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We consider the valuation of European quanto call options in an
incomplete market where the domestic and foreign forward inter-
est rates are allowed to exhibit regime shifts under the Heath–Jar-
row–Morton (HJM) framework, and the foreign price dynamics is
exogenously driven by a regime switching jump-diffusion model
with Markov-modulated Poisson processes. We derive closed-form
solutions for four different types of quanto call options, which
include: options struck in a foreign currency, a foreign equity call
struck in domestic currency, a foreign equity call option with a
guaranteed exchange rate, and an equity-linked foreign
exchange-rate call.
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1. Introduction

Recent works that consider alternative option pricing models have progressed in various
directions: Zumbach (2012) explores the valuation of options when discrete-time ARCH processes
mail.com

itching
0.1016/

http://dx.doi.org/10.1016/j.frl.2013.09.002
mailto:snchen@saif.sjtu.edu.cn
mailto:mhchiang@nccu.edu.tw
mailto:peng_nccu@hotmail.com
mailto:96352501@nccu.edu.tw
http://dx.doi.org/10.1016/j.frl.2013.09.002
http://www.sciencedirect.com/science/journal/15446123
http://www.elsevier.com/locate/frl
http://dx.doi.org/10.1016/j.frl.2013.09.002
http://dx.doi.org/10.1016/j.frl.2013.09.002


2 S.-N. Chen et al. / Finance Research Letters xxx (2013) xxx–xxx
drive the underlying asset prices; Xu et al. (2012) price vulnerable options under a continuous-time
jump-diffusion setting; Hsu and Chen (2012) investigate the valuation of exchange-rate barrier op-
tions when interest rates are driven by a Lévy process. In view of incorporating the regime switching
feature into the pricing model, Hamilton (1989) provides empirical evidence of business cycles under
a regime-shift model of hidden Markov chain, Elliott et al. (2003) propose a regime-switching Brown-
ian motion model with a Markov-modulated system that captures the volatilities-clustering feature.
Simonato (2011), on the other hand, computes American option prices under a lognormal jump-diffu-
sion setting based on a numerical approach.

In this research, the regime-switching feature is introduced two ways: one is based on the Markov-
modulated HJM (MMHJM) model of Valchev (2004) for interest rates, and the other via the regime
switching jump-diffusion model (RSJD) for foreign stock prices. Existing literature that incorporates
either discrete or continuous regime-shifts in model parameters includes Bansal and Zhou (2002),
who develop a term structure model in which the short rates and the market price of risk are subject
to discrete-time regime shifts, and Zhu (2011), who shows that regime shifts are able to explain the
predictability of excess returns.

When a financial market is incomplete, the pricing measure is not unique. In order to identify a
risk-neutral measure for derivatives pricing under an incomplete market, Gerber and Shiu (1994) pro-
pose the Esscher transform approach that characterizes the risk-neutral measure by moment-gener-
ation functions, and Husmann and Todorova (2011) apply the equilibrium approach of Jarrow and
Madan (1997) to the case of an incomplete lognormal market. In this paper, we adopt the regime-
switching Esscher transform proposed by that Elliott et al. (2005) to identify the risk-neutral measure
under which quanto call options can be priced.

Other approaches for options pricing that consider the presence of different sources of risk, such as
liquidity and credit, are also worth noting. Sample works in this category include Ku et al. (2012),
where the valuation framework of Leland (1985) in dealing with transaction costs is re-interpreted
as an option-pricing problem under an incomplete-market setting when liquidity risk is present; Jar-
row (2011), on the other hand, argues that asymmetric information structure in fact plays an impor-
tant role in the determination of credit market equilibrium, and hence affects the capital structure of a
firm.

Subsequent parts of this article are organized as follows: In Section 2, while the domestic and for-
eign forward interest rates are modeled by a MMHJM model, the exchange rate is assumed to follow a
geometric Brownian motion, and the foreign stock prices are specified by a RSJD model. In Section 3,
we use the regime-switching Esscher transform to construct a risk-neutral martingale measure. In
Section 4, we derive closed-form solutions for four types of quanto options. The final section concludes
our research findings.

2. Regime-switching model

In this section, we first specify the MMHJM model for the domestic and the foreign forward interest
rates, and we also specify the RSJD model that the foreign stock prices are assumed to follow.

2.1. Specifications of Markov chains

According to Elliott et al. (2005),4 we assume that the state space of Markov chain n is a set of two
states: I ¼ fe1; e2g ¼ fð1;0Þ; ð0;1Þg 2 R2, which implies respectively, a boom or a recession (good or bad
time) for the state of economy. A continuous-time Markov chain n has the transition matrix given as
below:
4 Elli
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marke
j.frl.20
PðtÞ ¼
p11ðtÞ 1� p11ðtÞ

1� p22ðtÞ p22ðtÞ

� �
: ð2:1Þ
ott et al. (2005) also establish the occupation time of the moment generating function for Markov chain n.
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A Markov-modulated Poisson process (MMPP), U(t), represents a particular class of doubly-sto-
chastic Poisson processes where the jump intensity is modulated by a Markov chain n(t). In particular,
we consider a set of nonnegative numbers fk1; k2g, where ki, i = 1, 2, denotes the intensity of the Pois-
son process when a Markov chain n(t) is at state ei at time t, i.e., ki ¼ ðk1; k2Þ � ei where the dot (�) de-
notes the scalar product. n(t) and U(t) can be defined by the joint probability,
Pijðn; tÞ ¼ RðUðtÞ ¼ n; nð0Þ ¼ ei; nðtÞ ¼ ejÞ. The moment-generating function of the joint probability ad-
mits a unique solution Pðu; tÞ such that, Pðu; tÞ ¼

P1
n¼0Pðn; tÞun ¼ exp½ðW� ð1� uÞKÞt�; where K rep-

resents the intensity matrix k1 0
0 k2

� �
(cf. Last and Brandt, 1995). The numerical method for

computing Pijðn; tÞ can be found in Abate and Whitt (1992).

2.2. Regime-switching HJM model for the forward interest rates

Let the regime-switching feature of interest rates be represented by a Markov chain nf where the
subscript f denotes for the forward interest rates with a two-state space Inf

¼ feg ; ehg
¼ fð1;0Þ; ð0;1Þg. We use the following notations for the Markov-modulated parameters in the HJM
model:
5 We
interest
tend to
away th
model
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aðt; T; nf ðtÞÞ ¼ ða1ðt; TÞ;a2ðt; TÞÞ � nf ðtÞ
and
vðt; T; nf ðtÞÞ ¼ ððv1;1ðt; TÞ;v1;2ðt; TÞÞ � nf ðtÞ; ðv2;1ðt; TÞ;v2;2ðt; TÞÞ
� nf ðtÞ; ððv3;1ðt; TÞ; v3;2ðt; TÞÞÞ � nf ðtÞÞ; ð2:2Þ
where (vm,1(t, T), vm,2(t, T)), m = 1, 2, and 3, represent, respectively, the volatility structures of short-,
mid- and long-term interest rates.

Following Valchev (2004), the dynamics of forward rates formulated by the MMHJM model under
the physical measure P is given by:
dfkðt;T; nf ðtÞÞ ¼ akðt; T; nf ðtÞÞ þ vkðt; T; nf ðtÞÞ � dWkðtÞ; ð2:3Þ
where WkðtÞ 2 Rn is a standard Brownian motion, k 2 fD; Fg denotes, respectively, a domestic or a for-
eign country.

The domestic and the foreign money market accounts are given by:
bkðt; nf ðtÞÞ ¼ exp
Z t

0
rkðu; nf ðuÞÞdu

� �
; k 2 fD; Fg; ð2:4Þ
where rk(u, n(u)) = fk(u, u, n(u)) is the spot interest rate.

2.3. Regime-switching jump diffusion model for stock prices and BSM for spot FX rate

Let SF(t) be the price of a foreign stock under the RSJD model, and X(t) the spot FX. The dynamics of
the spot-FX rate under the Black–Scholes framework is given by5:
dXðtÞ
Xðt�Þ ¼ lX dt þ rX � dWDðtÞ; Xð0Þ > 0; ð2:5Þ
under the physical measure P. Hence the price dynamics of SF(t) under the RSJD model is found to be:
dSFðtÞ
SFðt�Þ

¼ lF dt þ rF � dWFðtÞ þ ðexpðZnÞ � 1ÞdUFðt; nFÞ; SFð0Þ > 0; ð2:6Þ
expect that the FX rate should be subject to a (much) weaker regime-switching (RS) impact of the domestic and the foreign
rates (rD and rF). By interest rate parity X(T)/X(t)=(1 + rD)/(1 + rF), the RS effects of the numerator rD and the denominator rF

offset with each other, and hence resulting in (much) weaker RS associated with the FX rate X(T). In addition, by assuming
e RS of the FX rate, we avoid further mathematical complication, and thereby facilitating us to obtain a closed-form pricing

without losing its significance.
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where ll and rl, l 2 fF;Xg, are constants, and WkðtÞ 2 Rn, where k 2 fD; Fg, are, respectively, the
domestic or the foreign country. A foreign MMPP UF(t; nF) is used to model changes in the state of for-
eign economy. The jump term, (exp(Zn) � 1)dUF(t; nF), is a compound Poisson process. Zn, where
n = 1, 2, 3. . ., represents a sequence of mutually independent jump sizes. The jump size variable Zn

has a normal distribution with mean lF,J and variance r2
F;J . All random variables are assumed to be

mutually independent.

3. Risk-neutral Martingale measure via Esscher transform

In this section, a regime-switching Esscher transform is introduced and applied to the RSJD model
such that the price dynamic process becomes a martingale.

3.1. Regime-switching Esscher measure

The filtrations of the foreign assets and the spot-FX rate are denoted, respectively, by F SF
t and F X

t .
The filtration of hidden Markov chains nF _ nf is given by F nf _nF

T . The join filtration of the foreign assets
(or stocks), the FX rate, the foreign forward interest rates, and the hidden Markov chain nF _ nf is de-
noted by a r-algebra given by:
Please
marke
j.frl.20
HðtÞ ¼ rðF nf_nF

T _ F SF
t _ F X

t _ F
fk
t Þ:
Two families of regime-switching parameters for the Esscher transform are denoted, respectively,
by hCðu; nf ðuÞÞ and hJðnFðuÞÞ such that Q

ðhC ;hJ Þ � P on HðtÞ, and are given as follows:
hCðu; nf ðuÞÞ ¼ hC
1;1ðuÞ; h

C
1;2ðuÞ

� �
� nf ðuÞ; hC

2;1ðuÞ; h
C
2;2ðuÞ

� �
� nf ðuÞ; hC

3;1ðuÞ; h
C
3;2ðuÞ

� �
� nf ðuÞ

� �
;

where hJðnFðuÞÞ ¼ ðhJ
1; h

J
2Þ � nFðuÞ 8t 6 u 6 T 6 T .

The foreign regime-switching Esscher transform under the RSJD model takes the following defini-
tion: (cf. Bo et al., 2010)
dF;ðhC ;hJ Þ
Q

dP

�����
HðtÞ

¼
exp

R T
t hCðu;nf ðuÞÞ �dWFðuÞ

� �
E exp

R T
t hCðu;nf ðuÞÞ �dWFðuÞ

� ����HðtÞh i exp
R T

t hJðnFðuÞÞZu�dUFðu;nFÞ
� �

E exp
R T

t hJðnFðuÞÞZu�dUFðu;nFÞ
� ����HðtÞh i ð3:1Þ
The martingale condition for the foreign stock under the foreign martingale measure Q
F;ðhC ;hJ Þ, where

the superscript ‘‘F’’ indicates the foreign measure, is given as follows:

Theorem 1.
�
Z T

u
aFðu; s; nf ðuÞÞdsþ 1

2
�VFðu; T; nf ðuÞÞ þ rF þ hCðu; nf ðuÞÞ
		 		2

¼ 1
2
krFk2 þ 1

2
khCðu; nf ðuÞÞk2 � lF and

/FðhJðnFðuÞÞ þ 1Þ � /FðhJðnFðuÞÞÞ ¼ 0;

ð3:2Þ
where VFðu; T; nf ðuÞÞ ¼
R T

u rFðu; s; nf ðuÞÞds; 0 6 u 6 s 6 T 6 T , k�k denotes the norm in Rn, and
/FðuÞ ¼ E½expðuZnÞ� ¼ expðulF;J þ 1

2 u2rF;JÞ is the moment-generating function of the jump size variable.
Proof (See Appendix A). h

Let SQ ;F
F ðTÞ be the time T foreign-stock process discounted by the foreign money market account (bF

in (2.4)) under the foreign martingale measure QF;ðhC� ;h;J�Þ, and the superscript ‘‘Q, F’’ denotes for the for-
eign risk-neutral measure.
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The process SQ ;F
F ðTÞ can be represented as follows:
Please
marke
j.frl.20
SQ ;F
F ðTÞ ¼ SQ ;F

F ðtÞ exp
Z T

t
rFðu; nf ðuÞÞdu� 1

2

Z T

t
krFk2 duþ

Z T

t
rF � dWQ ;F

F ðuÞ
� �

� exp
Z T

t
ZQ ;F

u� dUQ ;F
F ðu; nFÞ

� �
; ð3:3Þ
where k�k denotes the Euclidean norm, WQ ;F
F ðuÞ is standard Brownian motion and ZQ ;F

u� is normally
distributed with mean � 1

2 r
2
F;J and variance r2

F;J . UQ ;F
F ðu; nFÞ therefore admits an new intensity matrix

KQ ;F
F given by:
KQ ;F
F ¼

kF;1/ðhJ�Þ 0

0 kF;2/ðhJ�Þ

" #
¼ KF exp �

l2
F;J

2r2
F;J

þ
r2

F;J

8

 !
:

In addition, under the risk-neutral measure Q
F;ðhC� ;h;J�Þ, the interest rate in SQ ;F

F ðTÞ is modulated by the
Markov chain nf, while the jump intensities of the SQ ;F

F ðTÞ are modulated by the Markov chain nF. Exist-
ing empirical studies, such as Bansal and Zhou (2002) and Estrella and Hardouvelis (1991), suggest
that interest rates are not only intimately related to business cycles, but also act as economic leading
indicators. In this research we see that the stock-price dynamics are influenced by the effects of re-
gime-switching interest rates via the Markov chain nf associated with the yield curve. This feature
is incorporated into the stock-price dynamics given in (3.3) to capture the changes in economic cycles.
This formulation is also supported by Harvey (1989) who shows that the bond market reveals more
information about future economic growth than the stock market.

4. Valuation of European quanto options

Without loss of generality, in the following we shall omit the superscript notation under the RSJD
model for the risk-neutral measure.

Some model parameters can be expressed explicitly in terms of the occupation times of the state of
Markov chain nf over the option duration [t, T].

That is:
Z T

t
V i;mðu; T; nf ðuÞÞdu ¼

Z T

t
V i;mðu; TÞ � nf ðuÞdu ¼

X2

h¼1

Z T

t
Vi;m;hðu; TÞuðdhÞddhðt; TÞ;
where i 2 fD; Fg, m = 1, 2, 3, and dh(t, T), h = 1, 2, denotes the two-state occupation time, and u(d1, d2)
denotes the joint probability distribution for the occupation times (d1(t, T), d2(t, T)), which can be
determined by its corresponding moment-generating function given in Elliott et al. (2005). Therefore,
the quanto call options under study CRS

w ðt; nf ;nÞ, w = 1,2,3,4, depend on the occupation times and jump
number (n).

For simplicity, the price notation CRS
w ðt; d1; d2;njHðtÞÞ is replaced by the notation CRS

w ðt; nf ; nÞ in the
pricing models given below. Then, with regime-switching of forward interest rates under the MMHJM
model, a European quanto call option can be expressed in terms of the occupation times given by
Theorem 2:

Theorem 2.
CwðtÞ ¼
X1
n¼0

X2

i

pnF
i Q �ijðT � t;nÞ

Z T

t

Z T

t
CRS

w ðt; d1; d2; nÞuðd1; d2Þdd1 dd2;
where pnF
i is the stationary state of Markov chain nF used as initial value.

Let T be an expiry date of an option and Kk, k 2 fD; Fg, be an exercise price. Four types of quanto call
options CRS

w ðt; nf ;nÞ, w = 1,2,3,4, are considered and given by the following four corollaries.
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As was observed by Reiner (1992), an investor often hedges against the currency exposure of his/
her foreign-stock investments by a large variety of options. In this following we provide closed-form
solutions for four different types of quanto options that suffice such hedging needs.

Corollary 1 (Options struck in a foreign currency). The domestic currency-denominated terminal payoff of
a foreign-equity call option stuck in foreign currency is given by:
Please
marke
j.frl.20
C1ðTÞ ¼ XðTÞðSFðTÞ � KFÞþ;
where the terminal payoff of a foreign-stock call option is converted into domestic currency at the spot ex-
change rate at expiry.

With the risk of jump and regime-switching interest rates, the arbitrage-free price of this European
quanto call option at time t is equal to
CRS
1 ðt; nf ;nÞ ¼ XðtÞ½SFðtÞ!ðd1;1Þ � KFBFðt; T; nf ðtÞÞ!ðd1;2Þ�; ð4:1Þ
where !ð�Þ is a cumulative normal distribution function,
d1;1 ¼
ln SF ðtÞ

KF BF ðt;T;nf ðtÞÞ

� �
þ 1

2

R T
t kf1ðu; T; nf ðuÞÞk2 duþ nr2

F;J

� �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiR T

t kf1ðu; T; nf ðuÞÞk2 duþ nr2
F;J

q

d1;2 ¼ d1;1 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiZ T

t
kf1ðu; T; nf ðuÞÞk2 þ nr2

F;J

s
; f1ðu; T; nf ðuÞÞ ¼ rF þ VFðu; T; nf ðuÞÞ;
and KF is the strike price in foreign currency (Proof: See Appendix B, Case 1).
Corollary 2 (A foreign equity call struck in domestic currency). An investor wishes to receive a positive
payoff from a foreign equity market, but would like the underlying foreign stock to be denominated in
domestic currency at expiry. The payoff of this type of European quanto call options at expiry T is given by:
C2ðTÞ ¼ ðXðTÞSFðTÞ � KDÞþ:
Then, with the risk of jump and regime-switching interest rates, the arbitrage-free price of this type of Euro-
pean quanto-call options at time t is equal to
CRS
2 ðt; nf ;nÞ ¼ XðtÞSFðtÞ!ðd2;1Þ � KDBDðt; T; nf ðtÞÞ!ðd2;2Þ ð4:2Þ
where
d2;1 ¼
ln XðtÞSF ðtÞ

KDBDðt;T;nf ðtÞÞ

� �
þ 1

2

R T
t kf2ðu; T; nf ðuÞÞk2 duþ nr2

F;J

� �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiR T

t kf2ðu; T; nf ðuÞÞk2 duþ nr2
F;J

q

d2;2 ¼ d2;1 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiZ T

t
kf2ðu; T; nf ðuÞÞk2 þ nr2

F;J

s
; f2ðu; T; nf ðuÞÞ ¼ rF þ rX þ VDðu; T; nf ðuÞÞ
and KD is the strike price in domestic currency (Proof: See Appendix B, Case 2).
Corollary 3 (A foreign equity call option with a guaranteed exchange rate). An investor wishes to capture
a positive payoff on his foreign equity investment, but also desires to eliminate all exchange-rate risk by
denominating the foreign payoff in domestic currency.

The payoff of this type of options at expiry T is given by:
C3ðTÞ ¼ vðSFðTÞ � KFÞþ;
where v is the pre-specified exchange rate with which the option’s payoff is converted into domestic
currency.
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With the risk of jump and regime-switching interest rates, the arbitrage-free price of the call option at
time t is equal to
Please
marke
j.frl.20
CRS
3 ðt;nf ;nÞ¼vBDðt;T;nf ðtÞÞ�

SFðtÞ
BFðt;T;nf ðtÞÞ

exp
Z T

t
f4ðu;T;nf ðtÞÞ�ð�VFðu;T;nf ðuÞÞ�rFÞdu

� �
!ðd3;1Þ�KF!ðd3;2Þ

� �
ð4:3Þ
where
d3;1 ¼
ln SF ðtÞ

KF BF ðt;T;nf ðtÞÞ

� �
�
R T

t f4ðu; T; nf ðuÞÞ � ðVFðu; T; nf ðtÞÞ þ rFÞdu
� �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiR T
t kf3ðu; T; nf ðuÞÞk2 duþ nr2

F;J

q

þ
1
2

R T
t kf3ðu; T; nf ðuÞÞk2 duþ nr2

F;J

� �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiR T

t kf3ðu; T; nf ðuÞÞk2 duþ nr2
F;J

q ; d3;2

¼ d3;1 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiZ T

t
kf3ðu; T; nf ðuÞÞk2 duþ nr2

F;J

s
;

and
f4ðu; T; nf ðuÞÞ ¼ rX � VFðu; T; nf ðuÞÞ þ VDðu; T; nf ðuÞÞ
f3(u, T, nf(u)) = rF + VF(u, T, nf(u)) (Proof: See Appendix B, Case 3).
Corollary 4 (An equity-linked foreign exchange-rate call). Finally, an investor wants to hold a foreign
stock whose payoff depends on the payoff of a foreign-exchange call option. The final payoff of this type
of quanto options is given by:
C4ðTÞ ¼ SFðTÞðXðTÞ � KDÞþ:
With the risk of jump and regime-switching interest rates, the arbitrage-free price of this quanto call option
at time t is equal to
CRS
4 ðt;nf ;nÞ¼SFðtÞ� XðtÞ!ðd4;1Þ�

BDðt;T;nf Þ
BFðt;T;nf Þ

KD exp
Z T

t
�ðrFþVFðu;T;nf ðuÞÞÞ�f4ðu;T;nf ðuÞÞdt

� �
!ðd4;2Þ

� �
; ð4:4Þ
where
d4;1 ¼
ln XðtÞ

KD

BF ðt;T;nf Þ
BDðt;T;nf Þ

� �
þ
R T

t ðVFðu; T; nf ðuÞÞ þ rFÞ � f4ðu; T; nf ðuÞÞduffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiR T
t kf4ðu; T; nf ðuÞÞk2 du

q þ
1
2

R T
t kf4ðu; T; nf ðuÞÞk2 du

� �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiR T

t kf4ðu; T; nf ðuÞÞk2 du
q ;

d4;2 ¼ d4;1 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiZ T

t
kf4ðu; T; nf ðuÞÞk2 du

s

(Proof: See Appendix B, Case4).
5. Conclusions

Through a regime-switching Brownian motion, we introduce regime shifts in the dynamics of zero-
coupon yields under a Markov-modulated HJM (MMHJM) market. In addition, the price dynamics of
foreign stocks are also allowed to exhibit regime shifts via the regime-switching jump diffusion (RSJD)
setting. We adopt the regime-switching Esscher transform proposed by Elliott et al. (2005) to
construct the risk-neutral measure under which the prices of quanto call options can be found. Our
research findings include explicit closed-form solutions for four different types of European quanto
call options.
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Appendix A. Appendix �2 3
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EFðhC� ;hJ�Þ½SFðtÞjHðuÞ� ¼ E SFðtÞ
dQ

Fðh
C� ;hJ� Þ

dP

�����HðuÞ4 5

¼ E
1

e
R t

u
rF ðs;nf ðsÞÞds

SFðuÞexp
Z t

u
lF ds�1

2

Z t

u
krFk2 dsþ

Z t

u
rF �dWFðsÞþ

Z t

u
Zs�dUFðs;nFÞ

� �"

�
exp

R t
u hCðs;nf ðsÞÞdWFðsÞþ

R t
u hJðnFðsÞÞZs�dUFðs;nFÞ

� �
E exp

R t
u hCðs;nf ðsÞÞ �dWFðsÞþ

R t
u hJðnFðsÞÞZs�dUFðs;nFÞ

� ����HðtÞh i
������HðuÞ

3
75¼ SFðuÞ
where 0 6 u 6 t 6 T .
The martingale condition under the risk-natural measure QDðhF;C� ;hF;J�Þ is given as follows:
E exp
Z t

0
�rFðs; nf ðsÞÞdsþ

Z t

0
½rS þ hCðs; nFðsÞÞ� � dWDðsÞ

� �����Hð0; tÞ
� �

¼ exp
1
2

Z t

0
krSk2 dsþ 1

2

Z t

0
khCðs; nf ðsÞÞk2 ds�

Z t

0
lF;J ds

� �
and hJ� ¼

�lF;J

r2
F;J

� 1
2
: ðA:1Þ
It implies Theorem 1.

A.1. Change of parameters under new measure

Considering Brownian motion only, we reduce the Esscher transform to Girsanov Theorem.
dWQ ;FðtÞ ¼ �hC� dt þ dWFðtÞ
where WQ ;FðtÞ is Brownian motion under the new measure QF;ðhC� ;hJ�Þ.
Next, we consider the jump term under the measure Q

F;ðhC� ;hJ�Þ.
dQF;hJ�

dP

�����
rðY¼1Þ

¼
exp

R t
u hJ�ZS� dUðsÞ

� �
E½exp

R t
u hJ�ZS� dUðsÞ

� ����HðuÞ� ¼
exp hJ�PN1ðt�uÞ

n¼1 Zn

� �
E½exp hJ�PN1ðt�uÞ

n¼1 Zn

� ����HðuÞ� :

Let u = 0

Case (1): nF(t) = 1
QF;hJ�
ðZ1 2 dz1; . . . ; Zm 2 dzm; N1ðtÞ ¼ mÞ ¼ expðhJ�Pm

n¼1ZnÞ
E exp hJ�Pm

n¼1Zn
� ���rðFS0 _ F nf

T Þ
h i � PðZ1 2 dz1; . . . ; Zm

2 dzm; N1ðtÞ ¼ mÞ ¼ expðhJ�Z1Þ
E½expðhJ�ZnÞ�

PðZ1 2 dz1Þ � � � � �
expðhJ�ZnÞ

E½expðhJ�ZnÞ�
PðZm

2 dzmÞ �
E½expðhJ�ZnÞ�

m

E½expðhJ�umm
n¼1ZnÞ

��rðFS0 _ F nf
T Þ�

PðN1ðtÞ ¼ mÞ:
We apply Girsanov Theorem to the term expðhJ�Z1Þ
E½expðhJ�ZnÞ�

PðZ1 2 dz1Þ.
Then,
E½expðhJ�
1 ZnÞ�

m

E exp hJ�
1

PN1ðsÞ
n¼1 Zn

� ����rðnFðtÞ¼1Þ
h iPðN1ðtÞ¼mÞ

¼ 1

E exp hJ�
1

PN1ðtÞ
n¼1 Zn

� ����rðnFðtÞ¼1Þ
h i expð�kF;1/ðhJ�

1 ÞtÞ
ðkF;1/ðhJ�

1 ÞtÞ
m

m!
expð�kF;1tÞ�expðkF;1/ðhJ�

1 ÞtÞ

¼ expð�kF;1/ðhJ�
1 ÞtÞ
ðkF;1/ðhJ�

1 ÞtÞ
m

m!
:
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Thus, it remains a Poisson density with kQ ;F
F;1 ¼ kF;1/ðhJ�

1 Þ under the measure Q
F;ðhC� ;hJ�Þ.

Case (2): n(t) = 2, the driving process is similar. Hence, we have a new jump intensity matrix

KQ ;F
F ¼

kQ ;F
F;1 0
0 kQ ;F

F;2

" #
of the MMPP. h

Appendix B. Appendix

Lemma B. The asset forward prices ST
F ðtÞ under the foreign forward martingale measure QT�;F can be

written as follows:
Please
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dST
F ðtÞ

ST
F ðt�Þ

¼ ðrF þ VFðt; T; nf ðtÞÞÞ � VFðt; T; nf ðtÞÞdt þ ðrF þ VFðt; T; nf ðtÞÞÞ � dWQ ;F
F þ ðexpðZQ ;F

n Þ

� 1ÞdUQ ;F
F ðt; nFÞ

¼ fFðt; T; nf ðtÞÞ � dWT
F þ ðexpðZQ ;k

n Þ � 1ÞdUQ ;F
F ðt; nFÞ; ðB:1Þ
where fFðt; T; nf ðtÞÞ ¼ rF þ VFðt; T; nf ðtÞÞ.
B.1. Case1: Options struck in a foreign currency

The arbitrage-free price of a European call option at time t equals
C1ðt; nf ;nÞ ¼ EQD
exp �

Z T

t
rDðu; nf ðuÞÞdu

� �
XðTÞðSFðTÞ � KFÞþ

����HðtÞ
� �

:

Proof.
C1ðt;nf ;nÞ¼ EQD

exp �
Z T

t
rDðu;nf ðuÞÞdu

� �
XðTÞðSFðTÞ�KFÞþ

����HðtÞ
� �

¼XðtÞED exp
Z T

t
ð�rFðu;nf ðuÞÞÞdu�1

2

Z T

t
krXk2 duþ

Z T

t
rX �dWDðuÞ

� �
ðSFðTÞ�KFÞþ

����HðtÞ
� �

¼XðtÞEDF;ðhC� ;hJ� Þ
exp

Z T

t
ð�rFðu;nf ðuÞÞÞdu

� �
ðSFðTÞ�KFÞþ

����HðtÞ
� �

;

C1ðt;n; nf Þ
BFðt; T; nf ðtÞÞ

¼ XðtÞEQF;ðhF;C� ;hF;J�Þ bFðt; nf ðtÞÞ
bFðT; nf ðTÞÞ

BFðT; T; nf ðTÞÞ
BFðt; T; nf ðtÞÞ

ðSFðTÞ � KFÞþ
����HðtÞ

� �

¼ XðtÞEQT;F;ðhC� ;hJ�Þ
ððSFðTÞ � KFÞþ

��HðtÞÞ
¼ XðtÞEQT;F;ðhF;C� ;hF;J�Þ SFðTÞ

BFðT; T; nf ðTÞÞ
� KF

� �þ����HðtÞ
� �

:

By using (B.1), we know ST
F ðtÞ under the foreign forward martingale measure Q

T�;F .
Hence, we obtain (4.1) h
B.2. Case 2: A foreign equity call stuck in domestic currency

The arbitrage-free price of a European call option at time t equals
C2ðt; nf ;nÞ ¼ EQD

exp �
Z T

t
rDðu; nf ðuÞÞdu

� �
ðXðTÞSFðTÞ � KDÞþ

����HðtÞ
� �

:
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Proof. Furthermore, the price of a foreign asset denominated in units of domestic currency is denoted
SF�;X�ðtÞ � XðtÞS�FðtÞ and given by
Please
marke
j.frl.20
SF�;X�ðTÞ ¼ SF�;X�ðtÞ exp
Z T

t
ðrDðu; nf ðuÞÞ � rF � rXÞdu� 1

2

Z T

t
krXk2 du� 1

2

Z T

t
krFk2 du

� �

� exp
Z T

t
ðrX þ rFÞdW�

DðuÞ
� �

exp
Z T

t
ZQ ;F

u� dUQ ;F
F ðu; nFÞ

� �
:

Their dynamics returns are given by:
dSF�;X�ðtÞ
SF�;X�ðt�Þ

¼ rDðt; nf ðtÞÞdt þ ðrX þ rFÞ � dW�
DðtÞ þ ðexpðZQ ;F

t� Þ � 1ÞdUQ ;F
F ðt; nFÞ ðB:2Þ

dBDðt; T; nf ðtÞÞ
BDðt; T; nf ðtÞÞ

¼ rDðt; nf ðtÞÞdt � VDðt; T; nf ðtÞÞ � dW�
DðtÞ ðB:3Þ
By using (B.2) and (B.3), we find the returns dynamics SF�;X�ðtÞ under forward measure
dSF�;X�ðtÞ=BDðt; T; nf ðtÞÞ
SF�;X�ðtÞ=BDðt; T; nf ðtÞÞ

¼ ðVDðt; T; nf ðtÞÞ þ rX þ rFÞ � dWT�
D ðtÞ þ ðexpðZQ ;F

t� Þ � 1ÞdUQ ;F
F ðt; nFÞ:
Hence C2ðt;nf ;nÞ
BDðt;T;nf ðtÞÞ

¼EQD bDðt;nf ðtÞÞ
bDðT;nf ðTÞÞ

BDðT;T;nf ðTÞÞ
BDðt;T;nf ðtÞÞ

ðXðTÞSFðTÞ� KDÞþ
� �

becomes C2ðt;nf ;nÞ
BDðt;T;nf ðtÞÞ

¼ EQT;D�
ððXðTÞSFðTÞ�KDÞþÞ.

Then, we can obtain (4.2). h
B.3. Case3: A guaranteed-exchange rate foreign equity call option

The arbitrage-free price of a European call option at time t equals
C3ðt; nf ;nÞ ¼ vEQD

exp �
Z T

t
rDðu; nf ðuÞÞdu

� �
ðSFðTÞ � KFÞþ

����HðtÞ
� �

:

Proof.
C3ðt; nf ;nÞ ¼ vEQD
exp �

Z T

t
rDðu; nf ðuÞÞdu

� �
ðSFðTÞ � KFÞþ

����HðtÞ
� �

C3ðt; nf ;nÞ
BDðt; T; nf ðtÞÞ

¼ vEQD bDðt; nf ðtÞÞ
bDðT; nf ðTÞÞ

BDðT; T; nf ðTÞÞ
BDðt; T; nf ðtÞÞ

ðSFðTÞ � KFÞþ
����HðtÞ

� �

¼ vEQT;D�
ðSFðTÞ � KFÞþ

��HðtÞ� �
¼ vEQT;D� SFðTÞ

BFðT; T; nf ðTÞÞ
� KF

� �þ����HðtÞ
� �
Clearly, the forward asset prices ST
F ðtÞ and the forward FX rate process XTðTÞ are martingale processes

under the forward martingale measures Q
T�;F . We find it useful to express the price of the underlying

foreign stock under the domestic measure QDðhC� ;hJ�Þ called S�FðtÞ. Hence, the dynamics of the foreign as-
set returns can be rewritten as given below:
dS�FðtÞ
S�Fðt�Þ

¼ rFðt; nf ðtÞÞdt þ rF � dWQ ;F
F ðtÞ þ expðZQ ;F

n Þ � 1
� �

dUQ ;F
F ðt; nFÞ

¼ rFðt; nf ðtÞÞdt � rFrX dt þ rF � dWQ ;X
D ðtÞ þ expðZQ ;F

n Þ � 1
� �

dUQ ;F
F ðt; nFÞ;
where WQ ;X
D ðtÞ is domestic Brownian motion of exchange rate, ZQ ;F

n � N � 1
2 r

2
F;J;r2

F;J

� �
.

Using Ito’s lemma, we find the dynamics of the foreign forward price under the domestic
martingale
cite this article in press as: Chen, S.-N., et al. Valuation of quanto options in a Markovian regime-switching
t: A Markov-modulated Gaussian HJM model. Finance Research Letters (2013), http://dx.doi.org/10.1016/
13.09.002

http://dx.doi.org/10.1016/j.frl.2013.09.002
http://dx.doi.org/10.1016/j.frl.2013.09.002


S.-N. Chen et al. / Finance Research Letters xxx (2013) xxx–xxx 11

Please
marke
j.frl.20
dFQ ;DðtÞ
FQ ;DðtÞ

¼ dðSQDF�
F ðtÞ=BQD

F ðt; T; nf ðtÞÞÞ
ðSQD

F ðtÞ=BQD
F ðt; T; nf ðtÞÞÞ

¼ ðrF þ VFðt; T; nf ðtÞÞÞ � dWQ ;D
D ðtÞ þ ðVFðt; T; nf ðtÞÞ � rXÞ � ðrF þ VFðt; T; nf ðtÞÞÞdt

þ ðexpðZQ ;F
t� Þ � 1ÞdUQ ;F

F ðt; nFÞ
Consequently, under the domestic forward measure, we
dWT
DðtÞ ¼ dWQ ;D

D ðtÞ þ VDðt; T; nf ðtÞÞdt
Hence,
dFT�
D ðtÞ

FT�
D ðtÞ

¼ ðrF þ VFðt; T; nf ðtÞÞÞ � dWT
DðtÞ þ ðrF þ VFðt; T; nf ðtÞÞÞ � ð�rX þ VFðt; T; nf ðtÞÞ

� VDðt; T; nf ðtÞÞÞdt þ ðexpðZQ ;F
t� Þ � 1ÞdUQ ;F

F ðt; nFÞ;

dFT�
D ðtÞ

FT�
D ðtÞ

¼ ðrF þ VFðt; T; nf ðtÞÞÞ � dWT
D � ðrF þ VFðt; T; nf ðtÞÞÞ � f4ðt; TÞdt þ ðexpðZQ ;F

t� Þ

� 1ÞdUQ ;F
F ðt; nFÞ;
where f4ðu; T; nf ðuÞÞ ¼ rX � VFðu; T; nf ðuÞÞ þ VDðu; T; nf ðuÞÞ
C3ðT; nf ;nÞ ¼ vBDðt; T; nf ðtÞÞEQT;D�
ðFT�

D ðTÞ � KFÞþ
���HðtÞ� �

C3ðt;nf Þ¼vBDðt;T;nf ðtÞÞ
SFðtÞ

BFðt;T;nf ðtÞÞ
exp

Z T

t
f4ðt;T;nf ðtÞÞ � ð�VFðt;T;nf ðtÞÞ�rFÞdu

� �
!ðd3;1Þ�KF!ðd3;2Þ

� �
:

Then, we obtain (4.3) h
B.4. Case 4: An equity-linked foreign exchange call

The arbitrage-free price of a European call option at time t equals
C4ðt; nf ;nÞ ¼ EQD

exp �
Z T

t
rDðu; nf ðuÞÞdu

� �
SFðTÞðXðTÞ � KDÞþ

����HðtÞ
� �
Proof.
C4ðt; nf ;nÞ
BDðt; T; nf ðtÞÞ

¼ EQD bDðt; nf ðtÞÞ
bDðT; nf ðTÞÞ

BDðT; T; nf ðTÞÞ
BDðt; T; nf ðtÞÞ

SFðTÞðXðTÞ � KDÞþ
����HðtÞ

� �
C4ðt; nf ;nÞ

BDðt; T; nf ðtÞÞ

¼ EQT;D�
ðSFðTÞðXðTÞ � KDÞþ

��HðtÞÞ; ðB:4Þ
Consider foreign stock and bond under domestic measure
SQ ;D
F ðTÞ¼ SQ ;D

F ðtÞexp
Z T

t
ðrFðu;nf ðuÞÞ�rF �rXÞdu�1

2

Z T

t
krFk2 duþ

Z T

t
rF �dWQ ;D

D ðuÞþ
Z T

t
ZQ ;F

u� dUQ ;F
F ðu;nFÞ

� �
dBFðt;T:nf ðtÞÞ
BF ðt;T;nf ðtÞÞ

¼ ½rFðt;nf ðtÞÞþrX �VFðt;T;nf ðtÞÞ�dt�VF ðt;T;nf ðtÞÞ �dWQ ;D
D ðtÞ
Here, the dynamics SQ ;D
F under forward measure associated with SQ ;D

F
BF

as follows:
dGT�
D ðtÞ

GT�
D ðtÞ

¼ ðrF þVFðt;T;nf ðtÞÞÞdWT
DðtÞ�ðrF þVFðt;T;nf ðtÞÞÞ � f4ðt;T;XðtÞÞdtþðexpðZQ ;F

t� Þ�1ÞdUQ ;F
F ðt;nFÞ:
Hence the (B.4) becomes
C4ðt; nf ;nÞ
BDðt; TÞ

1
GT�

D ðtÞ
¼ EQT�;D� GT�

D ðTÞ
GT�

D ðtÞ
ðXðTÞ � KDÞþ

�����HðtÞ
 !

:
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Under the measure Q
T�;F , we have the following exchange rate
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dXTðtÞ
XTðtÞ

¼ f4ðt; T; nf ðtÞÞdWT
DðtÞ;
where f4ðt; T; nf ðtÞÞ ¼ rX � VFðt; T; nf ðtÞÞ þ VDðt; T; nf ðtÞÞ under the measure associated with GT�
D ðTÞ; the

dynamics of exchange rate is given blow:
dXTðtÞ
XTðtÞ

¼ f4ðt; T; nf ðtÞÞðdWT
F þ ðrF þ VFðt; T; nf ðtÞÞÞdtÞ
Hence,
C4ðtÞ
BDðt; T; nf ðtÞÞ

1
GðtÞ ¼ exp

Z T

t
�ðrF þ VFðu; T; nf ðuÞÞÞ � f4ðu; T; nf ðuÞÞdu

� �

� EQT�;F
ðXðTÞ � KDÞþ

��HðtÞ� �

Hence the call as follows:
C4ð; tnf ;nÞ ¼ BDðt; T; nf ðtÞÞ
SQD

F ðtÞ
BQD

F ðt; T; nf ðtÞÞ

� EQT�;F
ðXðTÞ � KD exp

Z T

t
�ðrF þ VFðu; T; nf ðuÞÞÞ � f4ðu; T; nf ðuÞÞdu

� �
Þ
þ�����HðtÞ

 !

C4ðt;nf ;nÞ¼ SFðtÞ XðtÞ!ðd4;1Þ�
BDðt;T;nf ðtÞÞ
BFðt;T;nf ðtÞÞ

KD exp
Z T

t
�ðrF þVFðu;T;nf ðuÞÞÞf4ðu;T;nf ðuÞÞdu

� �
!ðd4;2Þ

� �
Then, we obtain (4.4) h
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