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Abstract

In this paper, we study a C;/C,,/1/N open queueing system with finite capacity. We investigate the property which
shows that a product of the Laplace Stieltjes Transforms of interarrival and service times distributions satisfies an equation
of a simple form. According to this equation, we present that the stationary probabilities on the unboundary states can be
written as a linear combination of vector product-forms. Each component of these products is expressed in terms of roots
of an associated characteristic polynomial. As a result, we carry out an algorithm for solving stationary probabilities in
Ci/C,,/1/N systems, which is independent of N, hence greatly reducing the computational complexity.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction

We consider a C;/C,,/1/N open queueing model which restrains a finite number of customers in the system,
assuming that both interarrival and service times are Coxian distributions with k and m phases respectively.
There is only one server in the system. Customers are served under the First-come First-served (FCFS) disci-
pline. In this paper, our goal is to explore an invariant solution structure arising in the model where a vector
expression of stationary probability distributions is apparent in system states by using the matrix analytic
method.

Matrix analytic methods have proved useful in the study of Markov chains of phase-type distributions, pro-
viding a solution tool which is relevant for queueing theory and computing probability distributions in many
applications. A fundamental idea is to substitute independent identical distributions by conditional indepen-
dence and conditional distributions given a Markov process. In a specific example, it can be viewed as a sys-
tematic approach to generalization in modelling of bursty traffic in telecommunication networks. Le Boudec
[1] obtained an expression of the stationary probabilities of PH/PH/1 by using this approach. He showed that
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all the eigenvectors used in the expression of the stationary probabilities of PH/PH/1 system are Kronecker
products and gave a formula for computing eigenvalues by constructing an associated characteristic polyno-
mial. Luh [2] used a similar approach to derive stationary probabilities in terms of linear combinations of
product-forms in studying a system of two stations in tandem. In this paper, we shall prove a general result
of existence of vector product-forms of C,/C,,/1/N which was provided neither in [1] nor in [2].

This method requires finding all singularities of a given matrix function in the unit disk and then using them
to obtain a set of linear equations in the finite number of unknown boundary probabilities. The remaining
probabilities and other measures of interest are then computed from the boundary probabilities. Based on
our approach, unboundary state probabilities can be written as a linear combination of vector product-forms.
Moreover, the solution procedure is independent of N, explicitly reducing the computational complexity of
solving a complicated problem in quasi-birth—death (QBD) processes. We adopt a popular factorization pro-
cedure in algorithm for solving stationary probabilities and calculating the performance of Cy/C,,/1/N system.

The remainder of this paper is organized as follows. In Section 2, we show that in analysis how the detailed
state transitions are defined. We prove that the Laplace Stieltjes Transforms (LST) of interarrival and service
times distributions may satisfy an equation derived from unboundary states of the state balance equations.
The proof includes derivation of a characteristic polynomial and solutions of unboundary state probabilities.
In Section 3, we present that unboundary state probabilities can be written in vector product-forms and show
that the stationary probabilities on the unboundary states can be written as a linear combination of vector
product-forms. For solving complicated numerical problems, we use the least square approach for solving sta-
tionary probabilities and calculating the performance of a C;/C,,,/1/N system. We give an example to illustrate
our approach in Section 4. In Section 5, we draw some conclusions and make recommendations for further
investigation.

2. Analysis of state balance equations
2.1. Interarrival and service times

We consider a C,/C,,,/1/N open queueing system containing a finite number of customers which is denoted
by N. There is one server and service discipline is First-come-First-served. We assume that both interarrival
and service times are Coxian as defined in the following. Assume that both interarrival and service times are of
phase type with the parameters & and m for the number of phases respectively. The length of phase j is expo-
nentially distributed with a given rate A;. After phase j, j=1,2,...,k, the interarrival time comes to an end
with probability p;, and it enters the next phase with probability 1 — p;. Obviously, set p; = 1 for the last phase.
The LST of the probability distribution function (DF) of the interarrival times is

where we define H8:1 (-) = 1. A similar characterization of distribution is defined for the service time, except
that the symbols x; and ¢;, j = 1,2,...,m take the place of 4; and p;. f; (x) denotes the LST of the service times
with ¢,,, = 1. Denote by p the utilization factor in system which is written as a fraction of derivatives of f*(x) at
x =0, namely,

_73(0)
P o)

The system state is denoted as (n,r,i), where n is the number of customers in service and in the waiting
room, 0 <n < N, and r (resp. i) is the phase of the interarrival time (resp. the service time), 1 <r <k (1 <
i<m). If n=0, a state is denoted by (0,r,0) since the server is idle. The states with 1 <n < N are called
unboundary states. The states with » =0 and n = N are called boundary states. The probabilities of state
(n,r,7) are denoted as y,,, ;.
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2.2. The state balance equations

By considering all possible state transitions in the system, we write the following state balance equations of
the system according to its system states:

1.n=0,r=1,...,k,i=0

yO,r,O{/lV} = Z Hig iy, + -1 (1 *Pr—l)yo,r—l,o,
—1

J

2.1<n<N
@ r=1,i=1
k m
Vorath + )} = Z;‘lplyn—lil.l + Z:ujqjyn+l41,j' (2.1)
=1 =
b)) r=1i=2,...,m
k
Voritd + 1} = Z}“/plyn—l,l,i i (L =g 1)Vurio1- (2.2)

=1

m

yn,r,l{/lr + :ul} = j‘l’*l(l _pr—l)yn,r—l,l + Zﬂjq/'yn+l,r,j' (23)

j=1
(d) r=2,...,k,i=2,....m
yn,r,i{/lr + :ut} = ;“"—1(1 _prfl)yn,rfl,i + ﬂi71(1 - qi*l)yn‘nifl‘ (24)

3. n=N
(@) r=1,i=1,...,m

k
YAl =p)a + i} = Z)vlplnyl,l,i i (1 =g ) vy
=1

b)) r=2,....k—1,i=1,....m
WAL =p) A+ 1} = 2ot (L= po )y pmry + st (1= @iy Vy i1
(c) r=k,i=1,....,m

Ynaitti} = (U =pvwic (U =g )y s

We define the values of y 0, yoo,and o, tobeOfori=2,...,maswellasy,,;,=0,n> N, and y, o =0,
n>0. In addition, we set 2o = 0, and o1 = yo.0-

2.2.1. Separation of variables technique

Initially, we consider the equations of unboundary states from (2.1)—(2.4). We use a familiar technique from
the theory of partial differential equations, the separation of variables technique [3]. We assume that the
unboundary state probabilities are of the form:

Vuri =D:RW' 1 <n<N.

We need to determine D,, R;, and w. There will be several values for w, which lead to different D, and R;. These
values can be substituted into (2.1)~(2.4)
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For1<n<N,

Qa) r=1,i=1

k m
{4 + W }DIRW" = Z JipDIRyw' ! + Xz,u_/qulew’”rl
=1 =1

2b)r=1,i=2,...,m

k
{/11 + ,Ui}DlRﬂ/V” = Z/llplDlRiW’171 + ,Lli_l(l — qifl)DlRilen-
=1

2¢) r=2,...,k i=1

{4+ w}}D.RW' = 4,11 —p,_)D,_ 1 Riw" + Z ,L(iqu,ij"+l

Jj=1
RQd)yr=2,....k,i=2,....m
{4 + 1w} DRwW" = 2,1 (1 = p,_) Dy RW" + i (1 = g, )DrRiy W
Therefore, there exists a constant x, which is independent of r and 7, such that
4Dy — Ay (1 = poy)Dry = Hi (1 — g )Ry — ﬂiRi_

D, R;
By induction of (2.8) on r, we find that

D, =D, =D =1,...,k
H x+}l+] lu(xvr)v r ) s Iy

(1=
where u(x, )2/ (x?il)lﬂl, and
o

- (1 - qj).“j

Mjpr — X

Ri:Rl :va(x,i), = 1,...,m,

j=1
. 1—qg)u.
where v(x, i)é]_[;ll ﬂ
Hjpp — X
Lemma 1. The relation between x and w is given by

k

pr lipl)/hl *
Zx L,H X+ =i (),

Proof. Multiplying (2.5) by D,/D;, we have that

k
n 1 n n Dl n—
t (1 =g, | )D,Ri W' = JyD,RW" + ,D.R;w" — E]:] /llp,D—lD,Riw !

Substituting (2.9) to (2.7), and dividing by Rw" ' D,, it can be written as

err - }vr—l(l _prfl)Dr—l ) ) d ) Dl
— Al | W= — AP~
(=5 2P,

From (2.8), we have

k D,
(—=x—=A)w= —;AIp,D—I.
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Dividing by (—x — 4;), we obtain

r—1

k k k r—1
Jp, Dy D, X+ A, (I =p)i D (I=p)lrx+2,
= L= . ¢ = . =filx). O
W ;x—&—ﬂ,]D] ;x—kmx—kmg X+ A ;x—l—/bg x+A4 x+ A S ()

Theorem 1. If f*(x) and f5(x) are LST of DF of the interarrival times and the service times, then we have the
equation:

Ji)f5(=x) = L.
Proof. By having (2.7) divided by w", we give

W (1 —¢q,_)D,Ri_y — wD,R; = A.D,R; — 2, _y(1 — p,_|)D,_1\R;, i=2,...,m. (2.10)
Again, by making (2.6) divided by w", it yields

Z,L(jquerW — ,l.tlDrRl = ;\'rDrRl — /lrfl(l _P,;])Dr—lRl- (21 1)

=1
Dividing (2.10) by R,, we obtain

Ri
(1—g. D=L
Iulfl( ql*l) Ri

Dividing (2.11) by Ry, we find

— wD, = /D, — jr_1(1 = p, )D,1. (2.12)

ZM,% W D, = 4,Dy = 2y-1(1 = p,_y) Dy (2.13)
Comblmng (2.12) and (2.13), we find that

iy (1 =g )D—— R’ - D, = Zﬂ,qj W D, (2.14)
Rearranging (2.14) and dividing it by D,, we have

1 “ R
g (1 — qi—l)Ri—IE Wt = Z“ﬂ/R_]W
i j=1

Therefore it produces

tioi(1 =g )Ry — wR; . Zm 1
Ri +,u1 = — ‘Ll/qujR—IW
From (2.8), we have

Z;lzlﬂquR./
(=x 4+ u)Ry’

which implies

1=w

m » i—1 1=ag)u.
1 —— :utqt H ( qj)'u_l
—X + H; —X + ,uj

Y

i=1

=1
and
ST f(—=x) =1 O

Now, we need to determine the number of roots that satisfy the equation in Theorem 1. Here, we state the
main theorem.
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Theorem 2. The equation f; (x)f; (—x) =1 has t roots except x = 0. If p <1, t equals m and the equation has m
roots with positive real parts. If p > 1, t equals k and the equation has k roots with negative real parts. If p = 1, it
is indeterminate.

In order to prove the theorem, we first state Rouché’s theorem:

Rouché’s theorem: Let C be a “scroc”, and let ¢(z) be a function which is meromorphic in C* where there is
neither zeros nor poles on C. Suppose that ¢(x) can be written as the sum of two function meromorphic in
C', &(z) =o(z) +V(z), such that ¢(z) # 0. Further, suppose that |p(z)| > [(z)lon C. Then the change in
the argument of ¢(z) when z describes C is the same as the change in the argument of ¢(z), and the difference
between the number of zeros, Z, and the number of pole, P, is the same for both functions: Zy — Py =Z, — P

Proof of Theorem 2

@

Case 1: To show that if p <1, r equals m and the equation has m solutions with positive real parts.Let
o(x) =1, y(x) = f7(x)f5(—x), d(x) =1 —(x) =1 — f;7(x)f; (—x), and define Q_, as the path in the
x-plane as shown in Fig. 1. We restrict ourselves to € small enough and r large enough for all roots
of f7(x)f5(—x) = 1 with positive real part of a line segment inside Q. ,. If we can prove that |(z)| <1
on Q. ,, then we have Z, — P4 =0, equivalently Z, = P,4. Because ¢(x) has m poles with positive real
parts, it implies that it also has m zeros with positive real parts.

L. |x|=r, r— oo.
Then limjy_..f; (x) = 0 and limy_ /5 (—x) = 0. Thus, for large enough values of r, we have
WE) = 1 (f (=] < 1. 2.15)
2. Re{x} =e.

Consider fi(x) and f>(—x), i.e., the probability density functions of the interarrival and service
times. If Re{x} <u=min{u,po,..., 1.}, then we have

Fi(=x) = /0 " e () dt < +oo.

Moreover, we have that

= [ e

< /0 |1 (£) dt = /0 e hi(f)dr, et Refx} = s = £2(s),

0 Rejx}

Fig. 1. p<1.
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and

5 (=) < Uf5 (=9)l-

Hence, it implies that

T )5 (=)l <7 (8)f5 (=) (2.16)
By assumption of the utilization factor p <1, we have f”f(O) — f3(0) < 0. It is easy to show that the
derivative at s =0 of f;(s)f; (—s) is given by f;(0) — f%(0), whose value is less than 0. Because

Y(0) = 1 and ¥'(0) <0, y(x) is a decreasing function and its value is less than 1 when x — 0".There-
fore, for € small enough and 0 <s <e, we have 0 < f;(s)f5(—s) < 1. By (2.16), we have

Re{x} =€ — [y(2)| = [/7 (0)f7 (=x)] < 1 (2.17)

By (2.15) and (2.17), we have prove that |(z)| <1 on €,. By Rouche’s theorem, it has m zeros with
positive real parts since ¢(x) has m poles with positive real parts. It completes the first part of the
proof.
To show that if p > 1, ¢ equals k and the equation has ¢ solutions with negative real parts.Let ¢(x) =1,
v(x) = f1(x)f5(=x), p(x) =1 —y(x) =1 — f7(x)f; (—x), and define Q__, as the path in the x-plane as
shown in Fig. 2. We restrict ourselves to e small enough and r large enough for all roots of
S (x)f5(—x) = 1 with negative real part of a line segment inside Q_. . If we can prove that |y(z)| <1
on Q_.,, then we have Z;, — P, = 0, equivalently, Z, = P,. Because ¢(x) has k poles with negative
real parts, it implies that it also has k zeros with negative parts.
L. |x|=r,r— oo.

Then limjy_..f;"(x) = 0 and lim;_ /5 (—x) = 0. Thus, for large enough values of r, we have

W (2)l = 7 ()f7 (=) < 1. (2.18)
2. Re{x} =e.

We have that with a similar argument in case 1

Ly @)f5 (=) < f7(9)f5 (=) (2.19)

Now, by the assumption of the utilization factor p > 1, we have 1 (0) — 73(0) > 0. It is easy to show
that the derivative at s =0 of f{(s)f;(—s) is given by f7(0) — f%(0) > 0. Because y(0) =1 and
Y'(0) > 0, Y(x) is increasing function and less than 1 when x — 0~. Therefore, for —e small enough

and —e <5 <0, we have 0 < f}(s)f5(—s) < 1. By (2.19), we have
Re{x} = —e = ()| = [/ (0)f5 (—x) < 1. (2.20)

Imjx}

-
C

Relx}

Fig. 2. p> 1.
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By (2.18) and (2.20), we prove that [(z)| <1 on Q__,. By Rouche’s theorem and ¢(x) has k poles with neg-
ative real parts, it also has k zeros with negative real parts. However, when p = 1, the zeros may located at
either the positive side or the negative side of the plane. [J

Note that & is the number of phases of the arrival process and m is the number of phases of the service time.
For the finite capacity system, a steady state exists if the utilization factor p > 1. It shows that the solution will
take the positive halfplanes in this case. However, if p =1, it may take either side of the plane because the
solution alternates.

3. A model with matrix forms
3.1. Assumptions and problem description

Let PH(B;,S,) be a Coxian distribution i = 1 and 2 with respect to interarrival time and service time distri-
butions. They may be presented by an initial probability vector (f;,0) and transition rate matrix

|:Si 3’:}
0 0]
Denote by e’ a column vector of all entries equal to 1 with an appropriate dimension of its multiplier. v/ is a
column vector such that S;e’ + y; = 0. Note that the representation (f,,S;) fully characterizes a phase-type dis-
tribution (see [4]).

By a matrix representation, it is well known that f;*(x) may be written as

Si@) =BGl =S) 'y,
where I, i = 1,2, denote identity matrices with dimension of k& and m respectively. Similarly, f5(x) is written as
£3(x) = By (xTh — S5) ™',

Following a similar discussion in Liefvoort [5], we define

E_(Yﬁﬁz /Sl >
S b

Assumption 1. y.B; + S; is irreducible, or equivalently —ﬁiSfl >0,i=1,2.

Assumption 2. All eigenvalues of E are simple.

It was proved that a zero of /] (x)f;"(—x) = 1 is also an eigenvalue of E in [5]. Those solutions are in term
related to the construction of vector product-forms in stationary distributions of states in system. These
assumptions are necessary to construct the product-form solutions in the model.

3.2. Matrix of transition rates

We arrange the states (#,r, i) in lexicographic order and partition of the state space according to the number
of customers, n. For a fixed n the state can be lexicographically ordered in accord with phase r and i. Let
Ly={(nr,)|1<r<k 1<i<m},n=0,1,2,...,N. &, is defined as sets of unboundary states, 1 <n <
N. %, and ¥y are defined as sets of boundary states. Denote by y the row-vector of stationary probability
partitioned corresponding to %, as: y = (Yo,¥1,---,Yn) Where y, is a row-vector indicating » customers in
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system. Define Q the transition rate matrix of the chain according to the arrangement of #,. Then Q is of the
block-tridiagonal form and written as

Lo L1 Ly - LnoLyn-1 Ly )

Lo [ By Ay
L c, B A
Lo C B A
Q= : N
Ln_o C B A
Ln_1 C B A
Ly C B;

The submatrices could be written as Kronecker product and Kronecker sum whose operations were defined in
Bellman [6] and denoted by ® and @, respectively. They are expressed by

Ay =78 ®B,, Bo=Sy, Co=L®y,
A=y L, B=S &S, C =1 27p,, (3.1)
B =(Si+R)®S,,

where R, is a matrix with diag[y,72,73,...,7] and y;, j=1,2,...,k, are elements of —S;e’.
For the state balance equations yQ = 0 and the normalization condition ye’ =1, we give the following
equations:
YoBo +y,Co =0, (3.2)
YoAo +y,B+y,C =0, (3.3)
yn—lA+ynB+yn+1C:07 2< n gN* 17 (34)
Yy 1A+yyBi =0, (3.5)
ye' = 1. (3.6)

It is easy to rewrite the balance equations by substituting equations in (3.1) into (3.2)—(3.5). It yields

YoSi1 +y; (L ®y,) =0, (3.7)
Yo B @ By) +¥i(S1 ©S2) +y,(Li @ 9,8,) =0, (3.8)
Yooi B O L) +y,(S1®8:) +y, (L @pp) =0, 2<n<N-1, (3.9)
Yv-1(Bi @ L) +yy((S1 +R) &S,) = 0. (3.10)

3.3. Vector product-form solutions

In this section, our intention is to construct a solution basis that will solve the system of general equation
(3.9) for 2 < n < N — 1. With this purpose, we define a vector product-form solution.

According to Assumption 2 and Theorem 2, let x; be a simple root of f}*(x)f;(—x) =1, s=1,...,¢ and set
ws = fi(x;), for wy # 0. Given x,, we define u, and v, as follows:

u, = a (), (S —x0,) 7, (3.11)

v, = ax(s) By (Ss + x,00) . (3.12)
where a;(s), ay(s) are constants such that u, ¢’ = vie’ = 1. Simply, set

ai(s) = N a(s) = B for w, £ 1.

w,— 1’ W, —
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We explain it in the following. For any given s, rewriting (3.11) and multiplying it by e’, we have
uSie’ = a;(s)B,€ +xu€ = ai(s)f;(x,) = ai(s) + x,,

implying a;(s) = xy/(wy — 1).
From (3.11) and (3.12), we can easily derive

/ 5 / s ar(s
uSie’ = a () f7 (x5) = ar(s)ws, v,S2e’ = ar(s)f5(—x;) = 15 ) .
Since there are ¢ solutions, we define s=1,2,...,1¢,
W, =W (u,QV,), 2<n<N-1, (3.13)

where u, € C*, v, € C", and w € C.

Lemma 2. Given x,, Wy, satisfies Eq. (3.9).

Proof. Inserting (3.13) into (3.9) divided by w”, it becomes

(w3508~ {5 ) SR @ L) w0 v @ ) |

S

1
=u,S; @V, +u;, @V,S,; — {W (0, @) (S1€'B, L) + wy(u, @ v) () ® Sze’ﬁz)}

N

= a1(s)B @V +u, ® ax(s) B, — { L w9 v)(Si€B, @ 1)+ (w0 v (1 @ Sze’ﬂz)}

Wy

— (B, ® Ve + axls)u, @ By — {Wi (@ suy )+ (20 /:2) }

s s

Hence it balances Eq. (3.9). O

Now any linear combination of w;,, 2 <n < N — 1 obviously satisfies the balance equation (3.9). Let
t
Y= W ¢ €C, (3.14)
s=1

where c, is the coeflicients with respect to w,_,. Since the system is stable, at least one of the coefficient ¢, must
be nonzero. Thus, for an appropriate choice of ¢, y, presents for unboundary state probabilities.

4. The numerical method
4.1. Boundary state probabilities

In this section, we are going to present a numerical method to solve boundary stationary probabilities, i.e.,
Yo, Y as well as y;. Note yj is a k-dimensional vector, y; and yy are km-dimensional vectors.

Let ¢ =(cy,¢a,...,¢;) where ¢t depends on the condition of p. If p =1, we may choose t = max{k,m}. It is
easy to check that S; and B, are invertible. Let y, = —y,C,S;" and y, = —yy_;AB;" derived directly from
(3.2) and (3.5). By adopting (3.14) and rewriting (3.3) and (3.4), we have

YoAo +y,B — G, =0, (4.1
Yv_A +yy_B—yy_ AB'C =0,

where G| and G, are defined in accord with the coefficients derived from Egs. (3.3) and (3.4) at n=N — 1
respectively.



930 H. Luh, H.-Y. Wang | Applied Mathematical Modelling 31 (2007) 920-933

éh(l)lll
a2(2)112
G, = ) (24 ﬂz.
az(t)u,
Rewriting (4.1) and (4.2), we have
yi[B — (e}B, ® S:€3$,)] — ¢G; = 0, (4.3)
C(G] + GQBIIC) = 0,
where
a (I)Vl
a (2)V2
G2 - ﬁl ®
a(t)v,
Rewriting (3.6), we give
i€ 4 (S;'e @ Sse))] +¢Gs + WV 'G,B; e’ = 1, (4.5)
where
r 7WN’2 7
wi (llfvlvl )
—WN’2
e (1175% )

G3 )

(1 7w,"v’2)
1—w, A

t

and W = diag[w,w»,...,w,]. Combining with (4.5), (4.3) and (4.4), we build up a nonhomogeneous system of
linear equations.

In addition to ¢, there are ¢ + km unknowns in the equations. Total number of equations are 2km + 1 which
is greater than number of unknowns. Instead of solving it by Gauss Elimination, the solution of this problem
may be obtained by using some other numerical methods. For example, we introduce the least square algo-
rithm method to find the solution.

4.2. The system of linear equations

Here, we are interested in only finitely many of equations and showing an efficient solution procedure in
this section as a summary of discussion previously. To our best knowledge, most of methods discussed in
the queueing theory focus on solving state-balanced equations with infinite number of variables, such as
matrix—geometric methods in [4] and matrix analytic methods in [1]. For solving a system of finite number
of equations and variables, one may use a popular computing software MATLAB for this purpose since there
is a large class of numerical methods which covers a system of simultaneous equations of this kind. Although a
numerical issue is beyond the scope of this paper, an illustrative example is given in next section to compare
numerical results obtained by our method and MATLAB.

Let g=t+km, h=2km+ 1, and denote by z € C'*¢ a vector consisting of unknowns. Let z = (y,,¢).
Denote by T € C**" the coefficient matrix associated with 4 equations. Denote by b € R'" the constant vector
which is composed of 2km zeros except the last element, i.e., b=(0,0,...,0,1). Then we can rewrite these /
equations as the form:

zT =b. (4.6)
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We have a system of linear nonhomogeneous equation (4.6) where the number of equations is much greater
than that of unknowns. Obviously, g <hif m > 2 and k > 2. Regarding the solution, the uniqueness property
is guaranteed only when the steady state probability of this system exists although the system of (4.6) overde-
termined. For the present model, there maybe involves a more complicated procedure needed to select the
appropriate solution basis from the class of available solutions. Here, we shall make this system of equations
possible to be solved by a popular numerical method, e.g., the least square algorithm introduced in [7] which
minimizes || zT — b||,. Since T has full row rank of g, there is a unique least square solution z* and it solves the
symmetric positive definite linear system:

ZIT =bT,

where T’ is the transpose of T. Because the most widely used method for solving (4.6) is a method of normal
equations, we make use of a general procedure described in [7] as follows:

1. Compute the upper triangular portion of U =TT".
2. Set d =bT".

3. Compute the Cholesky factorization U = H'H.

4. Solve qH =d and zH' =q.

This algorithm requires O(k’*m’) flops. The compression of the g-by-4 data matrix T into the much smaller
g-by-g cross-product matrix U when km > t is attractive. Normally, QR factorization procedure can be used
to attain more efficiency by taking the advantage of structure of T as well as B[]. But it is beyond our focus in
this paper and it is not discussed here.

We solve boundary stationary probabilities y,, yy and unboundary stationary probabilities vy,
1 <n< N-—1 by this approach. Denote by 7n(n) the general-time probabilities of n customers in system.
n(n) is the marginal probability of y,,;,, r=1,...,k and i =1,...,m. It is natural to see that

TC(}’!) = Zyn,rj = yne/a

n(0) = y,€.

It is easy to obtain a probability of idle time 7(0), and the blocking probability n(/) in the system. Based on
them, other performance measures, e.g. the LST of waiting time and idle time distributions are derived accord-
ingly. However, we omit their discussion here for focusing on a vector-form solution technique. One may refer
to [4] for detail.

4.3. A summary of the algorithm

We describe the algorithm for solving stationary probabilities of a C/C,,/1/N system in the following
steps:

Step 1: Solve equation f}*(x)f;(—x) = 1, let x, be a solution , s=1,...,17.
Step 2: Compute wy, ug, V;.
1. Compute w, defined in w, = f7'(x,).
2. Compute uy defined in (3.11), uy = a(s)1(S; — xI) 7L
3. Compute v, defined in (3.12), v, = ax(s)B(S, + x,I,) .
Step 3. Compute w;, defined in (3.13).
Step 4: Let y, be a linear combination of wy, in (3.14).
Step 5: Set a linear nonhomogeneous system consisting of Eqs. (4.3)—(4.5).
Step 6: Use the least square algorithm to solve the linear nonhomogeneous system and obtain coefficients c;,
s=1,...,t,and y;.
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Step 7: Substituting coefficients ¢,, i =1,...,¢ to (3.14) and obtain unboundary stationary probabilities y,,
2 <n< N -1, and boundary stationary probabilities yo and yy.

Step 8: Compute the system-size probability n(n), n=0,1,...,N.

It is important to note that no matter how large N is, we only need to solve coefficients ¢,,s = 1,...,¢. Hence
the computational complexity is greatly reduced.

5. An example

We solve the E,/E»/1/4 for illustration of our approach. The system has the following features:
N:47 ﬁ1:ﬁ2:(170)7 ;‘1:/12:47 #IZHZZS'

Step 1: Solve equation f}*(x)f; (—x) = 1, let x, be a solution , s = 1,2. We have

= () me= ()

and the solutions of f}'(x)f;(—x) =1 are
x; = 1.0000, x, = 6.8443.

Step 2: For solutions wy, u, v,.
1. Compute w, defined in w, = f7(x;).

wy = f{(x1) =0.64 andw, = f](x2) = 0.1361.

2. Compute u, defined in (3.11), u, = a;(s)B1(S; — xI;) "
u; = (0.5555,0.44445) and w, = (0.7305,0.2695).

3. Compute v, defined in (3.12), v, = ax(s)(S, + x,I,) .
vy = (0.4445,0.5555) and v, = (—0.5844,1.5844).

Step 3: Compute w,, defined in (3.13), w,, = w!(u, ®v,), n=2,3.

wi, = (0.1011,0.1264,0.0809,0.1011),

w3 = (0.0647,0.0809,0.0518,0.0647),

w2, = (—0.0079,0.0214, —0.0029,0.0079),

w3 = (=0.0011,0.0029, —0.0004,0.0011).

Step 4: Let y, be a linear combination of w,, thatisy, = Zlecsws,m ¢, € C.

Step 5: Set a linear nonhomogeneous system consisting of Egs. (4.3)—(4.5).

Step 6: Use the least square algorithm to solve the linear nonhomogeneous system and obtain coefficients ¢,
s=1,2,and y;:

1 =0.56472, ¢, = —0.32645,
y, = (0.1073,0.0596,0.0778,0.0697).
Step 7: Substituting coefficients ¢, s = 1,2 to (3.14) and obtain stationary probabilities y,, » = 0,2, 3,4.
yo = (0.0747,0.1618),
¥, = (0.0592,0.0639,0.0463,0.0541),
y; = (0.0366,0.0444,0.0291,0.0359),
y, = (0.0128,0.0228,0.0139,0.0277).
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Step 8: Compute the system-size probability n(n), n=1,...,N.
n(0) = 0.2365, =(1) =0.3144,
n(2) = 0.2235, =(3) = 0.1460,
n(4) = 0.0772.
The numerical results are reconfirmed with an existing model in a textbook [8], of which numerical solu-

tions are obtained by MATLAB and simulation as given in the following table. The maximal absolute error
between each probability value compared with that in our method is within 0.5%.

(0) (1) n(2) 7(3) n(4)
MATLAB 0.2346 0.3124 0.2225 0.1479 0.0826
Simulation 0.2396 0.3149 0.2233 0.1422 0.0799

6. Conclusions and remarks

In this paper, we have analyzed the C,/C,,/1/N open queueing system containing finite number of custom-
ers. We have found properties which show that a product of the LST of interarrival and service times distri-
butions satisfies an equation derived from unboundary states of the state balance equations. According to the
state balance equations, we present that the stationary probabilities on the unboundary states can be written
as a linear combination of product-forms. Each component of these products can be expressed in terms of
roots of the system of equations. We introduce the least square algorithm to solve the numerical problem,
which is independent of &, hence greatly reducing the computational complexity. It is observed in practice
that the greater N the better numerical precision of the solution is, although the computational complexity
of the algorithm is independent of the capacity N. We suggest that the methods presented here may be
extended to a multi-server open system containing finite number of customers with phase type interarrival
and service times distributions.
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