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asymptotic y? distribution. It is also shown that the proposed test is a regression rank score test in a
comprehensive model under conditional homogeneity. Our simulation results indicate that the proposed test
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1. Introduction

There are two leading approaches to constructing non-nested
tests: the comprehensive-model approach (Atkinson, 1970) and the
encompassing approach (Mizon, 1984; Mizon and Richard, 1986). The
former bases tests on an artificial nesting model that includes
competing models as special cases, e.g., Davidson and MacKinnon
(1981), Fisher and McAleer (1981), MacKinnon et al. (1983), and
Santos Silva (2001). The latter compares a statistic of the alternative
model and its pseudo-true value, e.g., Gouriéroux et al. (1983),
Wooldridge (1990), Smith (1992), Chen and Kuan (2002, 2007), and
Ramalho and Smith (2002). Yet, Bontemps and Mizon (2008) showed
that there is implicitly a comprehensive model underlying each test
obtained from the encompassing approach.

Although the encompassing approach is valid in general, the
existing encompassing tests are not readily applied to the models for
which the objective function or the estimating function is not smooth,
such as the quantile regression (QR) of Koenker and Bassett (1978). In
this paper we follow the encompassing approach to obtain the
conditional quantile encompassing (CQE) test for non-nested, linear
QR models. We show that the CQE test has an asymptotic x°
distribution and is asymptotically equivalent to the regression rank
score test of Gutenbrunner et al. (1993) in a comprehensive model
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under conditional homogeneity. Our simulation results indicate that
the proposed test performs very well in finite samples.

The paper proceeds as follows. We derive the CQE test and its
limiting distribution in Section 2. We show the CQE test is a rank score
test in Section 3. Simulation results are reported in Section 4. Section 5
concludes this paper.

2. The conditional quantile encompassing test

Let (y;, X, z/)',i=1,...,n, be independent random vectors, with x; a
px1vector and z;a g x 1 vector. Let Qy, z(7), 7€ (0, 1), denote the 7-th
conditional quantile function of y; given 7, the information set
generated by x; and z;. We want to test the QR model:

Mo 1 Qy 5(T) = XB(T). i=1...n,
against the alternative specification:
Ml : Q)'i|-7‘—i(T) = Z;’Y(T), i= 1,...,n,

where B(7) and y(7) are unknown parameter vectors. Let p-(u) =u
[T—1 (u<0)], with 1(A) the indicator function of the event A.
The QR estimator of B(7) in model My, denoted as B, (7), minimizes
n 'Y p-(yi—xB). The QR estimator of y(7) in model M,
denoted as 4,(7), minimizes n='Y_ " 1p-(y; —z/y). The parameter
estimates may be computed via a linear programming algorithm
(Koenker and Bassett, 1978).
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The existing encompassing tests cannot be directly applied to test
non-nested QR models. A parameter encompassing test requires
evaluating the pseudo-true value (i.e., the probability limit under the
null hypothesis) of the parameter estimator for the alternative model.
This is, however, a formidable task because the QR estimator does not
have an analytic form. Chen and Kuan (2002) propose the pseudo-
true score encompassing (PSE) test that compares the score function
of the alternative model and its pseudo-true value. The PSE test is
appealing because the functional form of score function is usually
available and its pseudo-true value is relative easy to obtain. Yet, the
PSE test is derived when the objective (likelihood) function and score
function are “smooth.” This approach can be extended to construct an
encompassing test for QR models, even when p-(u) in the QR
objective function is not differentiable at u=0.

The first-order derivative of the QR objective function for model My,
except at y;=xiB, is sA(B) =n" 1> L x{7— 1(y;—x;B<0)]. This func-
tion is understood as an (approximate) estimating function for the QR
model My because it, when evaluated at B,(7), yields the “asymptotic
first-order condition” (see, e.g, Otsu, 2008): n'2%(B,(T))=o0p(1).
Similarly,

si9) = 5 2 &[r1(y—z7<0)]

is an estimating function for the alternative model M;, and n'”2s2(%,(1)) =
op(1). The estimating function plays the role of the score function under
the likelihood framework.

In the light of Chen and Kuan (2002), it is natural to base an
encompassing test on the difference between s!(7y) and its pseudo-
true value. Under the null, model My is the 7-th conditional quantile
function and satisfies the conditional moment restriction:
Eo[T—1(yi—%iB(1)<0) | K] = T—F, 5 (xB(T)) = 0, ass, (1)
where E, denotes the expectation under the null, and Fy, 5, is the
distribution function of y; conditional on F; (with the conditional
density f,, | 7, ). By the restriction (1) and the law of iterated expectations,

X,[B(T)<O) -1 (y,-—z;'y<0)] .

The limit of this function is the pseudo-true value of s!(vy), and its
sample counterpart is

Eo [Sl(')')] = %Eo é:} z; {1 (J’i_

L(BT).Y) = 2 2[1(yi—%B(1)<0) —1(yi—z¥<0) |.

The proposed CQE test is based on:

n

%ié% Zi {T_l (yi_x;’ Bn(7)<o)] (2)

Vit[s; (1)=& (Ba (7). 90 ) | =
The function in Eq. (2) will be denoted as 171,1(37(7)) and is analogous
to the basic ingredient of the conditional mean encompassing (CME)
test of Wooldridge (1990), a special case of the PSE test for non-nested
(non)linear models. Note that a test based on Eq. (2) is also a test of
the conditional moment restriction (1). When x; and z; have r
variables in common (r<p,q), let zI denote the sub-vector of the
common variables in z; and Z the sub-vector of remaining q-r
variables. We may ignore 2! and base the CQE test on

LY 2 [r-1(y—x Bym<0)]. 3

U (Ba(1)) = fl_l

since n~1/231_ 2! [T—l (yi—x,f Bn(T)<0>} =op
first-order condition.

(1) by the asymptotic

As shown in the Appendix, Eq. (3) can be expressed in terms of the
true parameter B(7):

:i (2~ MMy %) [T —10,—% B(T)<0)] + 0(1).
(4)

with Mg, = plim, 3 \f,. = (%/B(7))z;x /n and Mg, = plim, 3", f,. = (*/B(T))
x;x; / n (assuming these limits exist). Under the null hypothesis, 1(y; —
x/B(7)<0) has conditional mean 7 and conditional variance 7(1—7).
When the data are independent random variables obeying the
Lindeberg-Feller central limit theorem (e.g, White, 1999, Theorem
5.6), we have

h(Bm) = 7

¥ (Bu(m)) 2N (0,7(1-T)V, ),

where V,r=lim;_.n~ "B Y- 1 1(Z) — MpxMpl %) (2 — MM ;).
Letting VnT be a consistent estimator of V, -, the proposed CQE test is

Ve = iy (Ba)) Vo (B). 5)
which has y?(q—r) distribution under the null.

The matrices Mg, and Mg, involve conditional density and may be
estimated by non-parametric estimators, such as the “Powell sandwi,c\h"
of Poyvell (1991); see also Koenker (2005) for other estimators. Let M,
and Mj, denote their consistent estimators. Using the matrix notations
X (an nxp matrix w1th the i-th row x;) and Z* (an nx (g —r) matrix
with the i-th row Z}"), a consistent estimator an is:

L N P Ty T DR SIS DRSS P
H[Z Z"—(Z"X) My M, M, M, (X'Z°) + MM, (XX)MmeZX]A

Under conditional homogeneity: f, |, = fy,, the test Eq. (5) can be
easily implemented. First note that Eq. (4) becomes

W(Bm) = =2 (=

with My, = plim, >_ " 1z}"§{/nA and My, = plim, >_ " xx}/n. Then, the
asymptotic normality of ¢ (B,(7)) holds with

M My'% ) [T=1(yi—%B(1)<0) | + 0z(1),

hm E, Z <zf—MZXMX_,(]xi) (zf—

-1 !
N szMxx xi) ’
which does not involve den51ty function. A consistent estimator of , -
is easily computed as V = Z"'[I, — X(X'X)~ 'X'1Z"/n.

3. CQE test as a rank score test
Given the comprehensive linear model that involves both x; and pag
’ EZAE
yi=xptzy +e,

where B and ™ are parameter vectors, and e; is the error term, consider
the null hypothesis Hy. y*=0. Let d(t) denote the rank generating
function based on the residual of the constrained model: y;=x/B + U;.
That s, d,(t) = 1ify,> & B, (¢); d(t) = 0 if y;<&} Ba(1); otherwise, d(t) is
between zero and one. For a score-generating function ¢, define i),,((p) as
the vector of rank scores with the i-th element:

bi(@) = — foe(t)da;(t), i = 1,....n,

and A%(@) = | dle(t) J-o(P t)dt]?dt. To test v*=0, the regression rank
score test of Gutenbrunner et al. (1993) is

RS, = ro(©) 3, () /A (9) 2 1P (g—1), (6)
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Table 1
Empirical sizes of the proposed test: nominal size 5%.
7=0.25 T=0.5 7=0.75
q=2 q=4 q=6 q=8 q=2 g=4 q=6 q=8 q=2 q=4 q=6 q=8
p=2 5.0 5.5 44 48 4.7 54 5.6 45 5.0 47 42 49
p=4 54 5.0 5.1 5.5 5.5 5.8 5.5 5.8 5.6 5.1 5.4 438
p=6 6.1 55 5.7 6.6 5.2 6.2 57 6.3 5.7 5.7 5.8 5.8
p=38 6.3 6.6 6.9 6.2 6.1 5.7 6.5 6.8 6.5 6.4 6.5 6.6
p=2 5.5 4.9 5.5 5.0 4.6 5.0 53 5.6 4.5 5.0 5.7 5.3
p=4 4.6 5.6 4.6 4.9 5.2 5.3 5.1 5.4 5.4 5.2 5.3 4.5
p=6 49 52 6.0 53 5.9 54 5.5 6.0 49 5.5 4.6 5.8
p=28 5.5 6.6 5.5 5.0 55 53 4.6 5.0 6.0 52 51 49

Note: Upper and lower panels are the results for n=100 and n =300, respectively; all entries are in percentages.

where r,(@)=n"2(Z*—Z*)b,(©), $,=(Z*—7%)'(Z"—Z")/n, and
z =X(X'X)"'X'Z* is the least-squares projection of Z* on X, with the
i-th row 2 =x{(X'X)'~'X'Z",

To focus on the 7-th quantile, we set ¢ as ¢ (t) =7—1(t<7), the
T-quantile score function. It is easy to verify that A%(¢,)=T7(1—T)
and B;((pT) =r—[1—a;(7)]. By invoking the definition of &;(7),

rn((‘p‘r) = %é’l% (ZT_ET) [T—l(yi—x;Bn(T)<O)] + 01?(1)
E %é% z; {T—l(yi—x;[%n(r)<0>] + o0p(1),

where the last equality follows because n'/2SL | Z; [T— 1(y; — ¥,B,(T) <
0)] is op(1) by the asymptotic Qrst-order condition. Thus, r (¢.)
is asymptotically equivalent to (¥*(g,(7)) in Eq. (3) and S.=z —X
(X'X)~'X'1Z%/n is VM under conditional homogeneity. This shows
asymptotic equivalence between the CQE test and the rank score test
Eq. (6). This result is consistent with the argument in Bontemps and
Mizon (2008) that there is a comprehensive model underlying an
encompassing test.

4. Monte Carlo simulations

In our simulations, we consider the following data generating
process (DGP):
Yi=(-NxB+N\ziy + g, i=1,...n\[—1.1], (7)
where x; (px 1) and z; (qx 1) both contain a constant term, &; and the

remaining elements of x; and z; are i.i.d. A’(0, 1). Both B and vy are set to
vector of ones. For the 7-th QR, the error term ¢g; satisfies the

restriction that its 7-th conditional quantile is zero. For example,
when 7=0.25,0.5,0.75, the errors are N(0,1) plus 0.6475,0,
—0.6475, respectively. We consider different numbers of regressors
(p,q=2,3,...,8) and different samples (n=100,300); the number of
replications is 3000.

Note that the null model is Eq. (7) with A =0, and the alternative
model is Eq. (7) with A=1. Table 1 contains the empirical sizes of
the proposed test for 7=0.25,0.5,0.75 and the nominal size 5%; the
results for other 7 and nominal sizes are qualitatively similar. To
conserve space, we report only the results for p,q=2,4,6,8. It can
be seen that, when n=100, the proposed test is properly sized
when p and q are not too large; otherwise it may be slightly over-
sized. Yet, the size distortion becomes smaller when the sample
increases.

In the power simulations, we consider the alternative model with
(p,q)=1(2,6),(4,4),(6,2) and 7=0.25,0.5,0.75. We plot the power
functions against A for the sample n =300 in Fig. 1. It can be seen that,
for given (p,q), the power functions for different 7 are close to each
other. In particular, each power function increases with the
magnitude of A and reaches power one quickly, and it is symmetric
about A = 0. For a given A that is not too big, the power is higher when
q (the number of regressors in the alternative model) is larger. The
power functions for n=100 (not reported) are of similar shapes but
with smaller values.

5. Conclusions

In this paper we propose a CQE test for linear QR models. This test
is an extension of the CME test to QR models and also a regression
rank score test. Our simulations confirm that this test has good finite
sample performance.
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Fig. 1. Empirical power functions against A values: n=300.



260 C.-M. Kuan, H.-Y. Lin / Economics Letters 107 (2010) 257-260

Acknowledgements

We thank Roger Koenker, Yu-Chin Hsu, and a referee for very useful
comments and suggestions. Lin wishes to express her sincere gratitude
to the Ministry of Education for supporting her postdoctoral research
and the University of Illinois, Urbana-Champaign, for arranging her visit.
C.-M. Kuan and H.-Y. Lin gratefully acknowledge research supports from
the National Science Council of the Republic of China (NSC 93-2415-H-
001-028 for Kuan and NSC 94-2415-H-004-022 for Lin). This paper is
part of the project "Advancement of Research on Economic Methods and
Applications" (AREMA) led by C. -M. Kuan.

Appendix A

Proof of Eq. (4). We first write

o (Bum) = = 3 2111y ~xB(r)<0)]
752 2 [L(y—B(E)0) F, 7, (xB(T))|
L [ (5 Bur)<0) —F, 5, (Bl
T2 2 2[Ry (KB Py i, (6 BuD)]

By Lemma 1 of Gutenbrunner and Jureckova (1992) and Theorem
3.3 of Gutenbrunner et al. (1993), the second and third terms on the
right-hand side vanish in probability, uniformly in 7. For the fourth
term, the Taylor expansion of yields

I 2 (i, (BT By (B

n
=— (%él zify 7, (x}B(T))xé) (\/E{Bn(T)—B(T)]) + 0.(1)
= MM %é x[7—1(yi—xB(1)<0)] + 0p(1),

where the last equality follows from the Bahadur representation. It
follows that

bn(Bam) = J X (5 —MpMylx) [r=1(yi—B(7)<0) ] + 02(1).C
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