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Non-water suppression MRS (NWS MRS) has several advantages. First, the unsuppressed water signal can be used as
internal calibration for metabolite quantification and as a reliable frequency/phase reference for retrospective
motion correction. Second, it avoids the potential artifacts caused by incomplete water suppression (WS) and extra
radiofrequency deposition from WS pulses. However, the frequency modulation (FM) sidebands originating from a
large water signal will distort the spectrum. Among the methods proposed to solve the problems caused by FM
sidebands, post-acquisition processing methods are superior in flexibility for general use compared with experimen-
tal methods. In this study, we propose two algorithms based on advanced matrix decomposition to remove the FM
sidebands. These methods, the simultaneous diagonalization (QZ) algorithm and its subsequent variant, the
simultaneously generalized Schur decomposition (SGSD) algorithm, were numerically evaluated using computer
simulations. In addition, we quantitatively compared the performance of these methods and the modulus method
in an in vitro experiment and in vivo NWS MRS against conventional WS data. Our results show that the proposed
SGSD algorithm can reduce the FM sidebands to achieve superior estimation of concentration on three major
metabolites. This method can be applied directly to spectra pre-acquired under various experimental conditions
without modifying the acquisition sequences. Copyright © 2012 John Wiley & Sons, Ltd.
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INTRODUCTION

For in vivo MRS, water suppression (WS) is considered to be a
routine procedure to eliminate the large water signals that are
three to five orders of magnitude larger than metabolic signals.
In clinical MRS, WS is generally performed by applying chemical
shift-selective saturation pulses. This requires careful adjust-
ments before each scan. In regions with inhomogeneous fields,
such as those surrounding air–tissue interfaces, the performance
of WS pulses may decline because of the shift of the resonant
frequency of water (1–3). Incomplete WS may lead to a partial
saturation effect on nearby metabolites. In addition, the suppres-
sion pulse can reduce the spectral quantification accuracy
through mechanisms such as the magnetization transfer effect
(4) and phase accumulation during motion (5–10). Consequently,
the non-water suppression (NWS) MRS technique is an attractive
alternative. It not only avoids the aforementioned disadvantages,
but also provides several benefits. First, the unsuppressed water
signal can be used as internal calibration for metabolite quantifi-
cation (7,11,12). Second, the unsuppressed water is a reliable
frequency/phase reference for retrospective motion correction
(2,3,7). Third, compared with WS MRS, NWS MRS has lower radio-
frequency (RF) power deposition. In addition, the signal from
unsuppressed water can serve as an excellent reference for the
calculation of optimally weighted factors required for combining
signals from multiple coil elements (13).

NWS MRS is possible using modern 32-bit analog-to-digital
converters. Sufficient digital resolution helps to avoid the
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problems caused by quantization errors (14). Therefore, the
extraction of a large water component from the NWS spectra
can be conducted accurately using post-processing algorithms
(14–16). In this manner, the quantification of metabolites using
NWS MRS is feasible (17). However, the large water peak causes
another considerable problem in NWS MRS, especially for
spectra acquired at short TE. The frequency modulation (FM)
sidebands located at bilateral sides of the spectra can impose
noticeable lineshape distortion on the spectra (18). Using spatial
localization and spoiler gradients in the MRS scan, the phase
of the received signal is altered according to the mechanical
oscillations at acoustic frequencies. The induced temporary
phase oscillation, modeled as FM, creates sidebands on the
spectrum with magnitudes that are usually at small fractions
of the signal. The intensity and phases of these parasitic side-
band artifacts are determined by three major factors: the
intensity of the signal, TE and the position in the scanner.
Because the water signal is approximately 103–105 times larger
than the signals of metabolites in NWS MRS (14), the magnitude
of FM sidebands from water signals is approximately the same
order as the signals of the metabolites (19). These FM sideband
artifacts may superimpose on the spectral region in which the
metabolites of interest reside, leading to an erroneous estima-
tion of the concentration.
In general, FM sidebands are induced by spoiler gradients (4).

Several experimental methods have been proposed to deal with
FM sidebands in NWS MRS. The most intuitive method to avoid
FM sidebands is to alternate the phase of spoiler gradients.
One experimental method inverted the phases of spoiler
gradients in sequential scans and subsequently combined them
to cancel all FM-related components (20). However, potential
motion artifacts may cause phase variation (7,15), which can lead
to various phases and intensities of FM sidebands. Therefore, it is
difficult to achieve total cancellation of FM sidebands through
gradient phase alternation in the presence of subject motion.
Similarly, phase correction according to an additional reference
scan on extraneous phantoms (12) usually cannot fully
retain the phase variation, because the locations and scanning
environments are usually inconsistent between phantom and
in vivo experiments. Another experimental approach used
oversampled J-resolved experiments. Multiple MRS scans with
various TEs were performed to obtain two-dimensional spectral
data. The FM sidebands were off-set in every frame of two-
dimensional spectra and could be removed (21). However, the
total scan time of this method was prolonged and the spectra
were heavily weighted by the long TE signal. Compared with
experimental methods, post-acquisition processing methods
are appealing substitutes because they do not require any
substantial change in hardware or pulse sequence. A post-
processing method, also called the modulus method, has been
proposed to eliminate the FM sidebands by direct use of the
magnitude part of the free induction decay (FID), that is,
the modulus signal (22). However, the main disadvantage of
the modulus method is the signal-to-noise ratio (SNR) reduction,
which is theoretically achieved by a factor of the square root of
two (20). In addition, the magnitude part of the signal may alter
the spectral shape.
This study aimed to develop novel post-processing methods

using two advanced algebraic algorithms for the reduction of
FM sidebands in NWS MRS, and to quantitatively compare the
performance of various post-processing methods. The novel
post-processing methods were devised with the simultaneous

diagonalization (QZ) algorithm and the simultaneously gen-
eralized Schur decomposition (SGSD) algorithm to solve for
eigenvalues and eigenvectors. The SGSD algorithm is expected
to consistently decompose multiple matrices (more than two)
simultaneously, thereby fostering numerical stability. Computer
simulations were performed to evaluate the performance of
the proposed methods. Quantitative comparisons were con-
ducted among various post-processing methods for data that
were acquired either in vitro or in vivo.

THEORY

The property of FM sidebands in FID

The FM sidebands can be expressed as multiple pairs of symmet-
rical sidebands with opposite phases. The FID of the water signal
can be expressed by the following formula (19):

swater tð Þ ¼ Ae�t=T2�ei oc tþmf sin oGtð Þ½ �

¼ Ae�t=T2�J0 mfð Þei oc tð Þ þ Ae�t=T2�X1
n¼1

�1ð ÞnJn mfð Þ
ei oc�noGð Þt þ �1ð Þnei oc�noGð Þt
h i [1]

where A is the amplitude of water and mf is the modulation
index that is mainly contributed by spoiling gradients. The con-
tribution from slice-selective gradients can be negligible (18).
oc is the water frequency (the carrier) and oG is the modulating
frequency. In Equation [1], the signal is expressed as the combi-
nation of the main water peak (first term in Equation [1]) located
at the center of the spectrum and numerous harmonic signals
present as sidebands on the spectrum. The coefficients of
successive terms are the Bessel functions for nth-order harmo-
nics, Jn(mf). Because mf is small, the higher order Bessel function
(n> 1) can be approximated to zero. For example, the second-
order Bessel function J2(5� 10–6) = 3.1� 10–12. Therefore, we
can apply narrow-band approximation to the FM part. FM
sidebands can be separated from the water signal as:

sFM tð Þ � �Ae�t=T2�J1 mfð Þ e�iomt � eiomt
� �

� �2i�Ae�t=T2�J1 mfð Þ sin �omtð Þg [2]

where om represents oc – oG. Because the main water signal is
located around the center of the spectrum, oc can be assumed
to be zero and om is equal to –oG. In summary, the FID, including
signals from water, metabolites and FM sidebands, can be
expressed as:

ŝ tð Þ ¼ s tð Þ þ sFM tð Þ � s tð Þ þ 2i�Ae�t=T2�J1 mfð Þ sin �omtð Þ [3]

where s(t) represents the summation of water and metabolites
without FM sidebands. Thus, our goal is to differentiate s(t) from
sFM(t).

According to Equation [3], the signals of FM sidebands have
only an imaginary part. Therefore, the first step in our method
is to modify the weighting of real and imaginary parts through
a factor Δ. In this manner, the real part is increased by the
factor (1 +Δ), whereas the imaginary part is attenuated by the
factor (1 – Δ), yielding:

ŝΔ tð Þ ¼ 1þ Δð ÞRe ŝ tð Þf g þ 1� Δð Þi�Im ŝ tð Þf g
¼ 1þ Δð ÞRe s tð Þf g þ 1� Δð Þi�Im s tð Þf g þ 1� Δð Þi�Im sFM tð Þf g
¼ s tð Þ þ Δ� �s tð Þ þ 1� Δð ÞsFM tð Þ

[4]
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The alterations of the signal as a function of Δ can be sepa-
rated into three parts. First, s(t) remains unchanged regardless
of Δ; second, the complex conjugated part of s(t) is increased
by Δ and mirroring peaks will show up according to increasing
variation of Δ; third, the FM sidebands sFM(t) are reduced by a
weighting factor (1 – Δ), and can be completely eliminated when
Δ=1. Specifically, by tracking the alterations of amplitudes
versus Δ, these two parts (the conjugate part and FM sidebands)
can be differentiated. In this manner, the behavior of each term
is predictable and the amplitudes of FM sidebands will vary in
a direction opposite to factor Δ. This enables us to track the
alteration of each spectral peak at various Δ. Once the signal
alteration opposite to Δ is found, we can extract and remove
the FM sidebands.

To extract FM sidebands, we used a time-domain approach to
obtain the potential resonances on the spectrum, also known as
poles. In brief, we incorporated signals from Equation [4] into the
generalized eigenproblem (GEP). Subsequently, we used the
extended QZ algorithm and SGSD algorithm to solve GEP by
simultaneous triangularization (23–26). The whole procedure of
SGSD is shown in Figure 1, the principles of which are presented
in the following section.

Generalized eigenproblem

In general time-domain approaches, the FID signal is assumed
to be a linear combination of multiple decaying sinusoids.
Therefore, these unknown sinusoids can be retrieved with prop-
erly arranged data matrices. In essence, the complex amplitudes
of the signal are formulated using the following equation:

y tð Þ ¼
Xk
i

Aili
t þ e tð Þ [5]

The complex pole li represents the rotating rate (chemical
shift), including the T2* effect. The complex amplitude Ai repre-
sents the magnitude and phase of each pole. e(t) are white
noises.

Each decaying sinusoid represents a spectral resonance
belonging to either a certain metabolite or water. Numerous
algorithms have been developed to obtain poles and
corresponding amplitudes from this basic linear model by solv-
ing for eigenvalues and eigenvectors, such as linear prediction
and total least-square linear prediction (27). However, eigen
decomposition for a single data matrix usually engenders
unstable solutions in the presence of noise. To avoid instability,
GEP extends the number of matrices for calculation. In matrix-
pencil (28) and filter-diagonalization (29,30) methods, a two-matrix
scheme was used to find the common eigenvector. This operation
had removed the weak components. These common eigenspaces
simplified the solution without prior knowledge of the number of
poles, also known as rank. The two-matrix scheme can be further

extended to a scheme with three or more matrices. SGSD can be
used to decompose them simultaneously with superior stability.
The whole process to solve GEP with QZ and SGSD is described
in the Appendix.

Utilization of GEP for FM problem

We started the computation by working on two types of time-
domain signal, td_fm (where Δ= 0) and td_mirror (Δ= 1), where
td_mirror is immune to FM sidebands, but has mirror peaks from
the lower field range. These two time-domain signals were used
to construct data matrices U0_fm, U1_fm,. . . and U0_mirror,
U1_mirror,. . . according to Equations [A1] and [A2]. Subse-
quently, all matrices were simultaneously triangularized by
QZ and SGSD:

Urtfm ¼ QUrfmZ;
Urtmirror ¼ QUrmirrorZ

r ¼ 0; 1; . . . R [6]

where r is the starting time point of the time-domain signal used
to generate the Umatrices, and was assigned as 0 or 1 because a
larger number prolongs the computation time by including
more matrices. QZ only decomposes twomatrices, which indicates
that the entire set of matrices has been quasi-triangularized. SGSD
can process the entire set of matrices.
After being triangularized, the diagonal elements of U0t_fm

and U1t_fm and their corresponding eigenvectors were used to
estimate the preliminary parameters of the poles li and the
initial amplitudes Ai according to Equations [A6] and [A7]. In
addition, we retrieved the parameter ai from the ratio of
diagonal elements of Urt_mirror and Urt_fm, which is related to
the variation of FM sidebands regarding Δ (i.e. the ‘slope’ of
the variation). The final step is to correct for the initial amplitude
(Ai) through ai according to Equation [7]. Those with |ai|≥ 1,
exceeding the expected trend, are unrelated to FM; therefore,
their original values were preserved. That is:

Âi ¼
Ai; for aij j≥1
Δþ ai � 1

Δ
�Ai; aij j < 1

(
[7]

The poles li are preserved because they represent the rotation
(resonance frequency) and decay rate (relaxation).

Consideration for errors

To evaluate the stability of the solution in Equation [7] under the
perturbation of noise, we calculated the Cramer–Rao lower
bound (CRLB). The CRLB provides the minimal achievable
variance accompanying the unbiased estimator. The deduction
of CRLB based on the time-domain model has been described
in a previous report (31). In brief, it is the incorporation of factor
Δ-imposed nonlinear behavior to the estimation of the para-
meters. For example, according to Equation [4], the Gaussian

Figure 1. Block diagram for removing frequency modulation (FM) sidebands using the simultaneously generalized Schur decomposition (SGSD)
algorithm.
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white noise increased by a factor of (1 +Δ2) because we modified
both the real part (increasing by Δ) and the imaginary part
(decreasing by Δ). Furthermore, the CRLB in Equation [7] can
be calculated by combining the Jacobian, which is also related
to Δ:

CRLBa ¼ @a
@A0 ;

@a
@A

� �
� CRLBA0 ;A �

@a
@A0 ;

@a
@A

� �T
[8]

The CRLB of the corrected amplitudes can be generated as:

CRLBÂ ¼ 1

Δ2A2
1;�1þ Δ½ � � CRLBA0 ;A � 1;�1þ Δ½ �T [9]

The diagonal elements of the middle terms represent the
CRLB of A’ and A. However, because the off-diagonal elements
of the covariance matrices were unknown, a reasonable upper
bound of the off-diagonal covariance was derived by:

CRLBA0 ;A 1; 2ð Þ ¼ CRLBA0 ;A 2; 1ð Þ
<

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
CRLBA0 ;A 1; 1ð Þ � CRLBA0 ;A 2; 2ð Þ

q
[10]

This indicates that the lower bound in Equation [9] can be
treated as an approximation of CRLB. The assumption for the
deduction is that the linearity is valid within a narrow region. This
occurs when the noise is sufficiently small.

METHODS

Computer simulations

Monte Carlo simulations were performed to compare the numer-
ical performance of QZ and SGSD. Three poles with a damped
factor of 0.01 (i.e. T2* = 10 ms) were simulated as three metabo-
lites. The frequencies of these metabolites were �50, –100 and
�150 Hz. Additional peaks were simulated symmetrically around
the center with opposite phases to the FM sidebands. The
frequencies were 200 and �200 Hz. Only first-order FM side-
bands were simulated because the higher order terms were
small. The biases and variances of the estimator in Equation [7]
were evaluated at various noise levels with data lengths of 32
and 128. The CRLB was calculated from Equation [10]. All simula-
tions were performed using MATLAB software (MathWorks,
Natick, MA, USA). Simulations were repeated 500 times. SNR
was defined in units of decibel as the signal power over noise
variances:

SNR �def 10� Log10
A2

s2

� �
[11]

In vivo and in vitro experiments

Experiments on human participants and a spectroscopy
phantom were performed using a 3-T MRI scanner (Trio, Siemens
Medical Solutions, Erlangen, Germany) with an eight-channel coil
array. For in vivo experiments, 11 healthy subjects were enrolled
in this study under informed consent. The single-voxel point-
resolved spectroscopy (PRESS) sequence was used to acquire
MRS data from a selected volume (20� 20� 20 mm3) located
at the parietal lobe in the brain (Fig. 2) with the following exper-
imental parameters: TE = 30 ms; TR = 2000 ms; number of excita-
tions (NEX), 128; dummy scan, 2; bandwidth, 2000 Hz; spectral
points, 2048. In the PRESS sequence, we used sinc-type RF pulses
with a duration of 2.6 ms for excitation and refocusing. Two sets
of spoiler gradients were incorporated around the two refocus-
ing RF pulses. For these two spoiler gradients, the strengths were
7 and 11.5 mT/m in each direction, and the durations were 2 and
4 ms, respectively. NWS and WS scans were collected sequen-
tially for each participant. Shimming and frequency adjustments
of the WS pulse were performed carefully to enable the WS MRS
data to serve as a standard without influence from FM sideband
artifacts. To observe the properties of FM sidebands and evalu-
ate the performance of post-processing methods, additional
data were collected from a spectroscopic phantom containing
a mixture of metabolite solutions, including 3 mM choline (8),
12 mM creatine (Cre), 18 mM N-acetylaspartate (NAA), 7 mM

myo-inositol (mI) and 12 mM glutamate (Glu). NWS and WS
MRS data were acquired using the single-voxel PRESS sequence
with the following experimental parameters: TE = 30 and 80 ms;
TR = 2000 ms; volume, 20� 20� 20 mm3; NEX, 256; dummy
scan, 2; bandwidth, 2000 Hz; spectral points, 2048.

Once the data had been acquired, FIDs from the eight coils
were combined after adjustment for phases and amplitude
(32). NWS data were processed using four different procedures
for the reduction of FM sidebands, including regular NWS MRS
without reduction of FM sidebands, NWS MRS with the QZ
algorithm to remove FM sidebands, NWS MRS with the SGSD
algorithm to remove FM sidebands and modulus NWS MRS.
The process for SGSD and QZ methods focused on the upfield
range in which most of the metabolites reside. Subsequently,
all MRS data, including NWS and WS data, were transferred
into the jMRUI package (java-based Magnetic Resonance User

Figure 2. Spatial localization of 20� 20� 20-mm3 volume of interest of the MRS experiment. The volume of interest was defined in the parietal lobe
containing mostly white matter (white squares).
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Interface, Leuven, Belgium) for spectral processing and analysis.
A 5-Hz Lorentzian function was used for apodization. The
extraction of water signals for all NWS spectra was performed
using the singular value decomposition (SVD)-based algorithm
(14) repeatedly to visually flatten the distorted spectra. The
frequency shift, damping factor, background distortion and
amplitudes of six metabolites, including total choline (tCho),
Cre, Glu, glutamine (Gln), mI and NAA, were estimated using
the QUEST algorithm (33). The bases of metabolites used for
quantification were generated using NMR-Scope simulation with
a damping frequency of 13 Hz. Because the modulus of NWS
spectra contains only 50% power of the complex signals, the
concentrations of the modulus data were adjusted by a factor
of two for comparison. The concentrations of NAA, Cre and
tCho were compensated for the number of protons (11). To
simplify the comparisons, water scaling was conducted without
adjustment for water concentrations in various tissues and
relaxation effects; therefore, the quantified values were in
institutional units (I.U.). The quantified concentrations from the
NWS scan with and without FM sideband removal were
compared against WS MRS. For phantom experiments, the
metabolite concentrations of NAA, Cre and tCho were quantified
from NWS data with and without the reduction of FM sidebands.
The concentrations were calibrated to absolute concentrations
based on those of water (110 M), and were compared with
the reference concentrations of the spectroscopy phantom. In
addition to absolute concentrations, relative concentrations of
NAA/Cre and tCho/Cre were also calculated.

RESULTS

Computer simulations

FM sidebands simulated as the symmetrical peaks around the
spectral center can be successfully removed after applying the
SGSD algorithm. Figure 3 shows the biases and variance of errors
using QZ and SGSD algorithms. Although the performance of
SGSD was similar to that of QZ under low SNR, SGSD exhibited
less bias and lower variance than QZ at SNR above 20 dB. Fur-
thermore, lower bias and variance were observed with longer
data length included in the calculation. Statistically, the minima
of variances were provided by CRLB which, as expected, de-
creased with increasing SNR. The variance of the SGSD algorithm
was close to CRLB at all SNR, whereas the variance of QZ was
minimized at SNR= 20 dB with no visually discernible improve-
ments at high SNR (Fig. 3C, D).

In vitro experiments

In phantom experiments, we observed the FM sidebands located
around 3.3, 1.9, 0.5 and �0.4 ppm on the NWS spectra, and their
corresponding anti-phase peaks located on the opposite side of
the spectra around the spectral center (Fig. 4A). In addition, FM
sidebands were considerably reduced in NWS spectra collected
at longer TE (Fig. 4B). Table 1 shows the absolute and relative
concentrations estimated from NWS MRS acquired at TE = 30
ms and those after FM sideband reduction by QZ, SGSD and
modulus methods. The corresponding errors of the estimated

Figure 3. Biases of errors for simultaneous diagonalization (QZ) and simultaneously generalized Schur decomposition (SGSD) algorithms with data
lengths of 32 (A) and 128 (B). The SGSD method exhibits a lower error than the QZ method. The large data length improves the accuracy of both
methods, which is particularly prominent for QZ at high signal-to-noise ratio (SNR). Variances and Cramer–Rao lower bounds (CRLBs) were estimated
using Equation [10] for QZ and SGSD algorithms with data lengths of 32 (C) and 128 (D). The SGSD method exhibits less variance than the QZ method at
SNR above 20 dB. A large data length improves the stability of both methods.
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concentrations (absolute and relative) were calculated with
reference concentrations derived by the spectroscopy phantom.
The errors of NAA and Cre were less than 11% with and without
reduction of FM sidebands. The SGSD method provides the
optimal estimation on Cre (1%) and the modulus method

provides the optimal estimation on NAA (3%). The error on tCho
was 111% for NWS MRS. After reduction of FM sidebands, errors
of tCho decreased to 28%, 11% and 17% for QZ, SGSD and
modulus methods, respectively. The relative concentration also
exhibited a similar tendency; however, a larger error was
observed in NAA/CRE using the QZ method.

In vivo experiments

The difference between the NWS MRS and WS MRS spectra is
shown in Figure 5A. FM sidebands in NWS MRS were present
around 3.1–3.2 ppm and distorted the spectral baseline around
this range. In NWS MRS, the protrusive choline and Cre peaks
exhibited overestimated concentrations because of the contam-
ination from FM sidebands. Qualitatively, elevated peaks around
3.2 ppm were observed in NWS spectra and in the difference
spectra (Fig. 5A). The elevated peaks were attenuated after
correction using the SGSD and QZ algorithms, yielding superior
similarity to the WS MRS spectrum (Fig. 5B, C). The flattened
difference spectra in the SGSD method, especially around
3.1–3.2 ppm (Fig. 5B), imply that the estimation of FM sidebands
is superior using SGSD rather than the QZ method (Fig. 5C).

Figure 6A shows the mean and standard deviation of the
concentrations of NAA, tCho and Cre from all subjects. The mean
concentrations in NWS spectra were overestimated compared
with those in WS spectra. The overestimations in the concentra-
tions were reduced after correction using the QZ, SGSD and
modulus methods. For NAA, tCho and Cre on the 11 participants,
the metabolite concentrations measured from spectra with FM
sidebands corrected using the SGSD method exhibited the
optimal estimation with the smallest percentage errors, as
shown in Figure 6B. In addition, we quantified mI, Glu and Gln,
which were composed of several multiplets. All three correction
methods included in this study failed to retain the spectral
shapes.

DISCUSSION

In this study, we have developed novel post-acquisition proces-
sing methods to reduce FM sidebands in NWS MRS, and have
compared quantitatively the performance of the three methods
in both in vivo and in vitro experiments. The proposed methods

Figure 4. Non-water suppression (NWS) spectra from a phantom
experiment collected at TE = 30 ms (A) and TE =80 ms (B). Frequency
modulation (FM) sidebands are presented with anti-phase peaks located
symmetrically around the spectral center, as indicated by the arrows.
The FM sidebands distort the baseline around the metabolic range,
specifically the total choline (tCho) peak around 3.2 ppm. The FM
sidebands clearly decrease in amplitude at TE = 80 ms.

Table 1. Absolute and relative concentrations of N-acetylaspartate (NAA), total choline (tCho) and creatine (Cre) from in vitro MRS
data collected at TE = 30 ms

Concentration (mM) Reference NWS NWS QZ NWS SGSD NWS modulus

NAA 18 20.02 19.88 19.57 17.54
Cre 12 12.99 10.86 11.85 11.11
tCho 3 6.34 3.83 3.34 2.50
NAA/Cre 1.5 1.54 1.83 1.65 1.59
tCho/Cre 0.75 1.46 1.06 0.84 0.68
Errors (%)
NAA – 11 10 9 3
Cre – 8 9 1 7
tCho – 111 28 11 17
NAA/Cre – 3 22 10 5
tCho/Cre – 95 41 13 10

NWS, non-water suppression; QZ, simultaneous diagonalization; SGSD, simultaneously generalized Schur decomposition.
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were implemented using two algorithms, QZ and SGSD, which
perform decomposition of a data matrix with reconstruction.
The performance of the modulus method and the proposed
methods was evaluated using in vitro results employing the true
reference and in vivo results employing WS MRS as the reference.
Our in vitro results show that the modulus and SGSD methods
improve the accuracy of quantification for NAA and Cre. The
SGSD method provides superior estimation for tCho (Table 1).
Our in vivo results show that FM sidebands can be alleviated
(Fig. 5), and the spectral peaks can be restored, for superior
estimation of concentrations on three major metabolites (Fig. 6).
In addition, the SGSD method exhibits superior accuracy to the
QZ method and the modulus method. Because the proposed
methods are purely post-processing algorithms, substantial
changes in pulse sequences or specific experimental design
involving additional phantom scans are not required. In general,
our algorithm can be fitted to other experimental methods to
improve the efficiency of FM sideband suppression.
One of the main advantages of NWS MRS is the potential to

perform motion correction and quantification simultaneously
(7), with the FM sidebands serving as an additional source of
error for spectral quantification. If the profile of FM sidebands
can be initially gathered at various locations for follow-up adjust-
ment, in a similar manner to the use of an external reference (12),
the efficiency of the removal of FM sidebands can be improved
considerably. However, external referencing is feasible only if
the scanning condition in the reference scan is similar to that
in in vivo tissue environments. Otherwise, the FM sidebands
may not be fully removed. In the presence of motion, the possi-
ble phase alternation during the scan leads to inconsistency
between the external reference and scanning condition. A
previous study that performed additional calibration with an
external reference indicated that, when the power of water
was lowered to 10.8% of the original signal, at least 10% errors
occurred for quantification in NWS MRS (12). These potential
errors caused by external referencing methods in the presence
of FM sidebands must be considered for clinical application. In

Figure 5. Representative in vivo spectra of non-water suppression (NWS) MRS (A), NWS MRS after simultaneously generalized Schur decomposition
(SGSD) correction (B) and NWSMRS after simultaneous diagonalization (QZ) correction (C). Spectra of water suppression (WS) MRS and difference spectra
between NWS and WS MRS are shown in the middle and bottom of each plot. An elevated choline peak can be observed on the NWS MRS spectrum (A).
After correction, its level is close to that of the WS MRS spectrum (B, C). The effect of frequency modulation (FM) sidebands on the choline peak can be
observed on the difference spectra (black arrows). SGSD exhibits superior estimation on FM sidebands, yielding flattened difference spectra (B). By con-
trast, a small negative peak around 3.2 ppm can be observed on the difference spectra of the QZ method (C). Cre, creatine; NAA, N-acetylaspartate; tCho,
total choline.

Figure 6. Means and standard deviations of quantified concentrations of
N-acetylaspartate (NAA), total choline (tCho) and creatine (Cre) from 11
subjects. The quantified results are from water suppression (WS) spectra,
non-water suppression (NWS) spectra, NWS spectra corrected using the
simultaneous diagonalization method (NWS QZ), NWS spectra corrected
using the simultaneously generalized Schur decomposition method (NWS
SGSD) and NWS spectra corrected using modulus spectra (NWS Modulus).
Results from WS spectra are used as standard. The frequency modulation
(FM) sidebands caused overestimation on the metabolic concentrations.
(B) Percentage errors in metabolite concentrations using NWS spectra for
NAA, tCho, and Cre, compared with values derived from WS spectra. SGSD
exhibits the lowest errors in all three metabolites among all NWS spectra.
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this case, the use of post-processing approaches for FM sideband
removal is favorable.
According to the phantom results, the modulus and SGSD

methods outperformed the QZ method in the estimation of
absolute and relative concentrations. Although these methods
have comparable errors in absolute concentrations of NAA and
Cre, overestimation in NAA and underestimation in Cre using
the QZ method leads to larger errors in NAA/Cre. Relative
quantification using Cre as a reference is generally used in
several clinical applications. However, our results indicate that
the quantification of Cre is affected by the FM sidebands.
Uncertainties remain in the estimation of Cre (Table 1), even after
FM sideband reduction. This leads to additional errors when
using relative concentrations. Therefore, we suggest that water
scaling must be used in NWS MRS for the quantification of
concentrations. The extraction of water signals is relatively stable
for its intrinsically higher SNR. This makes the water signal
suitable as a reference signal.
A property of SGSD and QZ is that the estimation of poles,

especially during the extraction of the FM contribution, is
sensitive to noise disturbance, linewidth and baseline distortion.
Therefore, these factors can influence the performance of SGSD
and QZ. Although the simulation shows that the performance
of the SGSD method is close to the theoretical limits set by
CRLB (Fig. 3D), the in vivo results generally digress from ideal
conditions because of field inhomogeneity, which can be
particularly prominent in intricate tissues. A previous study has
indicated that the efficiency of the reduction of FM sidebands
is influenced by the linewidth of artifacts (31). It is usually difficult
to accurately extract FM sidebands with broad linewidths. This
occurred for the multiplets of Glx (Glu +Gln) and mI in short-TE
spectra, the quantification of which was not improved using FM
sideband correction. Another consideration of these methods is
the length of data included for calculation. A larger data length
improves the stability, as demonstrated by the simulation (Fig. 3).
Methods to enhance computation stability have been proposed,
such as the alternating least-square method (23,24) or other
nonlinear methods (34); however, these methods are outside
the scope of this study.
The computational complexity of SVD is O(n3). This implies

that the operation of SVD is time consuming when the matrix
size increases. The computation for SGSD is more complex.
Moreover, the matrix multiplication of the associated orthogonal
transformation may also cost computational time. In our study,
the entire computational time was within 1 min when the
operation was performed on a regular PC (2.67-GHz CPU with
2 GB RAM) for a data length of 128 points. The computational
time can be further improved by applying numerical methods,
such as nonlinear orthogonal reduction (23,24), or by using
parallel computing with modern graphical processing units.
A comparison of the SGSD and modulus methods revealed

that SGSD shows superior estimation of tCho to the modulus
method in in vitro results (Table 1) and fewer errors in in vivo
results (Fig. 6). However, the modulus method has a number of
advantages. First, the implementation of the modulus method
is relatively simple and the computational complexity is low
compared with the SGSD method. Second, although SGSD and
QZ estimate the possible contribution of FM sidebands and
subtract them, the modulus method can theoretically cancel
the FM sidebands completely using the anti-phase property of
FM sidebands. However, the trade-off is SNR reduction, linewidth
alteration and contamination from spectral lines from the

downfield range regarding the water signal (20). This may be
the main source of errors in the modulus method.

In summary, the SGSD method, with its implications on signal
processing problems (26), is useful to reduce FM sidebands of
NWS MRS. Post-processing methods are valuable because they
can be used directly to process the spectra acquired under
various experimental conditions. In addition, information such
as phase and magnitude, extracted by the SGSD method, can
be useful for other applications. For example, simultaneous
estimation of phase and magnitude in the time domain from
each coil is helpful for data combination involving the use of
multiple coils (13,32). The main disadvantage of the SGSD
method is that, although it can be implemented at short TE, only
the quantification of the three major metabolites is improved;
the estimation of the coupled resonances is not improved. The
performances of the proposed post-processing methods are
limited if the FM sidebands are not fully accordant with the
assumed signal model. Therefore, the further development of
the post-processing method for superior efficiency and flexibility
is crucial, and is under further investigation.

CONCLUSIONS

This study demonstrated that the proposed QZ and SGSD
algorithms can reduce water-related FM sideband artifacts in
NWS MRS, which makes NWS MRS more practical in general
applications. The performance of these methods was examined
using computer simulation, in vitro and in vivo studies. Our
results showed that SGSD has superior accuracy for the reduc-
tion of FM sidebands. This algorithm can be combined with
any experimental method to achieve superior efficiency for the
suppression of FM sideband artifacts.
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APPENDIX

SOLVING GEP WITH QZ
The problem can be solved by introducing U0 and U1 from the
time-domain data:

U0 ¼
ŝ 0ð Þ ŝ 1ð Þ ⋯ ŝ M� 1ð Þ
ŝ 1ð Þ ŝ 2ð Þ ⋯ ŝ Mð Þ
⋮ ⋮ ⋱ ⋮

ŝ M� 1ð Þ ŝ Mð Þ ⋯ ŝ 2M� 2ð Þ

2
664

3
775

¼ V � Diag A1; A2; . . . ; AK ; 0; . . . ; 0f g � VT

[A1]

U1 ¼
ŝ 1ð Þ ŝ 2ð Þ ⋯ ŝ Mð Þ
ŝ 2ð Þ ŝ 3ð Þ ⋯ ŝ Mþ 1ð Þ
⋮ ⋮ ⋱ ⋮

ŝ Mð Þ ŝ Mþ 1ð Þ ⋯ ŝ 2M� 1ð Þ

2
664

3
775

¼ V � Diag l1; l2; . . . ; lK ; 0; . . . ; 0f g
�Diag A1; A2; . . . ;AK ; 0; . . . ; 0f g � VT

[A2]

where li, i= 1, 2. . ., k, are distinct eigenvalues of each compo-
nent, Ai are amplitudes, M is the dimension of the matrices,
which must be larger than the number of components, and V
is the Vandermonde matrices of the poles:

V ¼
1 1 ⋯ 1
l1 l2 ⋯ lK
⋮ ⋮ ⋱ ⋮

l1
M�1 l2

M�1 ⋯ lK
M�1

j0

2
664

3
775 [A3]

The time-domain signals are arranged as Hankel matrices
(in the form of Toeplitz matrices). Consequently, the poles
embedded inside Equation [A2] are solved using the following
generalized eigen equation:

U1E � lU0E ¼ 0 [A4]

where E contains the eigenvectors for individual eigenvalues in
distinct columns. l are generalized eigenvalues. The solutions
towards poles and amplitudes are embedded in the structure
of the matrices in Equations [A1] and [A2]. An established
method is the QZ algorithm (35), through which both U0 and
U1 are triangularized with a pair of orthogonal matrices, Q and Z:

U0t ¼ QU0Z
U1t ¼ QU1Z

[A5]

The ratios of the diagonal elements of U0t and U1t, that is, bii
and aii, generate the generalized eigenvalues:

li ¼ aii=bii; i ¼ 1; . . . ;M [A6]

where the small diagonal elements are attributed to zero space
in Equations [A1] and [A2].
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Although matrix inversion does not occur, the QZ method
provides a reasonable estimator for an ill-conditioned problem,
in which the eigenvalues are represented as ratios. Another
advantage of GEP is that amplitudes for each component are
solely determined from the eigenvectors. Without another
least-square problem, the amplitudes are (29,30,36):

Ai ¼ U0tEið Þ2 [A7]

SGSD AS AN EXTENSION OF QZ

The SGSD method has been developed during recent years
(23,26,37), and simultaneously triangularizes three or more
matrices. Because SGSD is an extension of QZ, the simplest
implementation of SGSD is called the extended QZ method,
which adds additional orthogonal transformation to the whole
set of matrices.
We generalized the two-matrix case to multiple matrices Ur.

Starting from the QZ method (Q and Z are obtained from the
first two matrices) of two matrices:

Urt ¼ QUrZ; r ¼ 1; . . . ; R [A8]

Because the QZ algorithm derived an approximation in
Equation [A8], the set of matrices was quasi-triangularized, which
indicates that the off-diagonal elements are close to zero. How-
ever, the solution of QZ is only an approximation for the other
matrices, because round-off errors and noise may influence the
accuracy. To enhance the reliability, we constructed a series of
new Qs and Zs from the whole set of matrices. This starts by
constructing another Householder matrix H1 from the first
columns of Ur, as is computed from the left singular vector of

the matrix. The first columns of Ur are concurrently triangularized,
and the second columns are subsequently calculated. Finally, the
new Ur are transformed using Q step:

Urt ¼ QM . . .Q2Q1Ur ; r ¼ 1; . . . ; R

¼
I M�1ð Þ 0

0 HM
1� 1

2
664

3
775

I M�2ð Þ 0
0 HM� 1

2� 2

2
4

3
5 . . .

1 0
0 H2

M� 1ð Þ � M� 1ð Þ

2
64

3
75 H1

M�M

2
64

3
75Ur

[A9]

Similarly, the additional Z transforms are obtained from the
last rows of each Ur, whereas the right singular vector V1 with
reverse order of singular values constructs the first Z1. After the
first row has been transformed by Z1, the second rows may be
transformed using the same procedure. The following denotes
transformation of Ur with Z steps:

Urt ¼ UrZ1 . . . ZM�1ZM; r ¼ 1; . . . ; R

¼ Ur V1
M�M

2
64

3
75

V2
M� 1ð Þ � M� 1ð Þ

0

0 1

2
4

3
5 . . .

VM� 1
2� 2

0

0 I M�2ð Þ

2
4

3
5 VM

1� 1

0

0 I M�1ð Þ

2
4

3
5

[A10]

Subsequently, the Z step must be applied to update the
eigenvectors:

Et ¼ EZ [A11]
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