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Abstract Unmarked siphons in a Petri net modelling con-
current systems such as those in cloud computing induce
deadlocks. The number of siphons grows exponentially with
the size of a net. This problem can be relieved by computing
compound (or strongly dependent) siphons based on basic
siphons. A basic (resp. compound) siphon can be synthe-
sized from an elementary (resp. compound called alternat-
ing) resource circuit. It however cannot be extended to cases
where two elementary circuits intersect at a directed path
rather than a single place (i.e., corresponding to a weakly
dependent siphon). This paper develops a uniform formula
not only for both cases but also valid for the complementary
set of siphon and characteristic vectors. We further propose
to generalize it to a compound siphon consisting of n basic
siphons. This helps simplify the computation and the com-
puter implementation to shorten the program size. Also, the
formula is easier to be memorized without consulting the
references due to the same underlying physics.

Keywords Petri nets - Deadlocks - Supervisory control -
Flexible manufacturing systems (FMS) - Concurrent
systems.

D. Y. Chao
Department of Management and Information Systems, National
Cheng Chi University, Taipeil 16, Taiwan, Republic of China

Y.-L. Pan (<)

Department of Avionic Engineering, Air Force Academy,
Kaohsiung 820, Taiwan, Republic of China

e-mail: peterpan960326 @ gmail.com

Published online: 24 March 2013

Introduction

A flexible manufacturing system (FMS) is a computer
controlled configuration where different operations can be
executed. Generally it consists of various kinds of general-
purpose workstations, a palletized and programmable mate-
rial handling system, and other types of resources such as
fixtures and buffers. To effectively operate an FMS and meet
its production objectives, the use of limited resources among
various competing jobs has to be carefully controlled or coor-
dinated. Since various jobs are concurrently processed and
these jobs have to share some common resources, deadlocks
may occur in an FMS during its operation, which are unde-
sirable phenomena in a highly automated FMS.

Petri nets have been a powerful tool to model and analyze
the deadlock problem of FMS (Ezpeleta et al. 1995; Ferrarini
et al. 1999; Jeng et al. 1999; lordache et al. 2001; Zimmer-
mann et al. 2001; Basile et al. 2004; Uzam et al. 2007; Hu et
al. 2012a; Pla et al. 2012; Li et al. 2012).

First of all, Ezpeleta et al. pioneer a class of Petri nets (PN)
called systems of simple sequential processes with resources
(S’PR) (Ezpeleta et al. 1995). Deadlocks can be avoided by
adding a control place and associated arcs to each emptiable
siphon S to prevent it from being unmarked. However, gen-
erally too many control places and arcs are required.

On the other hand, the iterative control method in Ior-
dache et al. (2001) reduces the number of monitors by find-
ing all emptiable siphons in each iteration step. The method
becomes very difficult and remains complex even for a
moderate-size model.

Additionally, Uzam and Zhou (2006; Uzam et al. 2007)
classified a reachability graph into deadlock-zone (unsafe
states) including deadlocks and critical bad markings that
inevitably lead to deadlocks, and live-zone (safe states) rep-
resenting the live markings of the reachability graph. By
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singling out a first-met bad marking from the reachability
graph at each iteration, a control place is added via construct-
ing a place invariant (PI) [based on the method in Yamalidou
et al. (1996)] of a Petri net to prevent this bad marking from
being reached. The number of monitors required is greatly
reduced and the controlled model is much more (though not
maximally) permissive. But the construction of RG suffers
the state explosion problem and the method is not suitable for
large nets. It also needs to solve linear programming prob-
lems with exponential complexity. Furthermore, some mon-
itors are redundant.

For solving above linear programming problem, Huang
and Pan (2010, 2011; Hu et al. 2012a; Pan et al. 2013) pro-
posed the crucial marking transition separation instances to
enhance the computational efficiency based on the theory of
Regions.

Besides, Hu et al. (2011a, 2011b, 2012a; Hu and Li 2009,
2010), for the first time, investigates the deadlock resolution
in the paradigm of Petri nets allowing assembly operations,
multiple-type and multiple-quantity resource acquisition,
and production ratio among jobs. They elegantly prove the
separation of ratio and supervisory controls. A mathemati-
cal programming-based method is developed to synthesize
liveness-enforcing supervisors. Their approach outperforms
many traditional methods in both generality and efficiency.

Li and Zhou (2004) propose the concept of elementary
siphons (generally much smaller than the set of all emp-
tiable siphons in large Petri nets) to minimize the new addi-
tion of control places. They classify emptiable siphons into
two kinds: elementary and dependent. By adding a control
place for each elementary siphon S,, all dependent siphons
S are controlled too, thus reducing the number of monitors
required rendering the approach suitable for large Petri nets.
As a result, for complex systems, it is essential to apply the
concept of elementary siphons to add monitors; the number
of which s linear to the size of the nets modelling the systems.
However, the number of dependent siphons is exponential to
the size of the net, even though that of elementary siphons is
linear.

We find all elementary siphons without the knowledge
of all SMS. Furthermore, it is much more efficient to iden-
tify and compute the T-characteristic vectors from the struc-
ture. For instance, Chao (2010a,b) shows that in an S3PR, an
SMS can be synthesized from a strongly connected resource
subnet and any strongly dependent siphon corresponds to a
compound circuit where the intersection between any two
elementary circuits is at most a resource place. Also any ele-
mentary siphon is a basic one constructed from an elementary
circuit where all places are resources. Thus, the set of ele-
mentary siphons can be computed without the knowledge of
all SMS.

Controllability means how a dependent siphon depends
on its elementary siphons. The best controllability occurs
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when each elementary siphon is least restrictively controlled
(when control depth variable £ = 1), while not generating
new siphons, and the dependent siphon is already controlled
and needs no monitor (Liu et al. 2011b; Wang et al. 2012).
This can be checked by the MLI (called controllability). If
the MLI is not satisfied, then they perform a LIP test which
is an NP-hard problem. This implies that the MLI test is
only sufficient, but not necessary. Thus, the time to verify
against the MLI for all dependent siphons is exponential as
for previous approaches. It is essential to efficiently compute
the dependent siphons and related variables. We propose a
sufficient and necessary test in Chao (2010a) for adjusting
control depth variables in an S3PR to avoid the sufficient-only
time-consuming LIP test (NP-complete problem) required
previously for some cases.

If the above LIP test also fails, then some & must be greater
than 1 (bless permissive). After assigning & for each elemen-
tary siphon, one checks again the MLI. Continue such adjust-
ment until the MLI is satisfied. The larger the control depth
variable, the fewer states the system will reach. The control
policy for weakly dependent siphons (Liu et al. 201 1a; Xiong
et al. 2010) is rather conservative (Li and Zhou 2004) (such
that fewer states are reached) due to some negative terms in
the controllability [a marking linear inequality (MLI)].

For strongly dependent siphons, the complementary set
[ST of dependent siphon S equals the union of those of its
component elementary siphons. The controllability or MLI
is derived accordingly. However, it is unknown in Li and
Zhou (2004) how [S] relates to those of its component ele-
mentary siphons. As a result, the control policy for weakly
dependent siphons is rather conservative (Li and Zhou 2004)
since negative terms in the controllability are ignored.

Chao (2010a) develops a better MLI (Marking Linear
Inequality) test by discovering how [S] relates to those of its
component elementary siphons. The resulting control pol-
icy for weakly dependent hence can reach more good states.
It turns out that the complementary set [S] and those of its
component siphons follow the same relationship as that of
T -characteristic vectors.

So far, none in the literature deal with how a compound
siphon S relates to those of its component siphons. As a
result, one has to synthesize compound siphons from com-
pound resource circuits (i.e., containing only resource places)
using our method in Chao (2006). Furthermore, we have
developed theory (Chao 2007) to efficiently extract SMS
incrementally rather than the traditional global approach.
Only linear number of basic siphons needs to be searched.
Adding and deleting common sets of places from existing
ones (called composition method), one can derive the com-
pound siphons with much reduced search time. It is eas-
ily subject to computer implementation in a very efficient
way compared with all current techniques since all these
steps can be expressed in terms of formulas. However, the
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relationship between a compound siphon S and its compo-
nent siphons remains unknown. We will show that the rela-
tionship follows that of T-characteristic vectors.

We discover that different cases can be unified by the same
physics resulting in a single formula to compute dependent
siphons, their complementary set of places, and characteristic
T -vectors. This helps to memorize the formula and simplify
the implementation since the codes for different cases can be
shortened with a single set of codes for the uniform formula.
This relieves the problem of computing siphons (and related
variables for controlling the siphons), the number of which
grows exponentially with the size of a net. Furthermore, it is
desirable to compute S, [S], and  directly from the structures
independent to whether S is a strongly or a weakly dependent
siphon. We are the very first to uncover the uniform method
to do so.

The rest of the paper is organized as follows. Section
“Preliminaries” presents the preliminaries about Petri nets
and S*PR, respectively. Section “Motivation” motivates the
reader by presenting some simple examples. The results are
proved and generalized in “Theory” section. A well-known
S3PR example has been illustrated to show the advantages
in “Computation by structures”. Finally, section “Example”
concludes the paper.

Preliminaries

Here only the definitions used in this paper are presented.
The reader may refer to Murata (1989) and Chao (2006) for
more Petri net details. For a Petri net (N, My), a non-empty
subset S(resp. T) of places is called a siphon (resp. trap) if
'S C S (resp. " T C T, i.e., every transition having an output
(resp. input) place in S has an input (resp. output) place in
S(resp. T). If My (S) = ZI,ES My (p) = 0, S is called an
empty siphon at My. A minimal siphon does not contain a
siphon as a proper subset. It is called a strict minimal siphon
(SMS), if it does not contain a trap.

A P-vector (place vector) is a column vector Y : P — Z
indexed by P where Z is the set of integers. The incidence
matrixof N isamatrix [N] : PxT — Zindexedby P and T
such that [N] = [N]T — [N]~ where [N]*(p,t) = F(z, p)
and[N] (p,t) = F(p, t). We denote column vectors where
every entry equals 0 by 0. Y7 and [N]7 are the transposed
versions of a vector ¥ and a matrix [ N], respectively. Y is a
P-invariant (place invariant) if and only if Y+ # 0and Y7 [N]
= 07 hold where ‘-> means a vector or matrix multiplication.
1Yl = p € P|Y(p) # O is the support of Y. A minimal
P-invariant does not contain another P-invariant as a proper
subset.

Definition 1 (Ezpeleta 1995) A System of Simple Sequen-
tial Process with Resources (S®PR) is a Petri net

N =(PU p0 U Pg, T, F) defined as the union of a set of
nets N; = (P; U {p?} U Pg;, T;, F;) sharing common places,
where the following statements are true:

1. p? is called the process idle place of N;. Elements in P;
and Pp; are called activity and resource places, respec-
tively. A resource place is called a resource for short in
case of no confusion.

2. Pri # @i Pi # @ip) ¢ Pi(PU{p)) N Pri =
@;Vp € P;,Vt € -p,Vl‘/ S p-,al’p € Pgi,t N Pp; =
t" N Ppi = {rp};Vr € Pri, ' TNP,=r"P; #Q;Vr €
Pri,'rNr = @; and --(p?) N Pri = Q.

3. Nl., is a strongly connected state machine, where Nl., =
(P; U {p?}, T;, F;) is the resulting net after the places in
Pg; and related arcs are removed from N;.

4. Every circuit of N l/ contains place p?.

5. Any two Ni/ are composable when they share a set of
common places. Every shared place must be a resource.

6. H(r) = "rN P denotes the set of holders of r (operation
places that use r). Any resource r is associated with a
minimal P-invariant whose support is denoted by o, =
rUH(@).

An S?PR is composed of some state machines (with
choices) holding and releasing some common resources.
Figure 1 shows an example of S3PR. For a net system
(N, Mp), a non-empty subset S (resp. T) of places is called
a siphon (resp. trap) if -§ C S. (resp. 1+ C - 1), i.e., every
transition having an output (resp. input) place in S has an
input (resp. output) place in S(resp. T). R(S) is the set of
resource places in S.

Sis called an empty siphonat Mo If Mo (S) =3 ,c; Mo (p)
= 0. A minimal siphon does not contain a siphon as a proper
subset. It is called an SMS (Strict Minimal Siphon), denoted
by §, if it does not contain a trap.

Fig. 1 An example S*PR with strongly dependent siphon
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If a siphon S C ||Y]|, then [S] = [|Y[|\S is called the
complementary siphon of S and S U [S] = N,es0r 1s the
support of a P-invariant.

Tokens in a siphon § of an ordinary Petri net can either
leak out to the complementary set [S] of S or stay in S. Thus
the sum of tokens in S U [S] is a constant. S U [S] forms the
support of a minimal P-invariant.

Let 2 € P beasubsetof places of N. P-vector \g is called
the characteristic P-vectorof Qiff Vp € Q, La(p) = 1;oth-
erwise Aq(p) = 0. n is called the characteristic T-vector of
Q, if nT = AL - [N], where [N] is the incidence matrix.
Physically, the firing of a transition ¢ where [ (¢) > 0, n(¢)
= 0, and n(¢) < 0] increases, maintains and decreases the

number of tokens in S, respectively. Let ng,, NSgs--> and
ns, (o, B,..., ¥} < {1,2,...,k}) be a linear indepen-
dent maximal set of matrix [n]. Then ITg={ Sy, Sg, ..., Sy}

is called a set of elementary siphons. S ¢ Ilg is called a
strongly dependent siphon if ng = Zsi eriy 4ins; where
ai > 0. § ¢ TIlg is called a weakly dependent siphon
if 3 non-empty A, B C Ilg, such that AN B = © and
ns = ZS,-GA ains, — ZS,—eB a;ns; where a; > 0.

Li and Zhou (2004) propose to find elementary siphons
by constructing the characteristic P-vector (resp. T -vector)
vector matrix [A] (resp. [n]) of the siphons in N followed by
finding linearly independent vectors in [A] (resp. [7]). The
siphons corresponding to these independent vectors are the
elementary siphons in the net system. Note that the above
calculation of linearly independent vectors do not assume N
to be an S>PR and are applicable to arbitrary nets.

Definition 2 (Chao 2006, 2010a,b) A sequence of nodes
X1x2...x, is called a path of N if Vi e {1,2,...,
n—1}, x;+1 € x;. Anelementary path from x; and x;, is a path
whose nodes are all different (except, perhaps, x| and x,). A
circuit is an elementary path with x; = x,. A net N is strong
connected if for every node pair (n;,n;),n;,n; € PUT,
there is a directed path from n; to n;.

The strongly connected circuit from which an SMS can be
synthesized is called a core circuit. An elementary resource
circuit is called a basic circuit, denoted by c¢,. The siphon
constructed from ¢, is called a basic siphon. A compound
circuit ¢ is a circuit consisting of multiply interconnected
elementary circuits ¢y, ¢, . . ., ¢, extending between Process
1 and 2. The SMS synthesized from compound circuit ¢
using the Handle-Construction Procedure in Chao (2006)
is called an n-compound siphon S. If for every pair of
i, j, ci,Cit+1, intersect at a resource place and r; (resp. Path
[rtiry. . .riti. . .r—1tx—17r%]1), then ¢ = c10c20...cp—_10C,
(resp.c1®c2®... B cp—1®cy). The corresponding synthe-
sized siphon is denoted by S = §10520...S,-10 Sn (resp.
SZSI®S2@@Sn—1®Sn)

Motivation

This section motivates the reader about the uniform formula
described earlier. First we observe that (Table 1) for a strongly
dependent 2-compound siphon,

S=¢61+6 —¢G12 (1

where ¢ is the ¢ value for the siphon with R(S) = R(S1 N
S»), where ¢ = S, [S], and 5, R(S) is the set of resource
places in S.

Next extend this equation to a weakly dependent
2-compound siphon (Table 2).

In Fig. 2, there are 3 elementary siphons S; — S3 and 1
weakly dependent siphon S4; their characteristic T-vectors n
are shown in Table 2. In both cases, all compound siphons S,
their [S] and 7 share the same uniform formula.

Since the number of SMS grows exponentially with the
size of a net, the time complexity of computing n for all
compound siphons is exponential and quite time consum-
ing. Thus, it is desired to compute compound siphons S,
their complementary set of places [S], and T-characteristic

Table 1 Types of siphons for

the net in Fig. 1 SMS (S] n Set of places c
S1 P2, P1 [-t1 + 12 + 16 — t7] P9 P10s P3» P6 c1 = [pyt6 p1ot2 p9l
$2 D3, P8 [-t2 + 13+ 17 —13] P10, P11, P4, D7 c2 = [pi1ot7 p1113 p1ol
$3 P2s P3» P7, P8 [-t1 + 13 + 16 — 13] P9, P10, D6, P11, D4 €3 =c10C2

Table 2 Four SMS in Fig. 2 and their n. (94 = n1 + 12 — n3)

SMS [S] n Set of places [¢

N P2, P35 P8 P9, P10> P11 [t2 — 14 + 18 — 19] P4, P12, P13, P14, P15 c1 = [p1stapratz p13tg pisl
S5 D3, P4, P7, P8» P9s P10 [t — 13 + 17 — t10] Ps» P11, P14, P15, P16 co=[p1atapiet1 p15t2 p14l
S3 D3, P8» P9, P10 [t — 13 — 14 +17] D4, P11, Pl4> P15 c3 = [p1stapratepis]

Sy P2, P35 P4, P7, P85 P9, P10, P11 [t1 + 18 — 19 — t10] D5, P12> P13, P14, P15, P16 cp=c1 D2
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Fig. 2 Example weakly
2-compound siphon.
(o =m +mn2 —n3)

vectors 7 efficiently. To do so, we need to generalize Equation

(D).

Theory

The following theorem provides the foundation for the uni-
form formula mentioned earlier.

Theorem 1 (Theorem 2 in (Chao 2010a)):

Let (No, My) be a net system and Sy be a dependent SMS
w.r.t. elementary siphons S, Sa, ..., Sp, Sp+1, Sn+2, ..., and
Sn+m where ns, = >, (amsi) - ijzl (bn+j775n+j) =
Ta—0p, 0a=2 iy (ains,), and op = > (busjns, ;)-

Then

1. VS € 80,851,850, - Sus Sutts Sut2y -+ s Sntms 1S
= —n[S] (characteristic T-vector of the complementary
set of siphon S equals the negative of that of S).

2. Mso = 2oy (@irisn) — 2oy (Bugjris, 1), where
aj,b; € R (set of real numbers), i €,2,...,nand j €
[1,2,...,m] (characteristic P-vectors of the comple-
mentary sets of siphon So, S1, S2, ..., Sn, Sn+1, Sn+2,

.oy Sutm follow the same equation as that of the cor-
responding characteristic T-vectors).

3. The Marking Equality (ME) holds : M ([So]) = >/,
(@M ([SiD) =222y (bus M ([Sn+5]))-M € RN, Mo)
(total tokens in the complementary sets of siphon So, S1,
S2, ooy Sy Sty Sug2s - - oy Spm follow the same equa-
tion as that of the corresponding characteristic
T-vectors).

Proof pleaserefer to the proof of Theorem 2 in Chao (2010a).
O

This ME (marking equality) says that the total number
of tokens trapped in [Sp] and [S;], follow the same linear
algebraic relationship between ngg and ns;,i = 1,2, ..., n,

n +1,...,n + m. This is because physically, -ns() is the
number of tokens removed from S by firing ¢ once.

Computation by structures

Recall that it is desirable to compute S, [S], and n directly
from the structures independent to whether S is a strongly or
a weakly dependent siphon. We are the very first to uncover
the uniform method to do so.

We first deal with strongly 2-compound siphons based on
the following lemma.

Lemma 1 Let r € Pg, the minimal siphon containing r is
S = o(r) = {r} U H(r) (also the support of a minimal
P-invariant) with [S] = @ and ns = 0.

Proof Obvious. O

Theorem 2 For every compound circuit made of cp1 and cpy
in an S’PR corresponding to an SMS Sy such that cp1 N cpy
=r,

1) no = n1 + na, wherer € Pg and no is the n value for Sy

2) no = n1 + n2 — n12, where n12 is the characteristic
T-vector of the minimal siphon containing r.

3) [Sol = [S1]+ [S2] — [Si2]-

4) So=S1+ S5 — Si2.

5) ¢=¢1+¢62—c12 wherec =S,0[S], on.

Proof 1. See the proof for Theorem 1 in Chao (2006).

2. It follows from Lemma 1 that 1, = 0. Thus, n9 = n; +
n2+n1 +n2 — ni2.

3. By Lemma 1, [S12] = @. By Corollary 3 in Li and Zhou
(2004), [So] = [S1]+ [S2]. Hence, [Sol = [S1]+ [S2] —
[Si2]-

4 (SUHISID+(S2+2D) = Xpep, 0 (VF+ Y cp, 0 () =
Dorery © (1) 4+ 2 cpinR, © ().
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D rery © (N =s1+s114+s2+[821=2 g R, © () -So+
[Sol = So + ([Si] + [S2] = [Si2D) = 2.,cp,0(r)
=81+ [s1]+ s+ [s2] — ZreRlﬂRz o (r).
So = S1+82- (X, crnr, © (1) —[s12]) = S1+S2—S12,
where S1p = ZreRmRz o (r) —[s12].
5. It follows from Parts 1-4 of this theorem.
[m}

This theorem proves Eq. (1) for a strongly 2-compound
siphon. Let Sp be a strongly dependent siphon, Sy, Sz, ...,
and S, be elementary siphons, with co = ¢10 ¢20 ...0 ¢, ¢
(the core circuit from which to synthesize Sp) is a compound
resource circuit containing ci, c2,.. ¢, and the intersection
between any two ¢; and ¢j,i = j —1 > 0, is exactly a
resource place, where ¢; (i= 0, 1, 2,..., n) is the core cir-
cuit from which to synthesize S;. We show in Theorem 2 of
(Chao 2006) that nso = ns1 + ns2 + --- + ns,. Based on
Theorem 3 the uniformity also holds for this case of strongly
n-dependent siphons.

Thus, if Sp is a WDS (weakly dependent siphon), the inter-
section between any two¢; andc;; = j—1 > O mustcontain
more than one resource place.

In Fig. 2, ¢c1 N ¢z = [p15t2p14] is not a single resource
place, where 1 (t15) = n2(t15) = 1.If ' = c; Nc¢r isnotin a
third basic circuit, we have n4(t15) = n1(t15) + n2(t15) = 2
against the fact in (Li and Zhou 2004) that any n(¢) must
be one of 1, 0, and -1. Thus, I' must be in a third basic
circuit ¢3 from which to synthesize S3 so that n4(t;5) =
n1(t15) + n2(t15) — n3(tys) = 1.

Thus, if S4 weakly depends on S; and S>—synthesized
from basic circuits ¢; and ¢, respectively, then there exists
a third siphon S3 such that na = n1 + 172 — 3.

Define S1» = S3 and Sp = S1 @ Sz since R(S; N S2)
= R(S3). S| @ S is similar to S| o0 S» in terms of controlla-
bility to be shown later. S1 @ S, is different than Sj0 S5 in that
R(S1 N S») for the former contains more than one resource
place while the latter contains only one resource place.

Definition 3 Let (Ng, Mp) be anetsystem and So = S1 D 5>
denotes the fact that Sy is a weakly dependent SMS w.r.t.
elementary siphons Sy, S2, and S12 = S3 such that ng
=m+n—n.

Theorem 3 Let S = S1 ® S>. Then ng = n1 + n2 — n3.

Proof Let t be a transition in ¢ + U « o, where o = R(cop).
There are two cases:

1) cf U cypis a single resource place. The case has been
proved in Chao (2006).

2) cf U clz’ contains more than a single resource place. It
holds that n; (t) = no(¢), and n; () = n3(t), where i, j €
(1.2}, i # j = ni(@0) + ;@) = n3(0) = ni (1) = no(0).
This theorem is thus proved.

@ Springer

Fig. 3 Another example of weakly dependent siphons spanning more
than two processes

We now propose the following:

Theorem 4 Let So = S| D 7 as defined in Definition 2, then

1) [Sol = [S11U[S2],

2) [Sol = [S1]+ [S2] — [S3],

3) [Si1N[S2] = [Si.2]

4) So =81+ 82 — [S12],

5) c=c1+c2—g12 wherec =S,0[S], on, and
6) M([So) = M([S1]) + M([S2]) — M([S1,2]).

Proof 1. [So]l = {([SI\[S1.2D) U [S1,21} U {([S21\[S1,2])
U [S12]}
= [$1] U [S2], where [S;] = ([S;I\[S1,2]) U [S1,2].
Hence, [So] = [S1] U [S>].

2. By Theorem 3, we have no = 1 + 12 — 13, which leads
t0 [Sol = [S1]+ [S2] — [3] by Corollary 1.

3. The fact that [So] = [S1] U [S2] implies that
[Sol = [S1] + [S2] — [S1] N [S2]. Comparing this with
Part 2 of this theorem leads to [S1]1N[S2] = [S3] = [S1.2]
(By Def. 5, S12 = S3).
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pl

> e
a+b+er/d+e+f

Table 3 Eight SMS S, and core
circuits in Fig. 4

Table 4 Eight SMS S, [S] and
n in Fig. 4

a+b+CANd+e+f
{ )=
§23
Fig. 4 Example weakly 3-compound siphon
Set of places c
S1 Pss P17s P14 P15, P16 c1 = [piatapicti p1st2pi4l
S P4, P26, P12, P13, Pl4; P15 c2 = [p1stap1at3 pi13tig p12t3 pisl
S3 P2, P27, P11, P12, P13 c3 = [pi3tigpratirp17tiapi3l
Sy P4s P17, P14, P15 ¢4 = [p15stapratepis]
Ss P2, P26+ D125 P13 ¢s = [pi3tigpiratizpisl
Se6 D5, P27, P11, P12, P13, P14, P15, P16 6 =Cc1 D@3
S7 D5, D265 P12, P13, P14, P15, Pl6 cg=cdc
Sg P4, P27, P11, P12, P13, P14» P15 g =D
[S] n
S1 P3, P4s D7, P85 P9, P10 th—t3+1t—to
S P2, P3; P8, P9, P10s P17, P21s P23, P24,P25 h—t4+ 13— 117
S3 P20, P21, P23, P24, P25, P26 -1y + 114 — t1e + 118
S4 P3, P85 P9, P10 h—t3—t4+17
Ss P21, P23, P24, P25 -ty 113 — 17 + 118
Se P2, D3, P4s P75 P85> P9, P10, P17, P20, P21, P23, P24, P25, P26 t —to+t4a—1ie
S7 P2, D3, P4s P71, P85 P9, P10, P17, P21, P23, P24, P25 H—to+h3z—t7
Sg P2, P3, P8s P9, P10s P17, P20, P21, P23, P24, P25, P26 I —t4+t4 —te

4. The proof is the same as that of Part 4 of Theorem 1.
5. It follows from Theorem 3 and Parts 2 and 4 of this the-

orem.

6. From Part 3 of Theorem 1, we have M([So]) =
MS1D) + M([S2]) — M([S1,2D.

Consider the S*PR in Fig. 2, [Sol= p2, p3, pa, P7, s, Po,
P10, p11. Based on Table 1, one can verify that 1) [Sp]
= [S1]1U [S2] and 2) [S1]1 N [S2] = [S1.2] = S3. The same

conclusion applies to the net in Fig. 3 where the transitions
involved span more than two processes.

This theorem confirms the uniform computation for a

weakly 2-compound siphon. The following theorem extends

the uniform computation to a weakly n-compound siphon.

[Sn—1.n ]

Theorem 5 Let Sy =S, S D---® S, Then

I)mo=ni+n+-+n—M2—m3— " — Qu-Ln
2) [Sol = [S11+[S21+ -+ [Su]l = [S12]1 — [S23] —- - —

@ Springer
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Table S Eight SMS S and

dependency in Fig. 4. S Set of places Dependency
S1 Pss P17s P14, P15 P16
$ D4, P26, P12, P13, P4, P15
$3 D2, P27s P11 P12s P13
Sa P4, P17, P14, P15
Ss D2, P26, P12, P13
Se D5, P27, P11, P12, P13, P14, P15, P16 Se=8S1®SDS3="5+5%+S85 — 82— 3
S7 Dss D265 P12s P13+ P14 P15s Plé S7=851®8%=8+%—-n
Sg P4, P27, P11, P12, P13, P14, P15 Sg=5®8 =35+ 53— 53

Table 6 Eight SMS [S] and dependency in Fig. 4

[S]

Set of places

Dependency

[S1]
[$2]
[S3]
[S4]
[Ss]
[Se]
[57]
[Ss]

P3, P4, P71, P8> P9, P10

P2, P3, P8 P9, P10s P17, P21, P23, P24, P25
P20, P21,P23, P24 P25, P26

P3: P8, P9, P10

P21, P23, P24, P25

P2, P3, P4, P71, P8 P9, P10, P17, P20, P21, P23, P24, P25, P26

P2, P3, P4, P71, P8, P9, P10, P17, P21, P23, P24, P25
P2, P3, P8, P9, P10, P17, P20, P21, P23, P24, P25, P26

[$7] = [S1]1 @ [S2] = [S1] + [S2] — [S12]

[Se] = [S1]1 @ [S2] @ [S3] = [S1] + [S2] + [S3] — [S12] — [S23]
=
[Ss] = [S2] @ [S3] = [S2] + [S3] — [S23]

Table 7 Eight SMS n and dependency in Fig. 4

n Characteristic T-vectors Dependency

N1 h—n+t7—1to

n2 h—1t4+13—117

n3 -tg + 114 — e + 118

14 h—t3—t4+17

ns -ty +113 — 7 + 113

16 t —tio +tia — 116 ne= N1 + M2+ n3—nN12— 123

n7 H —to+t3—t7 n7=n1+n2-112

ns h—t4+14 —te ng =m2+13—123

3) So=8S1+S+--+8S—=S2—8%3——S—1.
49 s=citat -+ —612-63— "~ Sn—ln

Proof 1. Prove by induction. The case of n = 2 holds by

Theorem 5. Let So = §S*@®S,, where $* = $19 5P - @
S,—1 and the corresponding core circuit ¢* = ¢; ® ¢, B
-+ @ c,—1. Assume it holds for the case of n — 1. Thus,
n* =ni+mt A1 —mo2—n23— - —nNa—2,n— L.
co = ¢* @ ¢, is a compound circuit containing ¢* and
¢n. By Theorem 3, no = n* + 0, — nx.n, Where 1y, is
the 1 value for the SMS S” with R(S’) = R(S* N S,)
= R(Sn—l N Sn) = no = ’7* + M — Nn—1,n = N0
=m+m+...+0—=—m2=m3 ... = Ma-1n

@ Springer

2. Prove by induction. The case of n = 2 holds by Part 2 of
Theorem 4. Let Sy = S*@ S, where $* = S1®S$HD- - - D
S,—_1. Assume it holds for the case of n-1. Thus, [§*] =
[S11+[S2]+ - -+ [Sn—1]1=[S23]— - - —[Sh—2,n—1].3p €
[SolN[Sul, p ¢ [Sil,i € 1,2,...,n — 1 = [Sp] must
contain a term [S,] since p appears exactly once in both
[So] and [S,,]. Places p, in [$*]N [S,], however, appears
twice in [S§*] 4 [S,]. Thus, they must be deleted from
[S*]1+[Sa]to get [So] = [S*]+[Su] = [S*IN[SA]. [S*]N
[Sh] = [Sn—11 N [Sy] = [Sn—1,n] (Part 3 of Theorem 4)
= [Sol = [S*]+[S.]=[S*IN[S,] = [S1]+[S2]+- - -+
[Sn—l] - [S2,3] -t [Sn—2,n—l] + [Sn] - [Sn—l,n] -
[StI+[S20+ -+ [Se] = [S23] — - = [Sp—1,n]

3. The proof by induction is similar to that for Parts 1 and
2 of this theorem.

4. Tt follows Parts 1-3 of this theorem.

O

Thus, we prove the uniform formula for weakly
n-compound siphons. It covers strongly dependent siphons as
a special case where there are no negative terms in 740. Thus,
the uniform formula holds irrespective to whether the com-
pound siphon is strongly or weakly. This further enhances
the uniformity of the formula.

One can employ Fig. 4 to demonstrate Theorem 5. As
shown in Tables 3, 4, 5, 6 and 7, S, [S] and n for weakly
compound siphons, all share the same formula verifying
Theorem 5.
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Fig. 5 A more complicated Petri net model of an FMS with weakly dependent siphons (Liu et al. 2011a)

Example

Figure 5 shows a classical example [adapted from Liu
et al. (2011a)] with both strongly and weakly dependent
siphons. The net system is an S>PR and contains deadlocks.
With the theory developed in this paper, it is easy (even
manually without software help) to identify all basic and
compound siphons. They happen to be elementary and
dependent siphons, respectively. The uniform formulas fur-
ther help compute all SMS, S, [S], and n, from which one

can construct the controlled model to be more permissive than
that in Li and Zhou (2004) as shown in Liu et al. (2011a).
There are eight elementary or basic siphons synthesized from
8 resource circuits using the handle-construction procedure
in Chao (20006), 4 weakly and 21 strongly dependent siphons
as shown in Tables 8 and 9 respectively. For example, S3
is a strongly dependent SMS w.r.t. to S4 and Sjg, $2 is a
weakly dependent SMS w.r.t. to S17 and S»g, and S»g is
another weakly dependent SMS w.r.t. to S and Sy, respec-
tively.

Table 8 Elementary or basic siphons, resource circuits, and n for the net in Fig. 5

Basic siphons Places c n

S P10 P16s P22, P26 [paztiopastic p22] -tg +t10 — ti5 + 16

S P4, P10, P17, P21, P22, P24, P26 [pa1t17 pastie p22ts paata pail -3+t =t + 13 —1g+to — 115+ 117
S10 D4, P9, P12, P17, P21, P24 [p21t13 paatapail 3+t — 1+ 43

S16 D25 P4, P8 P13, P17 P21, P26 [pa1t17 pasto pai] -3 + 19—t + 117

S17 P2, P4, P8, P12, P19, P20,P21, P23, P25 [p2113 p23t2 paotio pastis p21] -t 63+ 18 —ti7 + 1o

S8 D25 P4, P8 D125 P18s P21,P25 [p2118 pastig pa1l -t +tg — 7+

S19 D2, P4, P8, P12, P17, P21, P23, P28 [p2113 p23tag pail - +13—ty+ 13

$20 P10, P21, P22, P23, P26, P29 [p21117 pa6tie Paztao p23tas p2il <) +13 — 17+ 123

@ Springer
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Table 9 Compound siphons, and their 7 relationship for the net in Fig. 5

Compound siphons Places n Relationship

$ D2, P4, P8, P10, P19, P20, P21, P22, P23, P24, P25, D265 P29 m=n17 + 120 - N19

$3 P4» P10> P18» P21, P22, P24> P25, P26 N3 =14+ 118

Ss P4, P9, P13, P19, P20, P21 P23, P24, P25, P26 N5 =niot Nie + 117

S6 P4, P9, P13, P18, P21, P24, P25, P26 ne =n10 +Mi6 + 118

S7 P4, P9, P13, P17: P21, P24, P26 N7 =110 *+ N6

S8 D4, P9, P12, P19, P20, P21, P23, P24, P25 ng =110 + N7

S P4, P9, P12, P18, P21, P24, P25 n9 =110 + 118

S11 P2, P4 P8, P10, P19, P20 P21, P22, P23, P25, P26 N =n+nie +n7

Si2 D2, P4, P8, P13, P19, P20, P21, P23, P25, D26 N2 =n16 + N17

S13 P2, P4, P8, P10> P18, P21 P22, P25, P26 n3 =n+nie+ns

S14 D2, P4, P8, P13, P18, P21, P25, P26 N4 =16 + N8

Sis D2, P4, P8, P10, P17, P21, P22, P26 ns =101+ 116

$21 D2, P4, P8, P13, P17, P21, P23, D26, P28 21 =119 + Nie

S22 P4, P9, P12, P17, P21, P23, P24, P23 122 =110 + N19

523 P2, P4, P8, P12, P18, P21, P23, P25, P28 123 = n18+ N19

S24 P2, P4, P8, P13 P18, P21, P23, P25, P26, P28 124 =116 + 118 + 119

$2s P4, P9, P13, P17, P21, P23, P24, P26, P28 125 =N10 + N16 + 119

$26 P4, P9, P12, P18, P21, P23, P25, P28 126 =N10 + N18 + N19

S27 P4, P9s P13, P18s P21, P23, P24, P25, P26 P28 127 =Nn10 + N16 + N8 + 119
S8 P4, P10> P17, P21, P22, P23, P26, P29 128 =04 + 120 - M1 - N6
$29 P4, P10, P18, P21, P22, P23, P25, P26, D29 729 = N4 +n18 + 120 - N1 - N6
$30 P4, P10, P19, P21, P22, P23, P25, P26, D29 130 = N4 +N17 + 120 - N1 - N6 - N19

Note that R(S2) = R(S17US20) = {R2, M} contains two
resource places, from which one can synthesize Basic Siphon
S19. Hence, R(S>) = S176 >0 is a weakly dependent siphon.
Also R(S>3) = R(S4 U Sy9) = {R2, R3, M4} contains three
resource places; one can synthesize two basic siphons Sig
and S1, accordingly. Thus, S12 in Theorem 4 is a 2-compound
siphon S15 (shown in Table 9 depending on Sy and S7) rather
than a basic siphon.

Similarly, Sy is also a weakly dependent SMS w.r.t. to S
and Sy, respectively. But it strongly depends on S»g and Syo.
Hence, Srg = S73 0 S19 = (S4 @ Sy0) 0 Si9, so is the structure
of the core subnet co9g = ¢33 0 c19 = (¢4 D ¢p9) 0 c19. All
S29, [S29] and mr9can be computed uniformly, much more
efficiently than the traditional way of finding out all SMS
and extracting elementary siphons. Finally, cy9 = (c40c17).
For strongly dependent siphons, the same formula also holds
except Si’j = [Si,j] =0Q,nij= 0,Vi # j.

Conclusion
In summary, we propose a new method to compute SMS
(strict minimal siphons), and uniform formulas to compute

SMS, their complementary sets and characteristic T-vectors
for both strongly and weakly n-compound siphons based on

@ Springer

the same underlying physics. We further propose to gener-
alize it to a compound siphon consisting of n basic siphons.
This helps to retain the formula in brain without consulting
the references and simplify the computation plus its imple-
mentation to reduce the lines of codes. Future work can be
directed to large SPR and more complicated systems.
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