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Over the past few years, many financial institutions have actively traded basket warrants in the
over-the-counter market. Prior research has proposed an approach to valuing single-stock options
subject to credit. However, this approach cannot be applied directly to the case of basket
warrants. Using the martingale method, we propose a closed-form approximation for valuing
European basket warrants using a continuous-time model, with credit risk and interest rate risk
considered simultaneously. Finally, several numerical examples are utilized to demonstrate the
characteristics of basket warrants under credit risk.

Keywords: Derivatives pricing; Derivatives securities; Stochastic interest rates; Credit risk

JEL Classification: G1, G13

1. Introduction

With the liberalization of global financial markets and the
instability of the world economy, many derivatives have
been developed to meet the increasing needs of investors.
Among these derivative securities, basket warrants have
gradually become more popular over the past decade. In
essence, basket warrants are actually basket options. These
options have a basket of two or more underlying assets
whose prices determine basket warrants’ payoffs. However,
basket warrants and ordinary options are different in terms
of issuing institutions. Basket warrants are normally issued
by financial institutions such as investment banks. Investors
thus face the credit risk of issuers. As the global financial
markets are rapidly changing, investors are also concerned
with interest rate risk. The purpose of this paper is to value
European basket warrants, with credit risk and interest rate
risk considered simultaneously.

Since securities companies which issue basket warrants
may default on their obligations, investors should take into
account the creditworthiness of issuing organizations when
purchasing warrants. Johnson and Stulz (1987) was one of

the first studies to examine the pricing of these options with
default risk, also known as vulnerable options. Hull and
White (1995), Jarrow and Turnbull (1995), Klein (1996),
and Hung and Liu (2005) also indicate the importance of
taking into account counterparty risk when pricing options
traded on the over-the-counter (OTC) market due to the
unavailability of a clearing mechanism.

When valuing vulnerable options, Klein (1996) does not
consider the interest rate risks, while Johnson and Stulz
(1987) assume a fixed interest rate. Both Gentle (1993) and
Milevsky and Posner (1998) also assume fixed interest rates
when valuing basket options.{ Based on the assumption of
fixed interest rates, the value of warrants would be underes-
timated if interest rates are highly volatile before maturity.

Hull and White (1995) and Jarrow and Turnbull (1995)
assume independence between the assets of the option writer
and the underlying asset of the option, especially when the
option writer is a large and well diversified financial institu-
tion (Hull and White 1995). However, Klein (1996) argues
that the option writer may still default due to the volatile
changes in the value of the underlying asset even if the
option writer has undertaken hedging. Johnson and Stulz

*Corresponding author. Email: yungming@nccu.edu.tw
{It is noted that Gentle (1993) and Milevsky and Posner (1998) do not consider default risk when pricing basket options.
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(1987) further suggest that the option writer may default,
possibly due to decreases in the value of the assets of the
writer and/or the growth of the value of the option. If the
value of the option grows to a larger extent than that of the
assets of the writer, it is likely that default may occur.

Prior studies also discuss the correlations among the
assets of the option writer, the assets underlying the options,
and the interest rate. Merton (1974) was one of the first to
study the link between the value of the assets of the option
writer and the default event, considering the relation between
the interest rate and the assets underlying the options. Extend-
ing Merton’s (1974) work, Longstaff and Schwartz (1995)
simultaneously consider both default risk and interest rate
risk. They further point out that the changes in the value of
the assets of the firm and in the interest rates have a signifi-
cant impact on credit spread when pricing risky bonds. How-
ever, the interest rate risk is generally not taken into account
in the literature when valuing vulnerable options.

In this paper, we argue the importance of considering
both risks and simultaneously model these two risks when
pricing basket warrants for the following reason. In the past
few years, warrant writers have been exposed to bankruptcy
risk due to the Financial Crisis of 2007–2010. They are also
adversely affected by interest rate volatility. Furthermore,
prices of financial assets are significantly interrelated. Unlike
prior studies, we therefore simultaneously take into account
credit risk, interest rate risk, and correlations between assets
when valuing basket warrants. Our valuation formula pro-
vides flexibility in pricing warrants with underlying assets
including bonds, stocks and other types of securities. It is
actually the general closed-form solution of the models of
Black and Scholes (1973), Smith (1976), Gentle (1993), Hull
and White (1995), Klein (1996), and Klein and Inglis (1999).

The remainder of the paper is organized as follows. The
following section develops a theoretical model for valuing
European basket warrants subject to interest rate risk and to
financial distress on the part of the warrant writer. Next, we
derive a closed-form approximation valuation formula for
vulnerable basket call and put warrants. In the penultimate
section, we utilize several numerical examples to show the
properties of our pricing formula. Finally, the last section
concludes this paper.

2. The model

This article’s framework for valuing basket warrants can be
considered an extension of the framework for pricing vul-
nerable options proposed by Klein and Inglis (1999). In
their paper, Klein and Inglis (1999) value calls/puts on a
single asset, while in this study we price basket warrants.
The underlying of basket warrants is a basket of assets.
Specifically, the basket of assets is actually a portfolio of
n kinds of different tradable stocks. We assume that the
warrants are traded under a continuous-time frame and that
markets are perfect and frictionless, i.e. transaction costs
and taxes are ignored. Suppose that the market value of
each of these n stocks follows Geometric Brownian Motion
(GBM). The dynamics of the market value of a particular
stock are then stated as follows:

dSit
Sit

¼ lSi dt þ rSi dWSi ; i ¼ 1; . . . ; n; ð1Þ

where lSi and rSi are the instantaneous expected return on
stock i underlying the warrant and the instantaneous standard
deviation of the return (both assumed to be constants),
respectively, Sit is the price of the ith stock at time t, WSi is a
standard Wiener process, i ¼ 1; . . . ; n, and \WSi ;WSj[t ¼
qijt, for every i; j ¼ 1; . . . ; n.

Credit risk, also known as default risk, is defined as the
risk that warrant writers, such as investment banks or secu-
rities firms, will be unable to make the required payments
when their debt obligations fall due. The bankrupt event
occurs when the writer’s value of assets at the expiration
date (VT) are smaller than its value of debts (D). If the war-
rant writer is bankrupt, its payments to investors depend on
the value of its assets on the warrant’s expiration date.
If the value of the assets of the warrant writer VT falls
below the fixed threshold value D⁄ on the warrant maturity
date T, then default occurs. The value of D⁄ is allowed to
be less than the value of D, the outstanding liabilities of the
writer. As in Klein and Inglis (1999), D is simplified as the
value of the zero-coupon bonds issued by the writer. We
assume that D is the same as D⁄ in the process of valuation
to allow for capital forbearance of the warrant writer. Once
the writer goes bankrupt, the warrant holder can only claim
ð1� aÞVT=D, where 0 � a � 1 is the costs associated with
the financial distress when the writer becomes bankrupt.
Suppose that the value of the assets of the warrant writer V
follows a GBM. The dynamic process of V is as follows:

dV

V
¼ lV dt þ rV dWV ; ð2Þ

where lV and rV are the instantaneous expected return
on the assets of the writer and the instantaneous standard
deviation of the return (both assumed to be constants),
respectively, and WV is a standard Wiener process.

As for the interest rate risk, let Pðt; TÞ represent the price
of a zero-coupon bond at time t paying one dollar at time
T, where T represents the expiration date of the warrants.
Therefore,

dPðt; TÞ
Pðt; TÞ ¼ lP dt þ rPðT � tÞ dWP; ð3Þ

where lP and rP denote the instantaneous expected return
on the zero-coupon bond and the instantaneous standard
deviation of the return, respectively, and WP follows a
standard Wiener process.

Let B(t) denote a money market account which
corresponds to the future value of the wealth accumulated
from an investment of $1 at an interest rate of r(t). Its
dynamic process is dBðtÞ ¼ rðtÞBðtÞ dt, where r(t) is the
instantaneous interest rate at time t.

Under the risk-neutral probability measure Q, the
dynamics of the zero coupon bond price are

dPðt; TÞ
Pðt; TÞ ¼ rðtÞ dt þ rPðT � tÞ dWQ

P : ð4Þ
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As shown in equations (3) and (4), the instantaneous
expected return on the zero-coupon bond under the proba-
bility measure P is replaced by the instantaneous interest
rate r(t) under the risk-neutral measure Q.

In addition, the market value of the underlying stock, the
value of the assets of the warrant writer, and the price of the
zero-coupon bond are all assumed to be correlated with each
other under the probability measure P. The instantaneous
correlations between WV and WP , between WS and WP , and
between WV and WS are qVP, qSP, and qVS , respectively.

Our framework described in this section can be applied to
the models proposed by Vasicek (1977), Hull and White
(1990), and Heath et al. (1992). It is also worth noting that
the valuation formula for the vulnerable European basket
warrants is the general closed-form solution of the models of
Black and Scholes (1973), Smith (1976), Gentle (1993), Hull
and White (1995), Klein (1996), and Klein and Inglis (1999).
In the ‘Numerical examples’ section below, we use the Cox,
Ingersoll and Ross (1985) model (CIR model), which is a
special case of the Hull and White (1990) model.

3. Valuation of vulnerable basket warrants

The warrant writer is considered to be bankrupt if the value
of its asset VT falls below the value D on the maturity date.
If the writer defaults on its obligations at maturity, the
claims of the warrant purchasers would not be completely
satisfied. Thus, we use the maturity date T as a reference
point in time.

Let CB
T be the payoff of a European basket call warrant

at maturity date T. CB
T is defined as

CB
T ¼ maxfBKT � K; 0g;

where BKT ¼Pn
i¼1 wiSiT , i ¼ 1; . . . ; n: BKT represents the

weighted average value of n kinds of different stocks at
time T, K is the strike price of the basket call warrant, wi

represents the weight of the ith stock and
Pn

i¼1 wi ¼ 1. Let
FS
i ðt; TÞ ¼ Sit=Pðt; TÞ; and FS

i ðt; TÞ is the forward price at
time t of the ith asset for the settlement date T.

BKT ¼
Xn
i¼1

wiSiT ¼
Xn
i¼1

wiF
S
i ðt; TÞ

SiT
FS
i ðt; TÞ

� �
:

The payoff at maturity T of a basket call option can be
rewritten as follows:

CB
T ¼ maxfBKT � K; 0g

¼ max
Xn
i¼1

wiFS
i ðt; TÞPn

i¼1 wiFS
i ðt; TÞ

SiT
FS
i ðt; TÞ

�(

� KP
n
i¼1wiFS

i ðt; TÞ
� Xn

i¼1

wiF
S
i ðt; TÞ

 !
; 0

)

¼
Xn
i¼1

wiF
S
i ðt; TÞ�

Xn
i¼1

XiŜiT � K�; 0

( )
; ð5Þ

where the modified weight is

Xi ¼ wiFS
i ðt; TÞPn

i¼1 wiFS
i ðt; TÞ

;
Xn
i¼1

Xi ¼ 1;

and

K� ¼ KPn
i¼1 wiFS

i ðt; TÞ
; ŜiT ¼ SiT

FS
i ðt; TÞ

:

If the money market account B(t) is used as the numeraire,
the discounted price of the asset is Q -martingale. If P(t,T),
the price of a zero-coupon bond with a maturity date T at time
t, is used as the numeraire, the discounted price of the asset
will be QT -martingale. Since PðT ; TÞ ¼ BðTÞ ¼ 1, CB

T , the
payoff function of a vulnerable European basket call warrant
with a maturity date T, can be given as follows:

CB
T ¼

ðBKT � KÞ;
ðBKT � KÞð1�aÞVT

D ;
0;

8<
:

if BKT � K[ 0 and VT � D;
if BKT � K[ 0 and VT\ D;
if BKT � K � 0;

where BKT represents the weighted average value of n kinds
of different stocks at time T, K is the strike price of the bas-
ket call warrant, and VT and D are the warrant writer’s
assets and liabilities, respectively. When VT <D, the writer
is liquidated and its residual firm value is ð1� aÞVT , where
a is the percentage representing the deadweight costs asso-
ciated with financial distress and 0 � a � 1. The dead-
weight costs include the direct and indirect costs of
bankruptcy. Warrant holders can only claim back
ð1� aÞVT=D, where ð1� aÞ is the recovery rate. The actual
payoff of a European basket call warrant with a mature date
T is then ðBKT � KÞ½ð1� aÞVT=D�.

If Pðt; TÞ is used as the numeraire, CB
T=PðT ; TÞ will be

the martingale of the probability measure QT . Thus,

EQT
CB

T

PðT ; TÞ 1fVT�Dg þ ð1� aÞVT

D
1fVT\Dg

� �� ����Ft

�
¼ Ct

Pðt; TÞ:

The value of a vulnerable European basket call warrant at
time t, CB

t , is

CB
t ¼ Pðt; TÞEQT CB

T 1ðVT�DÞ þ ð1� aÞVT

D
1ðVT\DÞ

� �� ����Ft

�
:

ð6Þ

Equation (6) shows that the expected future payout on the
nominal claim of amount CB

T depends on the terminal value
of the writer’s assets. The nominal claim is paid out in full
if the value of the assets of the option writer at maturity T,
VT , is greater than the value of the debt of the writer D.
EQT is the forward risk-neutral expectation of QT .

Substituting equation (5) into (6) gives

CB
t ¼ Pðt; TÞEQT

Xn
i¼1

XiŜiT � K�
 !þ 

1fVT�Dg

"

þð1� aÞVT

D
1fVT\Dg

�����Ft

�Xn
i¼1

wiF
S
i ðt; TÞ: ð7Þ
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Although individual stock prices follow a log-normal distri-
bution, the weighted average price of stocks BKt is no
longer log-normally distributed. Using the fact that an arith-
metic average is always greater than a geometric average,
Vorst (1992) proposes†

Xn
i¼1

XiŜiT �
Yn
i¼1

ŜXi
iT � EQT

Yn
i¼1

ŜXi
iT

" #
þ EQT

Xn
i¼1

XiŜiT

" #
ð8Þ

Substituting equation (8) into (7), the value of a vulnerable
European call CB

t can be rewritten as

CB
t � Pðt; TÞEQT

Yn
i¼1

Ŝ
Xi

iT � K 0
 !þ 

1fVT�Dg

"

þð1� aÞVT

D
1fVT\Dg

�����Ft

�Xn
i¼1

wiF
S
i ðt; TÞ

¼ BKt A1 � A2 þ A3 � A4½ �; ð9Þ

where

A1 ¼ EQT

Yn
i¼1

ŜXi
iT1
�Q

Ŝ
Xi
iT �K0

�1fVT�DgjFt;

" #

A2 ¼ EQT K 01�Q
Ŝ
Xi
iT �K0

�1fVT�DgjFt

� �
;

A3 ¼ EQT

Yn
i¼1

ŜXi
iT

ð1� aÞVT

D
1 Q

Ŝ
Xi
iT �K0f g1fVT\Dg

�����Ft

" #
;

A4 ¼ EQT
K 0ð1� aÞVT

D
1 Q

Ŝ
Xi
iT �K0f g1fVT\Dg

����Ft

� �

K 0 ¼ K� þ EQT

Yn
i¼1

ŜXi
iT

�����Ft

" #
� EQT

Xn
i¼1

XiŜiT

" �����Ft

#
:

Each of the above five terms can be calculated separately.
A closed-form solution for valuing a vulnerable European
basket call option CB

t is as follows (see the appendix for
the formal derivation):

CB
t � BKt mS

t e
ð1=2ÞS2SN2ða1; a2; qÞ � K 0N2ðb1; b2; qÞ

h
þmS

t ð1� aÞVt

Pðt; TÞD eð1=2ÞS
2
SþSSV N2ðc1; c2;�qÞ

�K 0ð1� aÞVt

Pðt; TÞD N2ðd1; d2;�qÞ
�
; ð10Þ

where

BKt ¼
Xn
i¼1

wiSit; mS
t ¼ e�ð1=2Þ

R P
Xir̂2Si

ðT�sÞ ds
;

K 0 ¼ KPðt; TÞ
BKt

þ mS
t e

ð1=2ÞS2S � 1;

S2
V ¼

Z T

t

r̂2
V ðT � sÞ ds; S2

S ¼
Z T

t

X
Xir̂SiðT � sÞ

	 
2
ds;

SSV ¼
Xn
i¼1

XiSSiV ; Xi ¼ wiSitP
wiSit

; i ¼ 1; . . . ; n;

SSiV ¼
Z T

t

q̂SiV ðT � sÞr̂V ðT � sÞr̂SiðT � sÞ ds;
i ¼ 1; . . . ; n;

r̂2
V ðT � tÞ ¼ r2

V þ r2
PðT � tÞ � 2rVrPðT � tÞqVP;

r̂2
Si
ðT � tÞ ¼ r2

Si
þ r2

PðT � tÞ � 2rSirPðT � tÞqSiP;

i ¼ 1; . . . ; n;

q ¼ SSV
SSSV

;

a1 ¼ lnðmS
t =K

0Þ þ S2
S

SS
;

a2 ¼ lnðVt=Pðt; TÞDÞ � ðS2
V=2Þ þ SSV

SV
;

b1 ¼ lnðmS
t =K

0Þ
SS

; b2 ¼ lnðVt=Pðt; TÞDÞ � ðS2
V=2Þ

SV
;

c1 ¼ lnðmS
t =K

0Þ þ S2
S þ SSV

SS
;

c2 ¼ �lnðVt=Pðt; TÞDÞ þ ðS2
V=2Þ þ SSV

SV
;

d1 ¼ lnðmS
t =K

0Þ þ SSV
SS

; d2 ¼ �lnðVt=Pðt; TÞDÞ þ ðS2
V=2Þ

SV
:

�̂SiV ðT � tÞ ¼ �Si
�V �SiV � �V �P ðT � tÞ�VP � �Si

�P ðT � tÞ�SiP þ �2
P ðT � tÞ

�̂V ðT � tÞ�̂Si
ðT � tÞ ; i ¼ 1; . . . ; n;

†According to Vorst (1992), this approximation is very accurate. The approximation error decreases with the volatility and the length of
the averaging period. In all cases the approximation error never exceeds 2%, while in many cases it is below 0.1%.
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N2ð�Þ represents the bivariate normal cumulative distribution
function.

The time-dependent parameters r̂2V ðT � tÞ and r̂2SiðT � tÞ
represent the instantaneous variances of the return on the
writer’s assets and on the assets underlying the warrant in
terms of the value of the zero-coupon bond, respectively.

Integrating r̂2V ðT � tÞ and ðPXir̂SiðT � tÞÞ2 over the life
of the warrant from t to T gives S2V and S2S . q̂SiV ðT � tÞ rep-
resents the instantaneous correlation between the returns on
the normalized assets of the writer and assets underlying
the warrant. SSV represents the covariance between the
returns on these two classes of normalized assets.

Next, using the put–call parity we derive the approximate
valuation formula for a vulnerable European basket put
warrant. Let PB

T be the payoff of the European basket put at
maturity T :

PB
T ¼ maxfK � BKT ; 0g:

Applying the put–call parity, we obtain

PB
t � CB

t � BKt þ KPðt; TÞ: ð11Þ

The above formula is the closed-form approximation for a
vulnerable European basket put warrant.

We have already derived the formulas for vulnerable
European basket calls and puts under the assumption that
the underlying stock upon which a warrant is written pays
no dividends during the warrant’s lifetime. More specifi-
cally, we assume that the individual underlying stock con-
tinuously pays dividends at some fixed rate qi, where
i ¼ 1; . . . ; n. It can also be shown that, using equations (10)
and (11), we can extend our results to vulnerable basket
warrants on stocks paying a continuous dividend yield, by
substituting

Pn
i¼1 wiSit e�qiðT�tÞ for BKt ¼

Pn
i¼1 wiSit.

This paper extends Klein and Inglis (1999) on pricing
European options subject to financial distress and interest
rate risk. Unlike Klein and Inglis (1999), we use the CIR
interest rate model (Cox et al. 1985) to avoid negative
interest rates. Moreover, Klein and Inglis (1999) evaluate
vulnerable single-stock warrants, while our paper prices
basket warrants. The pricing formula that we present in this
paper is actually the general form of the formulae presented
by Black and Scholes (1973), Klein (1996), Smith (1976),
Klein and Inglis (1999), Hull and White (1995) and Gentle
(1993), respectively. To be more specific, our pricing for-
mula is the general form of the formulae for the following
warrants.

(1) The single-stock warrants with fixed interest rate, not
considering credit risk (that is, n ¼ 1, rðtÞ ¼ r,
V ¼ 0).

(2) The single-stock warrants with fixed interest rate,
considering credit risk (that is, n ¼ 1, rðtÞ ¼ r).

(3) The single-stock call warrants with stochastic interest
rates, not considering credit risk (that is, n ¼ 1,
V ¼ 0).

(4) The single-stock call warrant with stochastic interest
rates, considering credit risk (that is, n ¼ 1).

(5) The single-stock call warrants with fixed interest rate,
considering credit risk, and the unrelated assets (that
is, n ¼ 1, rðtÞ ¼ r, q ¼ 0).

(6) The basket call warrants with fixed interest rate, not
considering credit risk (that is, rðtÞ ¼ r, V ¼ 0).

It is worth noting that when n ¼ 1 the geometric average
is equal to the arithmetic average according to equation (8).
Substituting n ¼ 1 into equation (10), it gives the pricing
formula of Klein and Inglis (1999).

In addition, our pricing formula is also the general
formula for valuing basket call warrants with stochastic
interest rates, not considering credit risk; with fixed interest
rate, considering credit risk; with fixed interest rate, consid-
ering credit risk, and the unrelated assets.

4. Numerical examples

Unlike Klein and Inglis (1999), who employ Vasicek’s
(1977) interest rate model, we use the CIR model with our
numerical examples. Both models are one-factor equilib-
rium models and have the characteristic of mean-reversion.
However, Vasicek’s (1977) model can produce negative
interest rates when the initial rate starts from a low value,
while the CIR model does not. Due to the assumption that
the future instantaneous interest rates are normally distrib-
uted, we therefore use the CIR model. The dynamics of the
short-term interest rates of the CIR model under the risk-
neutral measure Q are as follows:

drt ¼ aðb� rtÞ dt þ r
ffiffiffiffi
rt

p
dWt;

where b is the long-run mean level of interest rate r, a is
the parameter that governs the speed of mean-reversion,
and Wt is the usual Wiener process. We assume 2ab[r2 to
ensure that zero interest rates will not occur.

Based on the CIR model, the price at time t of a
zero-coupon bond paying one dollar at maturity T is

Pðt; TÞ ¼ Gðt; TÞ e�Hðt;TÞr;

where

Gðt; TÞ ¼ u1 e
u2ðT�tÞ

u2ðeu1ðT�tÞ � 1Þ þ u1

� �u3

;

Hðt; TÞ ¼ eu1ðT�tÞ � 1

u2ðeu1ðT�tÞ � 1Þ þ u1

;

u1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ 2r2

p
; u2 ¼

aþ u1

2
; u3 ¼

2ab

r2
:

The parameters a, b, and r are all positive. The volatility of
the bond return is then

rPðT � tÞ ¼ Hðt; TÞr ffiffi
r

p
:
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The formula for the value of a vulnerable basket European
call option depends on a number of factors:

basket option

¼ f
BKt

K
;
D

V
;P;T ; a; rV ; rSi ; rr; q; qVr; qSir; qij; a; b

� �
;

i; j ¼ 1; . . . ; n:

Under several scenarios, we use a range of parameters for
the valuation formula to discuss its characteristics. The
choice of parameter is determined by common market situa-
tions where the basket warrants are generally issued at-the-
money. That is, the value of a basket stock price is equal to
the strike price. The interest rate volatility is 3%, the market
interest rate is 5%, the volatility of the value of the assets
of the warrant writer is 20%, and the volatility of each
underlying stock price ranges from 10 to 20%. We also
assume that the value of the assets of the warrant writer is
larger than that of its debt, i.e. there is no default on the
warrant writer at the beginning of the period. The writer’s
debt equals its capital forbearance. In the short-term interest
rate simulation, we choose values to make 2ab[r2 in order
to avoid negative interest rates. The values of the parame-
ters used in the numerical examples are shown in table 1.

Table 2 presents the value of vulnerable and non-vulnera-
ble n -stock basket European call warrants under seven
cases with different combinations of correlations between
the value of the assets of the warrant writer, the value of
the assets underlying the warrant, and the short-term interest
rate, and with different levels of stock price volatility. Like
Klein and Inglis (1999) and Hull and White (1995), we find
that the value of a basket call warrant with credit risk is
lower than that without. When a negative correlation exists
between the value of the assets of the firm writing the war-
rant and the underlying stock prices, there is the largest
reduction in the value of vulnerable basket European call
warrants, as shown in case 1 (17.2% and 14%) and case 6
(16.6% and 13.5%), implying that the probability that the
warrant writer will default increases when the value of the
assets underlying the warrant increases while the value of
the writer’s asset decreases. Conversely, when the correla-
tion is positive, there is the smallest reduction in case 1
(2.3% and 3.5%) and case 6 (2.4% and 3.6%). Moreover,
we find that greater volatility in the prices of the underlying
asset increases the price of the call warrant with or without
considering credit risk. The reason for this result is that the
payoff from the call warrant is asymmetric. Increases in the
prices of the underlying asset above the exercise price lead
to a higher payoff from the call warrant, but decreases in the
prices below the exercise price will not result in additional
losses.†

Table 3 shows the value of vulnerable and non-vulnera-
ble two-stock basket European call warrants under seven
cases with different combinations of correlations. Assume
that these two stocks have the same price of 30

(S1 ¼ S2 ¼ 30), and that their volatilities are rS1 ¼ 0:2 and
rS2 ¼ 0:1. Since the volatility of the stock price S1 is
greater than S2, the volatility of the basket of underlying
assets with a higher proportion of S1 than S2
(B1 : w1 ¼ 0:7;w2 ¼ 0:3) is higher than that of the basket
of underlying assets with a higher proportion of S2 than S1
(B2 : w1 ¼ 0:3;w2 ¼ 0:7). We find that the value of the
warrant with the B1 basket of underlying assets is higher
than that of the warrant with the B2 basket of underlying
assets with and without considering credit risk, again imply-
ing that higher volatility in the underlying asset prices
increases the price of the call warrant. As in table 2, we
also find in table 3 that when the value of the assets of the
warrant writer and the value of the assets underlying the
warrant are negatively related to each other, case 1 (16.4%
and 15.1%) and case 6 (15.9% and 14.6%) have the largest
reduction in the value of vulnerable basket European call
warrants, even if the underlying stocks have different
weights.

Assume that there are two basket European call warrants
whose underlying assets are two stocks with the same price
(S1 ¼ S2 ¼ 30) and equal weights w1 ¼ w2 ¼ 0:5. Further
assume that qSir ¼ qVr ¼ 0:5 and qVSi ¼ 0, i ¼ 1; 2. The
parameters from table 1 are also utilized here. Figures 1–3
demonstrate the effect of varying the volatility of the prices
of the underlying stocks (rs1 ¼ 0:1; rs2 ¼ 0:1; rs1 ¼ 0:2;
rs2 ¼ 0:1, and rs1 ¼ 0:2; rs2 ¼ 0:2). Figures 1 and 2 plot
the value of the vulnerable basket call warrant and dC=dD
as a function of the debt ratio (D/V) of the warrant writer,
respectively. Figure 1 shows that the higher the debt ratio
the lower the value of the call warrant. It also shows that
the higher the volatility of the prices of the underlying
stocks, the higher the value of the call warrant. Figure 2
shows that when the debt ratio is low (between 0 and 0.3),
dC=dD is close to zero, i.e. there is no impact on the value
of the vulnerable basket call warrant. When the debt ratio is
above 0.3, dC=dD begins to decrease, implying that the
value of the vulnerable basket call warrant is inversely
related to the debt ratio. We also find that the reduction in
the vulnerable call warrant’s value increases with the vola-
tility of the prices of the underlying stocks.

Figure 3 illustrates the relation between the ratio of
underlying asset value to strike price and the value of the
vulnerable basket call warrant. It appears that the volatility
of prices of underlying stocks has no distinct impact on the
vulnerable basket call warrant’s value when the warrant is
deep in-the-money (BKt=Kranges between 0.2 and 0.4) or
deep out-of-the-money (BKt=Kranges between 1.8 and 2.0).
Conversely, when the warrant is near at-the-money
(ðBKt=KÞ ¼ 1), the warrant’s value increases with the vola-
tility of the prices of the underlying stocks.

Figure 4 presents the relation between the percentage
reduction in the basket call warrant due to credit risk and the
debt ratio of the warrant writer under different values of rS
(rs1 ¼ 0:1; rs2 ¼ 0:1; rs1 ¼ 0:2; rs2 ¼ 0:1 and rs1 ¼ 0:2;
rs2 ¼ 0:2) when the value of the assets underlying the

†Our approximation aims to deal with the problem arising from the fact that the sum of log-normal variables is not log-normal. In our
analysis, we assume only one issuing firm with credit risk. Therefore, the vulnerability of warrants does not affect the accuracy of our
approximation.
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warrants and the value of the warrant writer’s assets
are highly positively/negatively correlated (qVS ¼ 0:9;
qVS ¼ �0:9). The higher the volatility of the underlying
stock prices, the smaller the percentage reduction. When
qVS ¼ 0:9, the percentage reduction is very limited, implying
that there is no distinct variation in the basket call warrant’s
value as the value of the assets underlying the warrant is pos-
itively related to the value of the warrant writer’s assets. In
this case, the default risk on the part of the writer is relatively
low. Conversely, when the relation is highly negative
(qVS ¼ �0:9), the percentage reduction significantly varies
from 30 to 37%. In the case of a highly negative correlation,
the more volatile the underlying stock prices, the larger the
percentage reduction.

Figures 5–7 plot the percentage reduction in the basket
call warrant value due to credit risk as a function of the
debt ratio of the warrant writer under different scenarios of

volatility of the underlying stocks (rs1 ¼ 0:1; rs2 ¼ 0:1;
rs1 ¼ 0:2; rs2 ¼ 0:1 and rs1 ¼ 0:2; rs2 ¼ 0:2) and correla-
tions between the value of the asset of the warrant writer
and the interest rate (qVr ¼ 0:9; qVr ¼ �0:9). These show
that the percentage reduction increases with the debt ratio.
In the case of low leverage, it makes no significant differ-
ence to take credit risk into account, because the probability
of default risk on the part of the writer is low. Conversely,
in the case of high leverage, the percentage reduction due
to credit risk is high.

When the leverage is high, the value of the call warrant
is higher when the correlation between the value of the
asset of the warrant writer and the interest rate is highly
negative than when it is highly positive. However, the per-
centage reduction in the call warrant value due to credit risk
is lower when the correlation is highly negative than when
it is highly positive. Furthermore, we find that the two lines

Table 1. Definitions and values of parameters used in numerical examples.

Parameter Definition Value

V Value of the assets of the warrant writer 100
Si Value of the assets underlying the warrant, i = 1,....,n 30
BK Weighted average value of n kinds of stocks 30
K Strike price 30
T Maturity of the warrant 5
D Total value of debt of the warrant writer 80
D� Fixed threshold value 80
P Zero-coupon bond price 0.7790
wi Weight basket of stocks, i = 1,....,n 1/n
r Short-term interest rate 0.05
a Deadweight costs 0.25
a Speed of mean-reversion 0.5
b Long-term level of interest rate 0.45
rV Standard deviation of the value of the assets of the warrant writer 0.2
rr Standard deviation of interest rate 0.03
rSi Standard deviation of the value of the assets underlying the warrant, i = 1, … ,n
qVr

Correlation between Wv and WP

qVSr Correlation between WS and WV, i = 1, … ,n
qSir Correlation between WS and WP, i = 1, … ,n

Table 2. Value of vulnerable and non-vulnerable basket European call warrants.

Case Vol VBECW NVBECW % reduction

1. qVSi ¼ 0:5 ðqVSi ¼ �0:5Þ A1: 8.542 (7.236) 8.743 (8.743) 2.3 (17.2)
qSir ¼ qVr ¼ 0; i ¼ 1; :::; n A2: 6.783 (6.044) 7.028 (7.028) 3.5 (14.0)

2. qVr ¼ 0:5 ðqVr ¼ �0:5Þ A1: 8.047 (8.023) 8.743 (8.743) 8.0 (8.2)
qSir ¼ qVSi ¼ 0; i ¼ 1; :::; n A2: 6.452 (6.46) 7.028 (7.028) 8.2 (8.1)

3. qSir ¼ 0:5 ðqSir ¼ �0:5Þ A1: 7.919 (8.139) 8.654 (8.830) 8.5 (7.8)
qVS ¼ qVr ¼ 0; i ¼ 1; :::; n A2: 6.387 (6.524) 6.971 (7.084) 8.4 (7.9)

4. qSir ¼ qVr ¼ 0:5 A1: 7.925 (8.131) 8.654 (8.830) 8.4 (7.9)
ðqSir ¼ qVr ¼ �0:5Þ A2: 6.382 (6.528) 6.971 (7.084) 8.4 (7.8)
qVS ¼ 0; i ¼ 1; :::; n

5. qSir ¼ 0:5; qVr ¼ �0:5 A1: 7.928 (8.148) 8.654 (8.830) 8.4 (7.7)
ðqSir ¼ �0:5; qVr ¼ 0:5Þ A2: 6.392 (6.521) 6.971 (7.084) 8.3 (7.9)
qVSi ¼ 0; i ¼ 1; . . . ; n

6. qSir ¼ qVSi ¼ qVr ¼ 0:5 A1: 8.449 (7.360) 8.654 (8.830) 2.4 (16.6)
ðqSir ¼ qVSi ¼ qVr ¼ �0:5Þ A2: 6.719 (6.126) 6.971 (7.084) 3.6 (13.5)
i ¼ 1; . . . ; n

7. qVSi ¼ 0, i ¼ 1; . . . ; n A1: 8.031 8.743 8.1
A2: 6.457 7.028 8.1

Vol, volatility of stock prices; A1, rSi ¼ 0:2; A2, rSi ¼ 0:1, i ¼ 1; :::; n; VBECW, vulnerable basket European call warrant; NVBECW, non-vul-
nerable basket European call warrant;% reduction=(NVBECW–VBECW)/NVBECW⁄100.

Valuing European basket warrants 1217

D
ow

nl
oa

de
d 

by
 [

N
at

io
na

l C
he

ng
ch

i U
ni

ve
rs

ity
] 

at
 0

2:
25

 3
0 

O
ct

ob
er

 2
01

4 



in figures 5–7 intersect. The intersection of the lines can be
explained using figure 1, which shows that the basket call
warrant value decreases to a large (small) extent when the
debt ratio is high (low). We also find that the higher the
volatility of the underlying stock prices, the higher the debt
ratio at which the intersections occur. Specifically, the

Table 3. Value of vulnerable and non-vulnerable basket European call warrants with underlying assets of two stocks
(rS1 ¼ 0:2; rS2 ¼ 0:1).

Case Weight VBECW NVBECW % reduction

1. qVSi ¼ 0:5 (qVSi ¼ �0:5Þ B1: 7.940 (6.810) 8.147 (8.147) 2.5 (16.4)
qSir ¼ qVr ¼ 0; i ¼ 1; 2 B2: 7.229 (6.322) 7.452 (7.452) 3.0 (15.1)

2. qVr ¼ 0:5 ðqVr ¼ �0:5Þ B1: 7.488 (7.481) 8.148 (8.148) 8.1 (8.2)
qSir ¼ qVSi ¼ 0; i ¼ 1; 2 B2: 6.845 (6.846) 7.452 (7.452) 8.1 (8.1)

3. qSir ¼ 0:5 ðqSir ¼ �0:5Þ B1: 7.381 (7.585) 8.064 (8.230) 8.5 (7.8)
qVSi ¼ qVr ¼ 0; i ¼ 1; 2 B2: 6.758 (6.930) 7.380 (7.523) 8.4 (7.9)

4. qSir ¼ qVr ¼ 0:5 B1: 7.388 (7.580) 8.064 (8.230) 8.4 (7.9)
ðqSir ¼ qVr ¼ �0:5Þ B2: 6.757 (6.930) 7.380 (7.523) 8.4 (7.9)
qVSi ¼ 0; i ¼ 1; 2

5. qSir ¼ 0:5; qVr ¼ �0:5 B1: 7.378 (7.589) 8.064 (8.230) 8.5 (7.8)
ðqSir ¼ �0:5; qVr ¼ 0:5Þ B2: 6.760 (6.932) 7.380 (7.523) 8.4 (7.9)
qVSi ¼ 0; i ¼ 1; 2

6. qSir ¼ qVSi ¼ qVr ¼ 0:5 B1: 7.853 (6.925) 8.064 (8.230) 2.6 (15.9)
ðqSir ¼ qVSi ¼ qVr ¼ �0:5Þ; B2: 7.152 (6.422) 7.380 (7.523) 3.1 (14.6)
i ¼ 1; 2

7. qSir ¼ qVSi ¼ qVr ¼ 0; B1: 7.483 8.148 8.2
i = 1,2 B2: 6.845 7.452 8.1

Weight, weight of stocks; B1, w1 ¼ 0:7;w2 ¼ 0:3; B2, w1 ¼ 0:3;w2 ¼ 0:7; VBECW, vulnerable basket European call warrant; NVBECW, non-
vulnerable basket European call warrant; % reduction= (NVBECW–VBECW)/NVBECW⁄100.
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Figure 1. Relation between the value of a vulnerable basket call
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Figure 3. Relation of the value of a vulnerable basket call warrant
and the ratio of the underlying asset value to the strike price for
different values of σs.

1218 Y.-M. Shiu et al.

D
ow

nl
oa

de
d 

by
 [

N
at

io
na

l C
he

ng
ch

i U
ni

ve
rs

ity
] 

at
 0

2:
25

 3
0 

O
ct

ob
er

 2
01

4 



intersections in figures 5–7 occur when the debt ratios are
0.75, 0.85, and 0.9, respectively. This can be explained

using figure 2, which shows that the higher the volatility of
the underlying stock prices and the debt ratio, the greater
extent to which the basket call warrant value decreases.

Again, the parameters in table 1 are utilized. Assume that
rs1 ¼ 0:2; rs2 ¼ 0:2, qSir ¼ qVr ¼ 0:5 and qVSi ¼ 0,
i ¼ 1; 2, and that there are two basket European call war-
rants whose underlying assets are two (n ¼ 2) and three
(n ¼ 3) stocks with the same price of 30 and equal weights.
Figures 8 and 9 show the sensitivity of the call warrant to
changes in the value of the assets underlying the warrant
when n ¼ 2 and n ¼ 3, respectively. As shown in these fig-
ures, the values of delta are 0.45 and 0.3 when n ¼ 2 and
n ¼ 3, respectively. This finding indicates that the greater
the number of stocks underlying the warrant, the less the
impact of individual stocks on the price of the warrant.

Assume that there are two stocks with the same price
(S1 ¼ S2 ¼ 30) but with unequal weights (w1 ¼ 0:7;
w2 ¼ 0:3) underlying the vulnerable basket call warrant.
Figure 10 shows the relation between the delta of the war-
rant and the ratio of the underlying asset value to the strike
price. This figure illustrates that w1 ¼ 0:7, D1 ¼ dCB=dS1 ¼
0:63; w2 ¼ 0:3, and D2 ¼ dCB=dS2 ¼ 0:27, implying that
the warrant value is more sensitive to the value of the
underlying stock with greater weight.

For convenience, one may simply assume that the sum of
underlying asset prices obey a log-normal distribution.
However, because the sum of log-normal random variables
is not log-normal, the evaluation of warrants will also be an
approximate solution. Table 4 compares the percentage
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Figure 5. Percentage reduction in the value of a vulnerable basket
call for different values of ρvr.
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Figure 9. Delta of a vulnerable basket call warrant (n = 3).
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reduction of the vulnerable basket European call warrants
value under Vorst’s (1992) approximation and the log-nor-
mal distribution. We find that the percentage reduction is
zero, indicating that the valuation of prices is the same for

these two approximations only when the standard deviations
of the two underlying asset prices are the same. The per-
centage reduction increases with the volatility of stocks.

Table 5 compares the results under the CIR and Vasicek
interest rate models. We assume that the vulnerable basket
call warrant has a basket of two underlying stocks. We find
that the results of the CIR model generally resemble those
of the Vasicek model, especially when time to expiration is
short. Warrants normally have short maturities. Thus, the
use of different interest rate models has no significant
effects on our results.

Figure 11 shows the effects of interest rate risk on our
results. We again assume that the vulnerable basket call
warrant has a basket of two underlying stocks. Suppose that
the correlation coefficient between the first underlying stock
price and the interest rate is the same as that between the
second and the interest rate. The correlations are 0.9, 0, and
–0.9. The fixed interest rate is 0.1. The percentage reduction
increases as the debt ratio increases. Unreported results
show that the effects would become smaller when the inter-
est rate is fixed at a lower level.

To use the formula proposed in this paper, one needs to
come up with correct values for the parameters of the for-
mula. We next discuss how the reader may proceed in order
to estimate the parameters or calibrate the model. Because
volatility is unobservable, it needs to be estimated. Data on
the assets and liabilities of issuing firms can be collected
from their balance sheets one season before issuing warrants.
The volatility of firm assets is represented by the standard

Table 4. Comparison of vulnerable basket European call warrants under Vorst’s (1992) and the log-normal distribution.

Case VBECW VBECWL Percentage reduction

1. rS1 ¼ 0:1; rS2 ¼ 0:1 4.5280 4.5280 0.00
2. rS1 ¼ 0:1; rS2 ¼ 0:15 4.8794 4.8813 0.04
3. rS1 ¼ 0:1; rS2 ¼ 0:2 5.2603 5.2698 0.18
4. rS1 ¼ 0:1; rS2 ¼ 0:25 5.6540 5.6799 0.46
5. rS1 ¼ 0:1; rS2 ¼ 0:3 6.0494 6.1036 0.89
6. rS1 ¼ 0:1; rS2 ¼ 0:35 6.4389 6.5356 1.48
7. rS1 ¼ 0:1; rS2 ¼ 0:4 6.8176 6.9737 2.24

S1 ¼ S2 ¼ 30; otherwise the correlation with each other asset is 0.5. VBECW, vulnerable basket European call warrant using Vorst’s (1992)
approximation; VBECWL, vulnerable basket European call warrant under the log-normal assumption; percentage reduction= (VBECWL–
VBECW)/VBECWL⁄100.

Table 5. Comparison of vulnerable basket European call warrants
under the CIR and Vasicek interest rate models.

qVr Maturity VBECWC VBECWV
Percentage
reduction

–0.9 1 3.2022 3.1513 –1.6
2 5.0929 4.9849 –2.2
3 6.8030 6.6444 –2.4

–0.4 1 3.2024 3.1505 –1.6
2 5.0939 4.9802 –2.3
3 6.8052 6.6347 –2.6

0 1 3.2026 3.1498 –1.7
2 5.0954 4.9775 –2.4
3 6.8070 6.6287 –2.7

0.4 1 3.2028 3.1492 –1.7
2 5.0958 4.9754 –2.4
3 6.8091 6.6237 –2.8

0.9 1 3.2031 3.1485 –1.7
2 5.0969 4.9733 –2.5
3 6.8123 6.6197 –2.9

S1 ¼ S2 ¼ 30; otherwise the correlation with each other asset is 0.5.
VBECWC, vulnerable basket European call warrant under the CIR
interest rate model; VBECWV, vulnerable basket European call war-
rant under the Vasicek interest rate model; percentage reduction=
(VBECWV– BECWC)/VBECWV⁄100.

Figure 11. The effects of interest rate risk on warrant values.
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deviation of the market value of the issuing firm’s assets.
Because the market value is difficult to estimate, we may use
the stock price of the firm to compute the annual standard
deviation of stock prices. In the same fashion, we can com-
pute the variance of stock prices. The correlation coefficient
is estimated using the daily stock returns of the issuing firm
and the underlying firm. The time to maturity is the duration
of the warrants. The risk-free rate is the T-bill rate at the issu-
ing day. As to the exercise price, the weights of individual
stocks, and their duration, one may consult the prospectus of
issuing firms. We may use the recovery rates of debts pub-
lished by credit rating agencies, such as Moody's Investors
Service or Standard and Poor’s. The interest rate data are
used to calibrate the interest rate model using the generalized
method of moments or quasi-maximum likelihood.

5. Conclusions

This study has proposed a model with a continuous-time
framework, with credit risk and interest rate risk considered
simultaneously. We extended Klein and Inglis’ (1999) valua-
tion of a vulnerable single stock option by developing a for-
mula for pricing a vulnerable basket warrant. Under the risk-
neutral measure, we have derived an approximate valuation
formula for the vulnerable European basket warrant using the
martingale approach. This formula was proved to be the gen-
eral closed-form solution of the models proposed by Black
and Scholes (1973), Smith (1976), Gentle (1993), Hull and
White (1995), Klein (1996), and Klein and Inglis (1999).
Finally, using the interest rate model proposed by Cox et al.
(1985) we utilized several numerical examples to explain the
valuation of a vulnerable European basket call warrant. Sev-
eral findings are obtained from the simulation exercise. First,
the value of a vulnerable call warrant is always less than that
of a non-vulnerable one. Second, the value of the vulnerable
basket call warrant increases as the volatility of the value of
stocks underlying the warrant rises, or when the underlying
stock with higher volatility takes up greater weight in the bas-
ket of assets. Third, the value of the call warrant is positively
related to the volatility of the stocks underlying the warrant,
but negatively related to the debt ratio of the warrant writer.
Fourth, the volatility of the value of underlying stocks has a
greater impact on the value of the call warrant when it is at-
the-money than deep-in-the-money or deep-out-of-the-
money. Fifth, the reduction in the call warrant value due to
credit risk is relatively large when the correlation between the
value of the assets of the warrant writer and the value of
underlying stocks is highly negative. Also, the higher the vol-
atility of the prices of underlying stocks, the larger the reduc-
tion in the vulnerable call warrant value.
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Appendix A

We first use the money market account BðtÞ as a numéraire
and change measure from the probability measure P to the
risk-neutral probability measure Q. The instantaneous expected
returns in equations (1) to (3) are then replaced by the instanta-
neous riskless interest rate rðtÞ. Let

~V ðtÞ ¼ V ðtÞ
Pðt; TÞ;

~SðtÞ ¼ SðtÞ
Pðt; TÞ:

Following Geman et al. (1995), we take the zero-coupon bond
price Pðt; TÞ as a numéraire and change the risk-neutral proba-
bility measure Q to the forward neutral measure QT . Thus,
V ðtÞ=Pðt; TÞ and SðtÞ=Pðt; TÞ are QT -martingale. Under the
measure QT , the dynamics of the forward asset prices ~V ðtÞ and
~SðtÞ are given by

d~V ðtÞ
~V ðtÞ ¼ r̂V dW

QT

V ; ðA1Þ

d~SðtÞ
~SðtÞ ¼ r̂S dW

QT

S : ðA2Þ

r̂2V ðT � tÞ and r̂2SðT � tÞ are defined as

r̂2
V ðT � tÞ ¼ r2

V þ r2
PðT � tÞ � 2rVrPðT � tÞqVP;

r̂2
SðT � tÞ ¼ r2

S þ r2
PðT � tÞ � 2rSrPðT � tÞqSP:
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The covariance and correlation between ~V ðtÞ and ~SðtÞ can
presented as follows:

Cov
d~V ðtÞ
~V ðtÞ

�
;
d~SðtÞ
~SðtÞ

#
¼ ðrSrVqSV � rVrPðT � tÞqVP � rSrPðT

� tÞqSP þ r2
PðT � tÞÞ dt;

q̂SV ðT � tÞ ¼ rSrVqSV � rVrPðT � tÞqVP � rSrPðT � tÞqSP þ r2
PðT � tÞ

r̂V ðT � tÞr̂SðT � tÞ :

Define f ð~SÞ ¼ ln ~SX and d~S ¼ ~Sr̂S dW
QT

S . An application
of Ito’s lemma for a portfolio consisting of n kinds of

individual stocks shows that ~SXi
iT ¼ ~SXi

it e
�ð1=2Þ

R
Xir̂2Si

þ
R

Xir̂Si dW
QT

Si ,
i ¼ 1; . . . ; n.

We also have ~SiT ¼ SiT=PðT ; TÞ ¼ SiT , ~Sit ¼ Sit =Pðt; TÞ
¼ FS

i ðt; TÞ, and ð~SiT=~SitÞXi ¼ ŜXi
iT .

Under the measure QT , ~SXiT and ~VT are given by

Yn
i¼1

ðŜiT ÞXi ¼ e�ð1=2Þ
R P

Xi r̂2Si
ðT�sÞ dsþ

R P
Xir̂Si ðT�sÞ dWQT

Si ; ðA3Þ

~VT ¼ ~Vt e
�ð1=2Þ

R
r̂2V ðT�sÞ dsþ

R
r̂V ðT�sÞ dWQT

V : ðA4Þ

Evaluation of the term A1 in equation (9). From equations (A3)
and (A4), A1 can be written as

A1 ¼ mS
t e

ð1=2ÞS2S EQT
d~Q

dQT
1 Q

Ŝ
Xi
iT �K0f g1fVT�Dg

� ����Ft

�
: ðA5Þ

Define a probability measure ~Q as equivalent to QT by means

of the Radon–Nikodym derivative d~Q=dQT ¼ e�ð1=2Þ
R P

Xir̂Sið
ðT � sÞÞ2 dsþ R PXir̂SiðT � sÞ dWQT

Si
.

According to the bivariate Girsanov’s Theorem, Karatzas
and Shreve (1991) obtained

dW
~Q
Si
¼ dWQT

Si
�
X

Xir̂Si dt; i ¼ 1; . . . ; n;

dW
~Q
V ¼ dWQT

V �
X

Xir̂Si q̂SiV dt: ðA6Þ

And

corr
d~Si
~Si
;
d~V
~V

� �
¼ q̂SiV dt; i ¼ 1; . . . ; n:

Using equation (A6) and changing measure from QT to ~Q, we
obtain ŜXi

iT and ~VT as follows:

Yn
i¼1

ŜXi
iT ¼ e

R P
Xir̂Si ðT�sÞð Þ2 ds�ð1=2Þ

R P
Xir̂2Si

ðT�sÞ dsþ
R P

Xir̂Si dW
~Q
Si ;

ðA7Þ

~VT ¼ ~Vt e
�ð1=2Þ

R
r̂2V ðT�sÞ dsþ

R P
Xi q̂SiV r̂Si r̂V ðT�sÞ dsþ

R
r̂V ðT�sÞ dW ~Q

V :

ðA8Þ

Substituting equations (A7) and (A8) into (A5), we obtain

A1 ¼ mS
t e

ð1=2ÞS2S P~Q

� R PXir̂Si dW
~Q
Si

SS
� lnðmS

t =K
0Þ þ S2

S

SS
;

 

	� R r̂V dW
~Q
V

SV
� lnðV=PDÞ � 1

2 S
2
V þ SSV

SV

!

¼ mS
t e

ð1=2ÞS2S N2ða1; a2; qÞ;

where

a1 ¼ lnðmS
t =K

0Þ þ S2
S

SS
; a2 ¼ lnðV=PDÞ � ð1=2ÞS2

V þ SSV
SV

;

q ¼ corr
� R PXir̂Si dW

~Q
Si

SS
;
� R r̂V dW

~Q
V

SV

 !
¼ SSV

SSSV
:

N2ð�Þ represents the bivariate normal cumulative distribution
function.

Evaluation of the term A2 in equation (9). Similarly, the term
A2 can be evaluated without the change of probability measure.
We immediately find that A2 ¼ K 0N2ðb1; b2; qÞ, where

b1 ¼ lnðmS
t =K

0Þ
SS

; b2 ¼ lnðVt=Pðt; TÞDÞ � ðS2
V=2Þ

SV
:

Evaluation of the term A3 in Equation (9). Substituting
equations (A3) and (A4) into A3, we obtain

A3 ¼ ð1� aÞmS
t

D
eð1=2ÞS

2
S EQT

d~Q

dQT
VT1 Q Ŝ

Xi
iT PK0f g1fVT\Dg

����Ft

� �
:

ðA9Þ
Substituting equations (A6) and (A7) into (A9), we have

A3 ¼ ð1� aÞmS
t

D
eð1=2ÞS

2
S E~Q VT1 Q Ŝ

Xi
iT �K0f gfVT\Dg

����Ft

� �

¼ ð1� aÞms
t

Pðt; TÞD e
1
2
S2s þSSV

E~Q

dQ1

d~Q
VT1 Q Ŝ

Xi
iT �K0f gfVT\Dg

� ����Ft

�

Similarly, we introduce a new measure Q1 defined by

dQ1

d~Q
¼ e�ð1=2Þ

R
r̂2V ðT�sÞ dsþ

R
r̂V ðT�sÞ dW ~Q

V :

According to the bivariate Girsanov’s Theorem, we obtain

dWQ1
V ¼ dW

~Q
V � r̂V dt;

dWQ1
Si ¼ dW

~Q
Si �

P
r̂V q̂SiV dt; i ¼ 1; . . . ; n:

ðA11Þ

Changing measure from ~Q to Q1 yields

Yn
i¼1

ŜXi

iT ¼e

R P
Xi�̂Si ðT��Þð Þ2d��ð1=2Þ

RP
Xi�̂

2
Si
ðT��Þd�þ

RP
Xi�̂SiV ðT��Þ�̂Si ðT��Þ�̂V ðT��Þd�þ

RP
Xi�̂SðT��ÞdWQ1

Si
; ðA12Þ
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~VT ¼ ~Vt e
ð1=2Þ

R
r̂2V ðT�sÞ ds

þ
Z X

Xiq̂SiV ðT � sÞr̂SiðT � sÞr̂V ðT � sÞ ds

þ
Z

r̂V ðT � sÞ dWQ1
V ðA13Þ

Substituting equations (A12) and (A13) into (A10), we
obtain

A3 ¼ mS
t ð1� aÞV
Pðt; TÞD eð1=2ÞS

2
SþSSV �

PQ1

�
R P

Xir̂Si dW
Q1
Si

SS
6 lnðmS

t =K
0ÞþS2SþSSV
SS

;

R
r̂V dW

Q1
V

SV
6 lnðPD=V Þ�ð1=2ÞS2V�SSV

SV

� �
¼ mS

t ð1�aÞV
Pðt;TÞD eð1=2ÞS

2
SþSSV N2ðc1; c2;�qÞ;

where

c1 ¼ lnðmS
t =K

0Þ þ S2
S þ SSV

SS
; c2 ¼ �lnðV=PDÞ þ 1

2 S
2
V þ SSV

SV
:

Evaluation of the term A4 in equation (9). From equation
(A4), A4 can be written as

A4 ¼ K 0ð1� aÞV
Pðt; TÞD EQT

dQ2

dQT
1 Q

Ŝ
Xi
iT �K0f g1fVT\Dg

����Ft

� �
: ðA14Þ

Similarly, we introduce a new probability measure Q2

defined as

dQ2

dQT
¼ e�ð1=2Þ

R
r̂2V ðT�sÞ dsþ

R
r̂V ðT�sÞ dWQT

V :

According to the bivariate Girsanov’s Theorem, we obtain

dWQ2
V ¼ dWQT

V � r̂V dt;

dWQ2
Si

¼ dWQT

Si
� r̂V q̂SiV dt; i ¼ 1; . . . ; n: ðA15Þ

Changing measure from QT to Q2 yields

Yn
i¼1

ŜXi
iT ¼ e�ð1=2Þ

R P
Xir̂2Si

ðT�sÞ dsþ
R P

Xi q̂SiV ðT�sÞr̂Si ðT�sÞr̂V ðT�sÞ ds

þ
R P

Xir̂Si ðT�sÞ dWQ2
Si

; ðA16Þ

¼ K 0ð1� aÞV
Bðt;TÞD

N2ðd1; d2;�qÞ eð1=2Þ
R

r̂2V ðT�sÞ dsþ
R

r̂V ðT�sÞ dWQ2
V :

ðA17Þ

Substituting equations (A16) and (A17) into (A14), we obtain

A4 ¼ K 0ð1� aÞV
Pðt; TÞD

	PQ2

� R PXir̂si dW
Qi
Si

SS
� ln ms

t
K þ SSV

SS
;

R
r̂VdW

Q2

V

SV

r̂VdW
Q2
V

SV

 

� lnðPd=V Þ � 1
2 S

2
V

SV

�

¼ K 0ð1� aÞV
Pðt; TÞD N2ðd1; d2;�qÞ;

where

d1 ¼ lnðmS
t =K

0Þ þ SSV
SS

; d2 ¼ �lnðV=PDÞ þ 1
2 S

2
V

SV
:

Evaluation of the term K 0 in equation (9).

EQT

Xn
i¼1

XiŜiT

�����Ft

" #
¼
Xn
i¼1

Xi
Pðt; TÞ
Sit

EQT SiT jFt½ �

¼
Xn
i¼1

Xi
Pðt; TÞ
Sit

Sit
Pðt; TÞ ¼

Xn
i¼1

Xi ¼ 1:

And

EQT

Yn
i¼1

ŜXi
iT

�����Ft

" #

¼ EQT e�ð1=2Þ
R P

Xi r̂2Si
ðT�sÞ ds

h
þ
Z X

Xir̂SiðT � sÞ dWQT

Si

���Ft�

¼ mS
t e

ð1=2ÞS2S EQT

	 e�ð1=2Þ
Z X

Xir̂SiðT � sÞ
	 
2

dseþ
R P

Xi r̂Si ðT�sÞdWQT

Si

����Ft

� �

¼ mS
t e

ð1=2ÞS2S EQT
d~Q

dQT

����Ft

� �
¼ mS

t e
ð1=2ÞS2S :

Therefore,

K 0 ¼ KPðt; TÞ
BKt

þ mS
t e

ð1=2ÞS2S � 1:

This completes the derivation of equation (10).
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