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ABSTRACT

We consider a repairable product with known market entry and departure times. A warranty policy is
offered with product purchase, under which a customer can have a failed item repaired free of charge
in the warranty period. It is assumed that customers are heterogeneous in their risk attitudes toward
uncertain repair costs incurred after the warranty expires. The objective is to determine a joint dynamic
pricing and warranty policy for the lifetime of the product, which maximizes the manufacturer’s
expected profit. In the first part of the analysis, we consider a linearly decreasing price function and a
constant warranty length. We first study customers’ purchase patterns under several different pricing
strategies by the manufacturer and then discuss the optimal pricing and warranty strategy. In the second
part, we assume that the warranty length can be altered once during the product lifetime in developing a
joint pricing and warranty policy. Numerical studies show that a dynamic warranty policy can signifi-

cantly outperform a fixed-length warranty policy.

© 2008 Elsevier B.V. All rights reserved.

1. Introduction

Pricing of products is a major decision for manufacturers (or
sellers) and has become a challenging issue in today’s marketplace,
where the conditions change rapidly over time (Raman and Chat-
terjee, 1995). In recent years, dynamic pricing has become a com-
mon practice and attracted increased research attention. Many
methods have been proposed to consider product life cycle, learn-
ing curves, diffusion and saturation effects, and uncertainties in de-
mand and supply, in formulating optimal pricing strategies (see,
for example, Lin, 2006; Polatoglu and Sahin, 2000; Zhao and Zheng,
2000; Raman and Chatterjee, 1995; Rajan et al., 1992; Kalish, 1983;
Dolan and Jeuland, 1981).

In addition to product price, warranty policy is another impor-
tant decision for a manufacturer. Product warranty is a contract be-
tween the manufacturer (or seller) of a product and the customers,
which requires the manufacturer to provide repair or replacement
services when the product fails within the warranty period
(Polatoglu and Sahin, 1998; Blischke and Murthy, 1992). Besides
being a protection mechanism for customers, product warranty
increasingly serves as a marketing tool for durables like automo-
biles and high-tech goods (Menezes and Currim, 1992; DeCroix,
1999). In general, a warranty policy with a better coverage, such
as a broader range and/or a longer period, can increase the manu-

* Corresponding author. Tel.: +852 2788 9286; fax: +852 2788 8560.
E-mail addresses: zhefzhou@cityu.edu.hk (Z. Zhou), lil4@purdue.edu (Y. Li),
ktang@exchange.purdue.edu (K. Tang).

0377-2217/$ - see front matter © 2008 Elsevier B.V. All rights reserved.
doi:10.1016/j.ejor.2008.04.014

facturer’s competitive advantage; however, it will also result in
higher costs for the manufacturer. Therefore, the manufacturer
must deal with warranty policies using a strategic approach (Mur-
thy and Blischke, 2000; Murthy and Djamaludin, 2002).

In this paper, we consider a product with known market entry
and departure times. This situation is typical for high-tech prod-
ucts, where manufacturers have an incentive to introduce new ver-
sions that make old ones obsolete due to the fast development of
technology (Waldman, 1993). This phenomenon is known as
“planned obsolescence.” As a result, the product’s effective life
time in the market is usually not long, which may induce more fre-
quent sales of the new versions. Sometimes the product quits the
market at a known time, signaling that the old generation is en-
tirely eliminated from the market and replaced by a new genera-
tion. For example, the Federal television regulators announced a
plan that would turn off the analog television signal on April 7,
2009, forcing all broadcasters to switch to high definition televi-
sion by that time (Boliek, 2004). However, manufacturers must still
produce the traditional version of televisions to meet customers’
demand in the current stage. Hence, it is an important decision
for them to make on how to price the product and provide a suit-
able warranty policy during this period so that sufficient revenue
can be earned but no great cost will be incurred.

From the customers’ perspective, they need an appealing war-
ranty policy as a protection because the repair cost is expensive
for high-tech products. For example, labor rates for HDTV, projec-
tion and LCD TV’s can be as much as $250 per hour. Repair costs for
computer problems associated with processors, hard drives,
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monitors, memory components, and DVD drives are between $150
and $900 (RepairTechinc, 2007). Therefore, warranties offer neces-
sary protection to customers. In addition, customers are heteroge-
neous in their preference of the product price and warranty length.
Although the market entry and departure times are the same to all
customers, they may choose to purchase the product at different
time because their expectations towards the product price and
warranty policy are different. Therefore, the manufacturer must
take into consideration the heterogeneity of customers when mak-
ing decision of profit maximization.

In our study, we develop a mathematical model to consider a joint
product pricing and warranty policy for a repairable high-tech prod-
uct over its effective lifetime, which starts from its entry into the
market and ends when it quits the market. The manufacturer offers
a free warranty with product purchase, under which the customer
can have the product repaired free of charge if it fails during the war-
ranty period. If the product fails after the warranty expires, the cus-
tomer has to bear the repair cost. We assume that customers are
heterogeneous in their risk attitudes toward uncertain repair costs
after the warranty expires. Consequently, a customer’s purchasing
decision, including purchase price and time of purchase, depends
on the manufacturer’s product pricing strategy, the product’s
remaining life at the time of purchase, product warranty, and the
uncertainty associated with the repair cost after the warranty
period.

Our objective is to determine a joint dynamic pricing and war-
ranty policy in the product’s lifetime, which will allow the manufac-
turer to gain the maximum profit when the target customers are
heterogeneous. In the first part of our analysis, we assume a policy
with alinearly decreasing price function and a fixed warranty length.
We study customers’ purchase patterns under several different pric-
ing strategies by the manufacturer and then discuss the optimal pric-
ing and warranty strategy. In the second part, we address the issue of
whether a constant warranty length should be used for the entire
product lifetime. In our analysis, we assume that the warranty length
can be changed once at a given point in the product lifetime, and we
develop a joint pricing and warranty policy. Through comparison, we
find that the manufacturer will benefit from offering dynamic war-
ranty policy, which can bring them more profit than constant
warranty.

This paper is organized as follows. We give the literature in Sec-
tion 2 and the assumptions and formulation of the basic model in
Section 3. In Section 4, we consider a linear price function with a
fixed warranty length to derive the customers’ purchase patterns
and the optimal pricing and warranty for the manufacturer. In Sec-
tion 5, we study a dynamic warranty policy, which allows a change
to the warranty length at a given point in the product lifetime. In
Section 6, we discuss managerial implications of the proposed
models based on the results obtained from numerical experiments.
In Section 7, we summarize the main results of this paper and dis-
cuss several possible extensions of this paper. All proofs of analyt-
ical results are given in the appendix.

2. Literature review

There has been an increased research attention on the joint
determination of optimal product pricing and warranty policy.
Glickman and Berger (1976) proposed an early model for this
important research area. They assumed that the customers were
homogeneous, with their demand determined by an exponential
function of price and warranty length. The optimal price and war-
ranty length were obtained by maximizing the manufacturer’s
profit function. Murthy (1990) proposed a model to jointly deter-
mine the price, warranty length, and product reliability to maxi-
mize the total expected profit of a new product for a

manufacturer. Menezes and Currim (1992) derived the optimal
price and warranty length for particular classes of failure rate, de-
mand, and competitor-response functions. Mitra and Patankar
(1997) investigated the selection of product price, total warranty
length, and initial warranty length for warranty programs involv-
ing options for extended warranty periods. DeCroix (1999) consid-
ered an oligopoly market and proposed a game-theoretic model for
determining the optimal product price, reliability, and warranty
length. Ladany and Shore (2007) developed a general model to
make the optimal warranty decision by using the response model-
ing methodology, assuming that the demand follows a Cobb-
Douglas-type function.

Market dynamics has also been incorporated into the pricing
and warranty decisions. Mesak (1996) presented diffusion mod-
els to derive the optimal pricing policy and warranty period for a
monopolist selling new products. Based on the assumption that
the demand depends on the product price, warranty period,
and cumulative number of adopters, Mesak (1996) obtained
the optimal trajectories for both the price and warranty length
over a planning horizon. Teng and Thompson (1996) developed
a general framework to determine the optimal price and quality
policies of new products for a monopolistic manufacturer during
a planning period. In the proposed framework, they considered
the learning effects on the supply (manufacturer) side and the
diffusion and saturation effects on the demand (customers) side.
Lin and Shue (2005), Wu et al. (2006) and Huang et al. (2007)
extended the model by Teng and Thompson (1996). They consid-
ered warranty length instead of quality, assuming that the de-
mand is determined by product price and warranty length.
Optimal paths of price and warranty length of free replacement
policy were derived in a pre-determined life cycle of the
product.

In our proposed model, we assume that the customers are risk-
averse with a random risk-aversion parameter to reflect the cus-
tomers’ heterogeneity in their preference on the product. Several
researchers have considered risk preference in the warranty policy
analysis (see, for example, Chun and Tang, 1995; Ritchken and Tap-
iero, 1986; Ritchken, 1985).

Note that, in Teng and Thompson’s (1996) framework and those
followed, the heterogeneity in customers’ purchasing decisions
was not considered. In other words, under given product price
and warranty length, all customers have the same preference for
the product. In practice, customers may have different attitudes to-
wards the product, and, therefore, purchasing decisions will be dif-
ferent both across customers and over time. Furthermore, limited
product lifetime, an important characteristic of high-tech products,
was not considered in these studies.

When noticing the limitations of the previous research, this
study adds to the literature by considering customers’ heterogene-
ity in their risk preference and fixed product lifetime. Our aim is to
examine all customers dynamically over time to help the manufac-
turer design the price and warranty to acquire maximal profit.

3. Basic model

Consider a product with an effective lifetime from time O to T.
The target market of the product consists of Q customers, and
the product value to a customer is proportional to the time he or
she possesses the product. Let t > 0 be the time of purchase by a
customer. Then, the product value is a function of t, determined by

_(k(T—1t), te[0,T],
R(t)*{o, t>T,

where k is a positive constant. We assume k is exogenous and the
same across all customers.
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The product is subject to random failure, with the time to fail-
ure following an exponential distribution with parameter i. Note
that we assume a constant failure rate to simplify our analysis.
Our analysis can be modified for the Weibull distribution with an
increasing failure rate. We further assume that the customers are
risk-averse toward uncertain repair costs due to product failure
with the following (dis-)utility function

u(x) = —exp(ax), (1)

where a > 0 is the risk-aversion parameter. This utility function
implies that the customer is constantly risk-averse because the
measure of risk aversion, u”(x)/u’(x), equals a, where u'(x) and
u”(x) are the first and second derivatives of u(x), respectively
(Keeney and Raiffa, 1993). A larger a implies a higher level of risk
aversion. We let a follow a uniform distribution in [a,,a,] to
describe the variation in risk attitude among the customers.

The net value of the product to a customer is determined by R(t)
plus the total dis-utility associated with the total repair cost in-
curred in the period that is not covered by the warranty (i.e., from
t + T, to T). We assume the customers do not have price expecta-
tion and will make a purchase decision right after the net product
value exceeds the price.

The manufacturer is risk-neutral and uses a dynamic pricing
strategy with the price as a function of the customers’ purchase
times. We use P(t) to denote the product price at time t. The
manufacturer offers a free warranty with a fixed time length,
T., from the point of purchase, which entitles the customer to re-
ceive a minimal repair service free of charge if a product failure
occurs during the warranty period. It is assumed that the repair
time is negligible, and that, after the repair, the product is re-
stored to its operational state just prior to failure. We let C, de-
note the cost of a minimal repair to the manufacturer. If the
product fails after the warranty expires, the customer will repair
it at his or her own expense. For simplicity, we assume that the
customer’s unit repair cost is also C,. After time T, the effective
lifetime of the product, the manufacturer does not provide repair
services.

The total profit to the manufacturer is determined by the total
revenue from the product sale minus the total product manufac-
turing cost and the total repair cost incurred in the warranty per-
iod. We assume that the manufacturer's unit cost of
manufacturing the product is a constant, C,,. The manufacturer’s
objective is to find the dynamic pricing and warranty policies to
maximize expected total profit.

Let C,(t) denote the total repair cost to the customer who pur-
chases the product at time t. The certainty equivalent of u(C,(t)),
denoted by C,(t), is the amount such that the customer is indiffer-
ent between this fixed amount and the uncertain repair cost (Kee-
ney and Raiffa, 1993); i.e

u(Ce(t)) = E[u(Cy(t))]- (2)

Since the number of product failures in the time interval
t+Tw,T] is Poisson distributed with mean
m(T — (t+Tw)) = fLTW 4ds = A(T — (t+Tw)), the expected utility
in [t + Ty, T] is

00 (T Tw— ) —AT-Tw—t)
Efu(C ; exp(aiC;) 7 , 3)
which can be expressed as
E[u( ( )] _ —/ (T-Tw—t)[1— exp(aCr)] (4)
From (2) and (4), we obtain that
—= exp(aCr) — 1
G0 = PN = Lyr 1, ), 5)

where A(T — Ty, —
[t+Tw,T].

We define C, = (exp(aC;) — 1)/a as the “equivalent” or per-
ceived unit repair cost for the customer with risk-aversion param-
eter a. As a result, the equivalent total repair cost for the customer
can be denoted as

t) is the expected number of product failures in

Co(t) = CLA(T =Ty — t).

It is straightforward to verify that C, is an increasing function of a.
Therefore, the perceived repair cost is higher for a more risk-averse
customer.

We define the net product value to a customer who purchases
the product at time ¢, denoted by V,(t), as the difference of R(t)
and C,(t):

Vy(t) = R(t) - Ci(t).

For convenience, we will use “product value” to represent the net
product value hereafterward. Let a; be the solution to Er =k/i. It
is straightforward to show that V,(t) is a decreasing function of t
if a < a;, a constant if a = a;, and an increasing function if a > a;
n (0,T —T,). Consequently, there are three cases according to the
relationship between a,, a,, and a,:

Case 1. a, < a;: the product values to all the customers decrease
in (0,T — Ty].

Case 2. a, < a; < a,: the product values to the customers with
a, < a < a; decrease and those of the customers with a; < a < a,
increase in (0, T — Ty].

Case 3. a; < a,: the product values to all the customers increase in
(0,T —Ty).

In this paper, we consider only Case 1 in our analysis. Results asso-
ciated with Cases 2 and 3 can be found in Zhou (2006).

A customer will make a purchase when the following condition
is met:

Vp(t) = P(t). (6)

For a given P(t), the purchase time of a customer is affected by a,
since C,(t) is a function of a. We use t, to denote the purchase time
for the customer with risk-aversion parameter a, and the profit for
the manufacturer to sell an item to the customer is given by the
selling price at t, minus the unit production cost and the expected
repair cost in the warranty period. Consequently, the manufac-
turer’s total profit is

profit = "[P(ta) — Cn — CrATu), 7)
acQ

where Q represents the set of the customers who make a purchase

in the lifetime of the product. The optimal solution to the manufac-

turer is to find the product price function and warranty length to

maximize total profit.

4. Linear dynamic pricing with constant warranty length

In this section, we assume that the manufacturer uses a linearly
decreasing price function and a constant warranty length in the
product lifetime. Let the price offered by the manufacturer be

P(t) = P — bt, (8)

where Py is the initial price at time 0, and b > 0 is the decreasing
rate of the price over time. Assuming the customers do not have
price expectation and will make a purchase immediately when (6)
is satisfied, we obtain the following results.
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Lemma 1. If Py < (k—Db)Ty +bT, then to<T-T, for al a.
Otherwise, {tq : tq € (0,T — Ty]} = 0.

The condition Py < (k — b)Ty + bT in Lemma 1 can be met by a
low initial price, a fast speed in price decrease, or both. When this
condition is met, all the customers will purchase the product be-
tween times 0 and T —T,,. There are three possible scenarios
depending on the manufacturer’s pricing strategy. The first is that
a group of customers purchase the product at time 0, and the
remaining customers make the purchase between times 0 and
T —Ty. In the second, all the customers purchase the product at
t = 0. In the third, no customers purchase the product at time 0,
but all of the customers make the purchase between times 0 and
T — Tw. The following corollaries give conditions for additional pur-
chase patterns.

Corollary 1. If (k — b)T,, + bT < Py < bT, thent, € (T — Ty, T) and is
the same for all a.

Corollary 2. If
{ta : tqa € (0, T]} = 0.

If the condition in the first corollary is met, all the customers
make purchase at the same time between T — T,, and T. Note that,
in this corollary, Py — bT < 0 does not mean the product price will
become negative at time T. It only implies that the price decreases
fast enough to be 0 before T. We assume that it will remain 0 after
that time. The second corollary gives the condition that no custom-
ers will purchase the product because the initial price is high, the
price does not decrease fast enough, or both.

At t = 0, a customer will purchase the product if

Py — bT > max(0, (k — b)T), then

KT — C,A(T—Ty) > Py, 9
or,

-~ kT — P()

CSATT

Let ay be the solution to

~ kT — Py

Cr= MT—Ty)

Since C, is an increasing function of a, all the customers with
a < ap will purchase the product at time 0. The proportion of the
customers who purchase the product at time 0, denoted by Jy, is
given by
Qo — y
Oy — 0

0o =

if ap > a,, 0, otherwise. Let §; denote the proportion of the custom-
ers who purchase the product after time 0. The value of §; ranges
from 0 to 1 — &g.

For the customers with risk-aversion parameter a, who makes a
purchase at t, € (0,T — Ty], we have

k(T — tq) — CoA(T — T — tq) = Po — bty, (10
or
(3C; — k+b)ty = C,A(T —Ty) + Py — kT. (11)

Since the purchase condition of these customers is not satisfied at
time O,

KT — C.A(T = Ty) < Py (12)
Combine (11) and (12), and we obtain
iCr—k+b>0.

This result can be written as the following lemma.

Lemma 2. If t; € (0,T — Ty, then iC, —k+b > 0.
From (11) and Lemma 2, we obtain that

CiA(T —Tw) + Py — kT
iCr—k+b '

About this purchase time, we derive the following theorem.

ty =

Theorem 1. If ag € [a,,a,] (or ap < a;) and Py < (k — b)T,, + bT, then
tq is an increasing function of a € (ap,ay] (or a € [a,, ay)).

This theorem indicates that, when all the customers purchase
the product between times 0 and T — T,,, more risk-averse custom-
ers make a purchase at a later time. Note that, if
Py = (k — b)Ty, + bT, then for a € (ao,a,] (or a € [a,, a,]),

. CoMT —Tw) + Py — KT
‘ JCr—k+b
Therefore, in this situation, there are only two possible purchase
times, 0 and T — Ty,.

When the manufacturer can freely set both product price (b, Py)
and warranty length (T,,), we obtain the following theorem.

T—Tyw.

Theorem 2. When b, Py and T, can all be freely determined,
profit.x = Q(kT — Cy, — C-AT) with the optimal solution T,, = T and
P, = KT.

From this theorem, we know that, when both price (b, Py) and
warranty length (T,) are decision variables, using a longer war-
ranty length leads to a higher profit. This is because the custom-
ers are risk-averse, but the manufacturer is risk-neutral. The
value of an increase in the warranty length to the customer is
higher than the corresponding increase in the warranty cost to
the manufacturer. Consequently, the manufacturer can increase
the product price more than the warranty cost incurred by
changing the warranty length. As a result, the manufacturer
should offer the maximum warranty length as the optimal
strategy.

Note that the result in Theorem 2 may not hold for Cases 2
and 3 mentioned in the last section, where a, < a; < a, and
a; < a,, respectively. In other words, a combination of a finite
rate of price decrease and a warranty length shorter than T
can be the optimal solution. In this situation, the optimal price
function and the optimal warranty length, T;, can be found by
a direct search procedure. Furthermore, if the manufacturer can-
not change the price function, it is possible to find the optimal
warranty length by a direct search procedure. When doing the
search, we can obtain the following proposition.

Proposition 1. For given Py, T,, decreases as b increases, and for
given b, T,, increases as Py increases.

This result can be explained intuitively. First, when the prod-
uct price decreases at a higher rate, the manufacturer does not
need the same warranty length to attract customers. Further-
more, if the manufacturer charges a higher initial price, a longer
warranty is necessary to compensate the additional cost to the
customers.

5. Dynamic warranty policy

In this section, we will consider a warranty policy that allows
the length of the warranty period to change once at a given point
in the product lifetime. In Section 5.1, we assume a linear price
function in deriving the optimal initial length and the optimal war-
ranty length after the change. In Section 5.2, we assume that the
price and warranty can be simultaneously changed once at a given
point in the product lifetime.
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5.1. Continuous price function

We assume that the linear price function (8) is given and that
the manufacturer changes the warranty length once at time t; in
the lifetime of the product. Let the warranty lengths before and
after t; be denoted as T,,; and T, respectively. The manufacturer’s
objective is to determine the optimal warranty lengths, denoted by
T,, and T,,, for maximizing profit.

We report only the results associated with the case where cer-
tain customers purchase the product at time 0 and all the remaining
customers purchase the product before the end of the product’s life-
time. The results for other situations can be found in Zhou (2006).

Theorem 3. For a given linear price function and t;, T, < Ty, if
T,, > 0.

This theorem indicates that the manufacturer should increase
the warranty length at time t;. There are two reasons for this re-
sult: (i) all the customers have decreasing product values over
time, and (ii) the customers who have not made a purchase before
t; are more risk-averse than those who have. Consequently, the
manufacturer must provide a more aggressive warranty policy to
attract these customers. Closed-form solutions for T, and T,,
are not available. A search procedure can be used to find the solu-
tion numerically.

5.2. Discrete price function

In this section, we assume the manufacturer can change both
the warranty length and product price at time t;. We use
(Po1,Tw1) and (Poz, Tw>) to denote the price-warranty combinations
before and after t;, respectively. In our analysis, we assume Py, is
given, and Ty, Pz, and Ty, are decision variables. Furthermore,
we assume Py, < Py, to prevent extreme results.

Since the product value to a customer decreases over time, a
customer whose purchase conditions are not satisfied at the begin-
ning will not make a purchase later if both the price and warranty
length are kept the same. Therefore, customers’ purchases can oc-
cur only at time 0 and t;. Let P, T, and T;,, be the optimal price

wil»

and warranty lengths. We have the following result.
Theorem 4. For given Pyy, Py, = Poy, and Ty, < T,,, if T, > 0.

This result suggests that, when the manufacturer has an option
to change both the product price and warranty length at a given
time, the best policy is to keep the price unchanged but offer a
longer warranty. As discussed previously, the value of an increase
in the warranty length to the customer is higher than the corre-
sponding increase in the warranty cost to the manufacturer. Conse-
quently, the manufacturer should use a larger warranty length to
attract remaining customers, rather than a lower price. We can find
the optimal warranty lengths, T, and T,,, for given Py by a direct
search procedure.

For comparison, we consider a special case where a fixed war-
ranty length is used for the entire product lifetime. Let T}, denote
the optimal warranty length. We obtain the following result.

Proposition 2. For given Py, T;,; < T,

This proposition implies that, if the manufacturer can offer a dy-
namic warranty, the better policy is to offer a shorter warranty at
the beginning to attract less risk-averse customers and then in-
crease the warranty length to attract more risk-averse customers.

6. Numerical results

We present an example to compare the three policies discussed
in the last section. For convenience in our presentation, we define

policy 1 as the strategy of combining the linear price function (8)
and a constant warranty length; policy 2 as a linear price function
and two warranty lengths; and policy 3 as two product prices and
two warranty lengths. We use the example as the basis for con-
ducting a sensitivity analysis of the effects of several important
model parameters on the optimal solution.

Example. Consider a manufacturer who sells a product with a free
warranty. The product lifetime is 3 years, and the product is
subject to random failure with the time to failure following an
exponential distribution function with . =2 per year. Further-
more, the average unit product manufacturing and repair costs are
$200 and $70, respectively. The value of the product to a customer
is $500 per unit possessing time during the product lifetime. The
manufacturer is risk-neutral, and the customers are constantly
risk-averse toward the repair cost, with the risk-aversion param-
eter uniformly distributed between 0.0001 and 0.03. Without loss
of generality, we let the number of customers be 1.

For policy 1 with Py = $1000 and b = $500 per year, the optimal
warranty length is 1.48 years, and the optimal profit is $557.766.
The percentages of the customers who made purchase at time 0
and afterward are 72.2% and 27.8%, respectively. For the second
policy, if we allow the warranty length to change at t; = 0.2, the
optimal warranty lengths before and after t; are T;,; = 0.952 and
T,, = 1.568, respectively. As indicated by Theorem 3, the warranty
length increases after t; to attract more risk-averse customers who
have not made a purchase. Under the optimal solution, the per-
centages of the customers who made a purchase at time 0 and
afterward are 48.7% and 51.3%, respectively. The optimal solution
of Policy 2 results in a higher average profit of $576.50.

For policy 3, the optimal solution is Py, = $1000, T,, = 0.807
and T;, = 1.963. The percentages of the customers who made a
purchase at time O and t; are 43.0% and 57.0%, respectively. The
profit is $594.81, the highest among the three policies. Compared
with policy 2, T, for policy 3 is shorter, but T;, is longer. This is
because the manufacturer has to use a more aggressive warranty
policy after t; to compensate for the effect of the unchanged and
relatively higher prices used in policy 3. The results of the three
policies suggest that the manufacturer could benefit substantially
from using a dynamic warranty policy.

Based on the example, we conduct a sensitivity analysis to fur-
ther study the properties of the optimal solutions. We first con-
sider policy 1. In order to investigate the relationship between
Po, b, and T;,, we obtain T,, under selected values of Py and b. The
results are given in Table 1 and Fig. 1. It is evident that, for a given
b value, T;, is positively associated with Py, and that, for a given Py
value, T, is negatively associated with b. Actually, these results
have been analytically proved in Proposition 1.

In the second analysis, we consider policy 2. In Fig. 2, the opti-
mal warranty lengths are reported for selected values of Py as b is

Table 1
Effects of Py and b on T}, and profit
Py b T, profit
900 400 1.22 491.601
900 500 1.18 493.561
900 600 1.15 494.955
900 700 1.12 495.998
1000 400 1.51 556.331
1000 500 1.48 557.969
1000 600 1.45 559.129
1000 700 1.43 559.996
1100 400 1.81 621.067
1100 500 1.78 622.373
1100 600 1.76 623.303
1100 700 1.75 623.998
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Fig. 1. Effects of Py and b on T,

kept constant. As Py increases, both T;,; and T, increase. This re-
sult is expected. However, the difference between T,, and T,,
gradually becomes smaller when Py increases, and the benefit of
allowing two warranty lengths diminishes when Py is very large.
In other words, the dynamic warranty policy is beneficial when
the initial price is relatively low.

In Table 2, we report T, and T,, for selected values of t; rang-
ing from 0.1 to 0.8. The results show that, as t; increases, the war-
ranty length increases for period [0,t;) but decreases for [ty,T].
Furthermore, the profit decreases as t; increases. This is because
the earlier the manufacturer changes the warranty length, the
shorter the warranty length needed to attract a fewer number of
less risk-averse customers. However, after t;, a long warranty
length is needed because the product price remains relatively high
and the remaining lifetime of the product is longer.

We also observe that, if t; is equal to or larger than .5, T, is O,
which suggests that all the customers have already made a pur-
chase before t;. This result suggests that it is not beneficial to
change the warranty length at a late point in the product lifetime.

We now consider policy 3. From Proposition 2, we know
Py, = Po;. Therefore, we need to determine only the two warranty
lengths for the optimal solution. To study the effect of t; on the
optimal solution, we obtain T,, and T;,, for selected values of t;
ranging from 0.1 to 1.0 under the condition Py; = Py; = 1000. The
results are reported in Table 3.

We found that T,, is not sensitive to changes in t;. Since
Po1 = Py, policy 3 is a special case of policy 2 with b = 0. Our com-
putational experience shows that T;,, for policy 2 is also not sensi-
tive to t; when b is small. Furthermore, we also found that T,
increases in t;. This is because, as t; increases, the product values

25,

2 ] y s

1.5

1 Twl

Warranty length

850 950 1050 1150 1250
Py

Fig. 2. T,, and T,,, as functions of Po.

Table 2

The effects of t; on T,,, and T;,, for policy 2

t Ty, Tyn 8o &1 Profit
0.1 0.783 1.624 0.421 0.579 590.013
0.2 0.952 1.568 0.487 0.513 576.503
0.3 1.107 1.512 0.550 0.450 566.189
0.4 1.300 1.482 0.636 0.364 559.724
0.5 1.475 0 0.720 0.280 557.966
0.6 1.476 0 0.721 0.279 557.968
0.7 1.472 0 0.719 0.281 557.962
0.8 1.474 0 0.720 0.280 557.965
Table 3

The effects of t; on T, and T;,, for policy 3

t T Twa do o profit
0.1 0.8073 1.9581 0.4301 0.5699 595.19
0.2 0.8073 1.9627 0.4301 0.5699 594.81
0.3 0.8372 1.9674 0.4418 0.5582 594.44
0.4 0.8372 1.9721 0.4418 0.5582 594.08
0.5 0.8372 1.9767 0.4418 0.5582 593.72
0.6 0.8372 1.9814 0.4418 0.5582 593.35
0.7 0.8372 1.9860 0.4418 0.5582 592.99
0.8 0.8372 1.9907 0.4418 0.5582 592.62
0.9 0.8372 1.9953 0.4418 0.5582 592.26
1.0 0.8372 2.0000 0.4418 0.5582 591.90

to those customers who did not purchase the product at t = 0 will
be lower at time t;. Since the price remains the same, the manufac-
turer has to provide a longer warranty to attract remaining cus-
tomers. The results in the table also show that the profit
decreases as t; increases. This is expected because of the general
rule observed in policies 1 and 2 is to change the warranty length
as soon as possible. However, the effects of t; on the profit are not
very significant. Based on the results presented for the three poli-
cies, we conclude that a dynamic warranty policy is most effective
when it is used jointly with an aggressive pricing policy.

7. Conclusions

In this paper, we consider a repairable product with known
market entry and departure times. The manufacturer of the prod-
uct offers a free warranty with product purchase, under which
the customer can have the product repaired free of charge if it fails
during the warranty period. It is assumed that the customers are
heterogeneous with respect to risk aversion toward uncertain re-
pair costs after the warranty expires. We consider both constant
warranty and dynamic warranty in order to investigate the impact
of dynamic warranty on the manufacturer’s decision making of
profit maximization.

In the first part of our analysis, we study customers’ purchase
patterns under several different pricing strategies by the manufac-
turer and then discuss the optimal pricing and warranty strategy.
We obtain that if the manufacturer is a market monopolist, the
best strategy for him is to charge the highest price but offer the
longest warranty period which covers the entire product lifetime.
However, there is often competition in the market, which imposes
some restriction on the product price the manufacturer can set. In
this situation, the optimal warranty length decreases with the
price decreasing rate but increases with the initial product price.

In the second part, we consider the dynamic warranty by
assuming that the warranty length can be changed once in the
product lifetime. We find that the manufacturer should provide
an even longer warranty after the change than before to acquire
the maximum profit. Through the comparison between the
constant warranty and dynamic warranty, it is obtained that the
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manufacturer will benefit from offering dynamic warranty policies.
In addition, earlier changing time will bring more profit to the
manufacturer.

Although there have been plausible arguments for using a dy-
namic warranty policy, and we have demonstrated analytically
its benefits, dynamic warranty policies have not been commonly
used in practice. We hope that the results of this paper could con-
vince practitioners to recognize the heterogeneity in risk attitude
among customers and consider using a dynamic warranty policy
jointly with product price as a marketing tool to manage custom-
ers’ purchase pattern in the product lifetime. In order to apply
the proposed theoretical framework, it is essential to validate the
utility function given by (1) and estimate the distribution of the
risk-aversion parameter, using the methodology established by
Keeney and Raiffa (1993) and in the statistics field. If the utility
function does not adequately reflect customers’ risk attitudes, an
appropriate utility function can be identified, and the same analy-
sis can be performed accordingly. It is strongly recommended that
the manufacturer collect customer data through his or her sales
process in order to evaluate and modify the price and warranty
policy.

The proposed framework in this study can be extended from
several possible directions. In our analysis, we find that the manu-
facturer will acquire more profit through earlier change time and
more times of change for warranty length. Therefore, the approach
of continuous dynamic programming can be involved to generalize
this methodology. Through this study, we aim to develop a scheme
of dynamic price and warranty policy for high-tech products when
customers are heterogeneous. Hence, manufacturers can apply this
scheme to guide their managerial decisions.

Second, this framework can be applied to design the personal-
ized price and warranty policy for each customer as long as there
is a mechanism to measure or obtain information on a customer’s
risk attitude. By doing this personalization, it is expected that the
manufacturer’s profit will increase.

Third, the study can be extended by considering two or multiple
competing manufacturers for the same group of customers. We
will analyze how the competition affects the pricing and warranty
policies of individual manufacturers and what is the optimal deci-
sion policy for each manufacturer in a competitive market. This is
more practical situation for most of the high-tech products. There-
fore, the study results can provide useful suggestions for manufac-
turers in their operation and management.

Appendix A
A.1. Proof of Lemma 1

We first prove t, < T — Ty, for a € [a,,a,], if Py < (k- b)T,, + bT.
In the range t € (0,T — Ty, the product value to a customer with
risk attitude a is k(T —t)— CoA(T =Ty —t) or
KT — C, AT —Ty) — (k— 6,)_)& This shows that the product value
for a customer is a linear function of t in (0,T — T,,]. In the range
[T -T,,T), the product value is k(T —t) for all the customers,
which is also a linear function of t. For the customers who do not
make a purchase at time 0, the price is higher than the product val-
ues. The condition, Py < (k — b)Ty, + bT, implies that the price is be-
low the product value at t =T — T,,. Hence, there must be a point
n (0,T — Ty,), at which the product value and price are equal for
each customer. If Py= (k—Db)T,, +bT, the purchase time is
T —T,. Therefore, t, < T — T, for all a.

Now, we prove {t, :t, € (0,T —Ty]} =0, if Po > (k— b)T,, + bT.
If t,e(0,T—T,), then k(T —ty)— CAT—Ty—ty) = Py—tq, oOF
()f, —k+Db)t, > E,A(T — Tw) + Py — kT. Since the purchase condi-
tion of any of these customers is not satisfied at time O,

KT — C,A(T — Ty) < Py, i.e., C;A(T—Tw)+Po—kT > 0. As a result,
JCr—k+b>0. Then t,= M <T-Ty Therefore,
Py < (k—b)Ty + bT, contradlctmg’CPB (k—b)Tw + bT. Hence, if
Po > (k — b)Ty + bT, {ty : tg € (0,T — Ty} = 0.

A.2. Proof of Corollary 1

In the range of t € [0,T — Ty], (k — b)Tw + bT — (k(T — t) + bt) =
(b —k)(T — Ty —t). Because Py > (k — b)T,, + bT and Py — bT < O, k
is smaller than b. We obtain (k- b)T,, +bT > k(T —t) + bt and
Po — bt > k(T — t) — C,A(T — Ty,), indicating that no purchase occurs
before time T — T,,. Furthermore, since Py > (k — b)T,, + bT, no cus-
tomer will purchase the product at T — T,

The first condition, Py > (k — b)T,, + bT, implies that the price is
higher than the product values for all the customers at T — T,,. The
second condition, Py — bT < 0, implies the product value is higher
than the price at time T. Since both the price and product value
are linear functions in (T — T, T), there exists a time point at
which the two are equal. Since all the customers have the same
product value after T — Ty, the interception point is the same for
all customers. It has been proved above that no customer will make
the purchase before T — T,,. Therefore, under these conditions, all
the customers will make a purchase within the interval
(T — Ty, T) and the purchase time is the same for all customers.

A.3. Proof of Corollary 2

The conditions, Py > (k — b)T,, + bT and P, — bT > 0, indicate
that the price is higher than the product value at both T —-T,
and T. Since the price and product value are linear functions of t,
there is no intersection of the two functions in (T — Ty, T]. From
Lemma 1, {t; : t, € (0,T — Ty]} = 0. Hence, {t, : to € (0,T]} = 0.

A.4. Proof of Theorem 1

It has been proved that if P < (k — b)T,, + bT,t, < T — T, for all
the customers. For those customers who do not make a purchase at
time O, (i.e., those with a € (ap,a,] if ao € [a,,a,] (or a € [a;, a,] if
ap < ag)),

(- CHT—Tw) +Po—KT _ o (K=b)Ty+bT Py,

JCr—k+b 4Cr—k+b

Since AC, — k + b is positive (from Lemma 2) and increases in g, t,
also increases in a.

A.5. Proof of Theorem 2

It can be proved that, for given T, the optimal solution occurs
when Po € [kT — C(ay)A(T — Ty), kT — Cr(a,)A(T — Ty)] and
b>%- (see Zhou, 2006), where kT — C. (a)MT—-Ty,) and
kT — C (a,)M(T —Ty,) are the initial prices, at which the most and
least risk-averse customers would make a purchase at time O,
respectively. In this situation, some customers make a purchase
at time 0, and all the others will purchase the product later before
T —T. For given T,,, the manufacturer’s profit is

Qib / u['acla7
a, —a

— W

profit = Q(Py — Cpy — CATy,) —

CruT= —Tw)

where o = <02 z:;U T Let b* and P;, be the optimal solution for gi-

ven T, which leads to aj and the maximum profit for the manufac-
turer. Then, we have b* > P K,

Increasing Ty to Tw1 = T ¥ ATW, we prove that a feasible solu-
tion_ (b PO) can be found which leads to ap, s.t. ap=a; and
b> Poklwi  _Let b=b" and Py=P; + APy, Therefore,

wi KT—(Py+APg) KT— P
c (ao)) = ’;TTP‘]’ =T It is known that Crlap)i =" As a
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result, in order to satlsfy ao = agy, APy = C r(ay)AAT,,. Hence, we
obtain b=b" and Py = O+C (a5)AT,, which leads to ag s.t.
ap = aj. Furthermore,

(k—b)Tyy +bT — Pg=((k—b")T,y+b'T—P) + (k—b" — C,(q

which can be expressed as [(k — b")T,, + b'T — Pg](1 — £4=). We ob-
tainb > Pokln because T, + ATy < Tand (k —b")T,, + b T— P, > 0.
Thus, a fea51ble solution b = b* and Po =Py + c +(ag)AATy, is found

Next we prove the manufacturer w111 obtain a higher profit
using price (b, Py) than (b", Py). For a € (a;, ay),

/“utda_/“u CoA(T — Tw) +Po—kT
ao ‘ ao C2+b k

B O
a Cra+b —k %

because a, = a; and

CrA(T —Tut) +Po— KT Cra(T —Tw) + Py — kT — (C, — Cy(ay)) AT,

Ci+b—k Coat+b —k
C,A(T Tw)+Py—kT
Cii+b —k
Moreover, Po — C — CriTys = Py — Cm — CATy, + (Er(aa) -G

JATy > Py — Cy — C;ATy,. Therefore, the manufacturer will obtain a
higher profit if a longer warranty is used. As a result, when b, Py,
and T,, can all be freely set, profit increases in T,, and the profit is
maximized when T,, = T. In this situation, all the customers make
a purchase at t = 0 if kT > Py is satisfied, and the maximum profit
is profit,.x = QKT — Gy — C:AT) with T;, = T and P, = kT.

A.6. Proof of Proposition 1
The manufacturer’s

profit is profit = Q(Po — Cy — CrATy)—

Qb [au
o, tada.
The first derivative of profit with respect to is
dprofit @ pC,a
profi = —QCi+ Q ———da.
0Tw u=0 Joy Coi—k+b

Due to the assumption k > C,/ for all g, ”C" ~2¢t~_decreases in b. There-

fore, to satisfy &% “pmf t — 0, ao decreases. In order for ag to decreases, T,,

has to be reduced. The second derivative of profit with respective to

io o°profit __ Qb Cr(ag)4
Tw is T Taa Aci' "
creases in b. rldo)ler
oprofit bC 7
In P25, ===

e"r"f‘ =0 remams the same when P, and T, change. Since

C,(ao) = % T. increases in Py. Because % < 0, the optimal

T. increases in Py.

< 0. Therefore, the optimal T, de-

is independent of Py, implying that ag satisfying

A.7. Proof of Theorem 3

If T;, = 0, all the customers have purchased the product before
t;, making the dynamic warranty policy unnecessary. We will fo-
cus on the case, where T;,, > 0.

It is evident that the policy of allowing two warranty lengths
should yield at least the same profit as that of maintaining the
fixed warranty length. Suppose T,, > T,,. Let a; be the risk atti-
tude of the customers who make a purchase at time t;. Then, the
customers with a € [a;, a,] will purchase the product at an even la-
ter time than when T;,; remains the same. The profit derived from
any individual customer with a € [ay,a,] is
CrAMT —Tup —tq) — Cr ATy — Cin.

Po— bty — CrTyp — Con = k(T —t5) —

5)1)AT,y,

This profit is less than that when T;,, remains the same. In addition,
the profits derived from the customers with a € [a,, a;) are the same
for the two cases. Hence, the profit associated with the policy that
allows two warranty lengths is lower than that using one warranty
length, which is possible. Therefore, we conclude T;, < T, for a gi-
ven linear price function.

A.8. Proof of Theorem 4

Consider a price-warranty combination (Pg1, Tw1,Po2, Tu2), in
which Py, < Py;. Assume the customers with a € [a,,ao1] purchase
the product at time 0 and those with a € (ao1, do?] make a purchase
at time t;, where ao € [a,,a,] is the solution to C, = M=Pu_ and

AT=Tw1)
doz € [do1, @] is the solution to C, — XT=1)=P2 Then, the manufac-
turer’s profit is

MT=Typ—t1)"

—a,
O’—G‘Q(Pm — Cpn — CiTy)

u— W

oy — a
+ -2 0Q(Pgy — Cy — CriTu2)
a, —a,

profit =

do1 — Qg doz — q ~ ,
- ﬁQ(”O‘ — Cn — CraTun) + ﬁQ((k — Cr(a2)2)
x (T = t1) + (Cr(ag2) — Cr)ATwz — Cn).

If we Kkeep ap the same and increase T,, until
k(T —t1) — 6,(a02)).(T — Twa — t1) = Po1, profit will also increase in
the same range. For any price-warranty combination, this is true
as long as Po, < Py;. Therefore, the optimal price after time t; is
Py, = Po1. When Pg; = Py, no customers will make the purchase
at tyif T, T* . To obtain a larger profit, T;,; must be smaller than
if T*

w2'

A.9. Proof of Proposition 2

We consider two cases. In Case 1, we assume a, < a,. Suppose
T,, is larger than T,, and T,, remains unchanged. The customers
with a € [a,,a01] purchase the product at time 0, and those with
a e (ap,a1) make a purchase at time t;, where ag; € [a,,a,] is the

solution to C, = ’(‘TT ﬁ‘“) and a; € (ao;,a,] is the solution to
C, = ;;‘72‘1”‘ The manufacturer’s profit associated with the dy-

namic warranty policy is

—do1

proﬁt = aOl Cl_/[ Q(POI - Cm - Cr/'LT‘}vl) _ Q(P(n Cm — Cr}~Tw2)-

u— W u L

Since T;,; > T,, an > ao. If the price does not change, the customers
purchase the product only at time O and the time when warranty
length changes. If we use T,, in the entire product lifetime, the
manufacturer’s profit is lower than that when T}, is used instead; i.e.

20— Q(Poy — o — GIT,,) = =L Q(Por — C
74

o a - — CiT).

If we decrease T;,, to T;, then the customers with a € (ao,a;] will
make a purchase at t; because T, =T,,(t1,a:) = T,,(t1,do1),
where T,, (t1,a;) and T,,(t1,a01) are the minimum warranty
lengths the customers with risk attitudes a; and ao; need at time
t; to purchase the product, respectively. Therefore, the increase in
the manufacturer’s profit due to the decrease of T}, is

ap — ay J— Qo1 — Qg *
a—— Q(Po1 — G — GiAT,,) — W a, Q(Po1 — Gy — C:AT,,)
do1 pp—
+ CI——G[Q(POl Cm — CT/“TWZ) > 0.

As aresult, T, <T,,.

In Case 2, we assume dp = a,. In this case, all the customers
make a purchase at time 0. Therefore, T;, = T,,(0, a,), the minimum
warranty length, which the customers with a, require to purchase
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the product at t = 0. The manufacturer does not need to provide

warranty longer than T, (0, a,). Hence, T, < T,,.
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