [0,T)
and a.e. (x,€) € R® x R3, f satisfies the integral equation (5.6).
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Next, we define a weighted Banach space as follows: Let M = M(¢) be any

Maxwellian, and let w := M7 . Define

LL(R? x RY) = {f e '(R? x )

T +oo}, (5.7)

where
11l = / | f | wdédx. (5.8)
R3 xRR3

To prove our main results, we now state the assumptions on cross section and

the collision frequency as follows:

(A1) The cross section B(|€ — &, |, V) satisfies (2.15).

(A2) b,(¥) is a nonnegative measurable function satisfying (3.32) for v € [0, 1] and
inequality (3.34) holds.

Under these assumptions, we have the following estimates for ().

Lemma 5.1. Under the assumptions (Ay) and (As), for any p € [1, 0], k € [0, 1],
and f,g € LP(R] x R}), there exists a constant C' > 0 such that

Hy;fw(@(f, )= Qlg,9)) HL

< c{ (Huwwfum " Huﬁﬁwgnm) (f — g)llun + (waum n waum) lrtw(f - g)HLp},

(5.9)
where || - 1o = || - | o(egoem)-
Proof. Write
Qf.0) = 5[Q°(£,9)+ Q0. /)~ (f0) - @ (0.0, (5.10)
where
@ (g = [ Pl &l o, (5.11)
R3xS2.
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and

@ (ho) = [, foBE =& 0. (5.12)

Then we can write

First, we prove this lemma for Q*. To do this, put f = M2h; and ¢ = Mzhy. By
the conservation laws of collision (2.8) and the definition of Maxwellian (3.30), we

have
M(§M(E) = M(EM(E,). (5.14)

Hence, the Holder inequality gives

|Q+(f7 f) - Q+(gag)|

< / 1 — gl IB(E — &, 0) d.
R3XSi

= [ MM (€D = ha(€a(EIBE — &I, 0) dou.
q q 1/q 1/p
<( [ Memeisleeelorade) ([ @) - e, )
RIxSL R3xS2.

1/p
< Con(OM(e)} ( [ @) = ma(e el dﬂd@)

35Q2
XS5

) 1/p
SO(VM@'HVM(&;))M@)Q(A |h1<§/>h1<5;>—h2<§’>h2<§;>|f’dnd§*> |

3xS%

where p € [1,00), = +

Q=

=1,

SR

[, MI€)EB(E — 1.0 0. < €1+ ) < Conle)’
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by assumption (A,), and

ma(€) < C(1+ )
= C(1+Ig - 1€ - &)- Q)
< Cc@+¢)+1E))

< C(vm(&) +vml(£))
by (2.13) and (3.34). Here C'is a positive constant depending on b,, vy, v1, p, u, 0.
Since the Jacobian of the change of variable (&, &,,x,Q) «— (&', &.,x, Q) is unity,

then by the Minkowski’s inequality, we can obtain

|atw@t (. -@* @0

IA

1/p
C(/ , (v (&) + (€l ))(1 o 1ha(€) e (EL) — ha(€)ha (L) def;d{’dx)
R3 xR3 xR3 xS2

IN

2y (€)' onal€) ) ()1 (€) = ) + ) — ()]
R3 XR3 xR3 x 3.

1/p
def;d{’dx}

<C{(IIV&E'WHLH||Vi4"“wgllm>||w(f—g)l|m+ (Ilwflle+IIWf||Lp>||VM w(f - g)l|m}

This proves (5.9) for QT for the case p € [1,00). The case p = oo can be proved
similarly, and the proof for ()~ is also similar. Now, the proof of this lemma is

complete.

]

Lemma 5.2. Under the assumptions (A1) and (As), for any f,g € LL(R} x RE),

there exists a constant C' > 0 such that

1Q(f. f) = Qg, D)llry, < Cllivmllz (I1£ 1y, + lglla)ILf — gllza- (5.15)
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Proof. Setting k =0 and p =1 in (5.9), and using the Holder inequality, we obtain

< c{ (\IvafHu " HvagHLl) I —allos + (Hf\m, " Hfm) I (f g)HD}

< 2Cwmllze (1f1lze, + Nlgllz) I = gllrs,

as desired.

Furthermore, we recall that a mapping F' : X — X, where X is a Banach
space with norm || -||x, is said to be a contraction of X if there is a positive constant

a < 1 such that
| Flu)— F(v)|[|x < afu—-v|x, YuveX (5.16)

Lemma 5.3 (Banach’s Fixed Point Theorem). A contraction F' of a Banach
space X has a unique fized point.
Finally, in order to derive our main result for stability of mild solutions, we

also need a fundamental inequality which is the well-known Gronwall’s inequality :

Lemma 5.4 (Gronwall’s Inequality). Let u: [a,b] — [0,00) and v : [a,b] —

R be two continuous functions, and let C' be a constant. If
t
v(t) < C +/ v(s)u(s)ds (5.17)
fort € [a,b], then we have
t
v(t) < Cexp (/ u(s) ds> (5.18)

fort € [a,b].
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5.2 Existence of the mild solution

Now, we give the crucial estimate for the local existence of the mild solution to
(5.1) by the Banach’s fixed point theorem. To do this, given T' > 0, let us denote
the closed subset Xg of LL(R} x RY) by

Xy = {fEX ’ | flley < 2Mp for some M0>0}, (5.19)
and
clo. 11X = { x| 1 £ 1<}, (5.20)
where
17 = s 15 Mgy 521)

Theorem 5.1. Under the assumptions (A1) and (Az), if fo >0, fo € LL(R3 x
RE) N C(RE x RY) and || folley, < Mo, then there ewists a unique mild solution
feC(0,T]; Xo) to the initial-value problem (5.1).

Proof. Let X := C([0,7T]; Xo). We will apply Banach’s fixed point theorem in the
space X. From the integral equation (5.6), we may define a mapping F' on X by

FU) = hix =169+ [ QU Psx+ (s— 06 8)ds, t€0.T). (5.2

Assume || fo||1, < My, then by lemma 5.2, we see that F'(f) € X. Furthermore, for

f,g9 € X, we have

P - Flo) = [ QU 1) = Qg ) 5.5+ (5 — )6, E)ds, 1€ [0.7).  (5.23)

Apply lemma 5.2 again, we obtain

1F=F@ e = [ ([ 1QUS = Qaalsxs (s - 06,8 o dedx ) ds

IN

AMoCT||vml| = |l f — 9l

= alf-gl
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where a := 4MyCT||vm||L=~. Maximizing the left hand side over all ¢ € [0,T], we
get

IF(f)=F@l<alf-gl. (5.24)
Thus F' is a contraction, provided 7" > 0 is so small that a < 1, and so F' has a

unique fixed point f in X by Banach’s fixed point theorem. Therefore, (5.1) has a

unique mild solution f in X.

[
5.3 Uniform stability of solutions
In this subsection, we deal with the uniform L.-type stability estimate.
Definition 5.2. Suppose that the Banach space X with norm || - ||x is a solution

space where the Cauchy problem is well-posed, and that f(t),g(t) € X, t > 0, are
two solutions to the Cauchy problem with initial data fy, g0 € X, respectively. We
say that the solution to the Cauchy problem is uniformly stable in time if there exists

a constant C, which is independent of t, such that

1(f =9)D)lIx < C[lfo— gollx, ¥t =0. (5.25)

Theorem 5.2. Under the assumptions (A1) and (As), if f(t,x,€) and g(t,x,&)
are mild solutions to (5.1) corresponding to initial data fo(x,€) and go(x,&) in the
closed subset Xo of LL(RS x RY), respectively, then, for any t > 0, there exists a
constant C' > 0 such that

ICF = 9)Oley, < Cllfo = goll - (5.26)

Proof. 1If f and g are mild solutions to (5.1), then we can write

F(6x,€) = folx —1€.) + /0 QU F)(s,x + (s — 1)€,€)ds
and

g(t7 X, 5) = gO(X - lf,f) + /OtQ(gvg>(S7X+ (S - t)£7€>d8
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for t > 0. Taking difference of the above two equations, we obtain

(f —9)(t,x,8) = (fo— go)(x — &, &) + /0 (QUf, f) — Q(g,9))(s,x + (s —1)&,§)ds.
Then by lemma 5.2, we have
17 = 9Ol < o — golles, + / ullf = gllza () ds,

where

u = 4M()C||VM”L00.

Hence, by lemma 5.4, we obtain

1F = 9)®lls < 1Fo = golla exp ( / uds),

as desired.
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