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Abstract

The initial boundary value problem for non-linear wave equations of Kirchhoff type with dissipation
in a bounded domain is considered. We prove the blow-up of solutions for the strong dissipative term
—Au; and the linear dissipative term u; by the energy method and give some estimates for the life
span of solutions. We also show the nonexistence of global solutions with positive initial energy for
non-linear dissipative term by Vitillaro’s argument.
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1. Introduction

We consider the initial boundary value problem for the following non-linear wave equa-
tions of Kirchhoff type:

e — M(IVu()13)Au(t) + g(u, (1)) = f(u(t)) in Q x [0, 00), (1.1)
ulx,0) =uox), u;x,0)=ui(x), xe€Q, (1.2)
u(x,t)=0, xe€0Q, >0, (1.3)

* Corresponding author. Tel.: +886 229387377, fax: +886 229390005.
E-mail address: lytsai@math.nccu.edu.tw (L.Y. Tsai).

0362-546X/$ - see front matter © 2005 Elsevier Ltd. All rights reserved.
doi:10.1016/j.na.2004.11.023


http://www.elsevier.com/locate/na
mailto:lytsai@math.nccu.edu.tw

244 S.T. Wu, L.Y. Tsai / Nonlinear Analysis 65 (2006) 243264

where @ C RN, N> 1, is a bounded domain with boundary 02 so that Divergence theorem
can be applied, 4 = Z;'V:I 0?2/ asz is the Laplace operator, f is a non-linear function, M
is a non-negative locally Lipschitz function, and g(u,) is the strong dissipative term —Au;
or the linear dissipative term u, or the non-linear dissipative term |u; |’"_2ut with m > 2.
We denote || - ||, to be LP-norm, p >2.

Let u be a solution of (1.1); we define the energy by

1 1
E(t)=5||u:(t)||%+EM(IIW(r)H%)—/Q F(u(t))dx, t=0, (1.4)
where
M(s):/sM(r)dr and F(s):v/sf(r)dr.
0 0

When M = 1, for the case of no dissipation (i.e. g(u;) = 0), there is a large literature on
global nonexistence and blow-up for solutions with E(0) <0 [1,3,5,7,8]. The interaction
between the damping term and the source has been considered by Levine [7-9] for the
cases of g(u;) = —Au, and g(u;) = u,. He showed that solutions with E(0) < 0 blow-up
in finite time. On the other hand, for semi-linear wave equations with nonlinear dissipative
terms: u;; — Au + |u,|ﬁ’2u, = |u|°"2u, Georgiev and Todorova [2] proved that solutions
with large initial data continue to exist globally if f>o > 2 and blow-up in finite time
if 2<f<a<<(2N —2/N — 2) (if N>=3) with sufficiently negative initial energy (i.e.
E(0) € — 1). This result was generalized by Levine and Serrin [11], and then by Levine
etal. [10]. Vitillaro [18] combined the arguments in [2,11] to extend these results to positive
initial energy.

When M is not a constant function, Eq. (1.1) without the damping and source terms is
often called the Kirchhoff-type wave equation; it was first introduced by Kirchhoff [6] in
order to study the nonlinear vibrations of an elastic string. The nonexistence of the global
solutions of quasi-linear equations with damping terms was investigated by many authors
[4,13-16]. The works of Ono [14—16] deal with Eq. (1.1) in two cases with f (1) = |u|P2u,
p > 2. In the first case, for g(u;) = —Au; or u,, he considered M(s) = a + bs’, where
az20,b>20,a+b>0,y>0,and s >0. He showed that the local solutions blow up at finite
time with E(0) <0 by applying the concavity method. Moreover, he combined the so-called
potential well method and concavity method to show blow-up properties with E(0) > 0.
While in the second case, for g (;) = [u; | ~2u;, m > 2, he treated M (s) =bs”, where b > 0,
y=1, and 5 > 0. He proved that the local solution is not global when p > max(2y + 2, m)
and £(0) <O0.

In this paper, we shall consider the more general problem by replacing M (s) = a + bs’
and f(u) = |u|”_2u with general M (s) and f («) under some restrictions for g(u;) = —Au,
or u;. We use a direct method [12] to obtain the blow-up properties of local solutions
for (1.1)—(1.3), and then we extend the result of [15,16] in this case. We also derive the
estimates of upper bound of the blow-up time 7. On the other hand, for g(u;) = |u, " 2u,
and f(u)=|u|”~2u, we apply the argument of [ 18] to show the blow-up of local solutions for
(1.1)=(1.3) with || Vug||2 > 41 and E(0) < E1, where 41 and E will be specified in Remark
4.1. In this way, we can extend the result of [ 18] to nonconstant M (s) and the result of [14]
to general M (s) and to the condition that £(0) >0. The estimates of upper bound of the
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blow-up time are also given. The content of this paper is organized as follows. In Section 2,
some local existence is given from [14—-16]. Section 3 is divided into two subsections. In
Section 3.1, we discuss the blow-up properties of (1.1) for g(u;) = —Au;. The main result
is given in Theorem 3.4 which contains the estimates of upper bound of the blow-up time.
The analogous result (Theorem 3.7) of (1.1) for g(u;) =u, is also obtained in Section 3.2. In
Section 4, the nonexistence of global solutions, for g (u;) = |u; "2y, and f(u)=|u|P"2u,
is given in Theorem 4.3. A special case is also considered and the main result is established
in Theorem 4.5.
Let us begin by stating the following two lemmas [12], which will be used later.

Lemma 1.1. Ler 6 > 0 and B(t) € C?(0, 00) be a nonnegative function satisfying

B (t) — 40+ 1)B'(t) +4(5 + 1) B(t) > 0. (1.5)
If

B'(0) > r2B(0) + Ko, (1.6)
then

B'(t) > K

for t >0, where K is a constant, ry = 2(0 + 1) — 24/(0 + 1)0 is the smallest root of the
equation

P2 — 40+ Dr+4+ 1) =0.
Proof. See [12]. [

Lemma 1.2. [If J(¢) is a nonincreasing function on [ty, 00), to >0 and satisfies the differ-
ential inequality

J@?=a+bJ@)*"°,  for t>1, (1.7)
where a > 0, b € R, then there exists a finite time T* such that

lim J(t)=0

t—>T*

and the upper bound of T* is estimated, respectively, by the following cases:

(1) Ifb<0and J(ty) <min{l, \/a/ — b} then
a

L V —b

v=b | =)

J (1)
J'(10)

T*<itp+

(i) Ifb =0, then

T <ty +
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(iii) Ifb >0, then

J(to)
Ja

T*<

or
s OC
T* <ty + 230+D/20 _ﬁ{l — 1+ cJ(19)] /%),

where ¢ = (a/b)2+1/5.

Proof. See [12]. O

2. Local existence
We first state local existence results established in [14—-16].

Theorem 2.1. Let the initial data (ug, u1) belong to (HO1 (Q) N HX(Q)) x L3(Q), and let
f (u) be a nonlinear function such that f(0) =0 and

£ @) = FO)I<c(ulP 2+ P |u — vl
foru,v € R, and some constant ¢ and

<2N —4

PSN 4

Then, there exists a T =T (|| Augl|2, |Ju1ll2) > 0 such that problem (1.1) with g(u;) = —Au,
admits a unique local solution u in the class

(p<ooif N<4).

C%([0. T): Hy () N H*(Q) N C'([0, T); L*(Q)),
and

u, € L*(0, T; H (Q)).
Moreover, at least one of the following statements is valid:

(i) T = oo,
(i) 1Au®3+ lu @)3 - ccast — T~

Theorem 2.2. Let the initial data (uo, uy) belong to (H}(2) N H*(Q)) x Hy(Q) and
ug # 0, and let f(u) be a nonlinear function such that f(0) =0 and

|f @) = fFOI<c(ulP ™ + [P~ |u — vl
foru,v € R, and some constant ¢ and

2N —4
N—4

P< (p <00 if N<4).
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Then, there exists a T = T (|| Augll2, |Vuill2) > 0 such that problem (1.1) with g(u;) = u,
admits a unique local solution u in the class

C(10, T); (Hg (@) N H*(@) N C'([0, T); Hy (2)) N C*([0, T); L*(2)).
Moreover, at least one of the following statements is valid:

(i) T =o0,
(i) 1Au@®I3 + IVu )3 — ccast — T,
(i) |Vu@®)|], > O0ast — T~.

Theorem 2.3. Let the initial data (uo, uy) belong to (Hj(Q) N H*(Q)) x Hy(Q) and
ug # 0, and let

2N —
F@)=ul”"%u, where p< N (p<o0if N<4).

Then, there exists a T = T (||Dugll2, |Vuill2) > 0 such that problem (1.1) with g(u;) =
|u,|m_2ut for m > 2 admits a unique local solution u in the class Wi N W» and u; € L™

(0, T) x Q), where
Wy = CO([0, T); (H (@) N H*(Q)) N C.L ([0, T); H (Q)),
Wa = CO([0, T); Hy(2) N C([0, T); L*(Q)),

here the subscript “w” means the weak continuity with respect to t [17].
Moreover, at least one of the following statements is valid:

(i) T = o,
(i) [|1Au@|5 + IVur0)l; - oo ast — T,
@iii) |Vu@)|lp > O0ast — T~.

3. Blow-up property for g(u;) = u; or —Au;

In this section, we will study blow-up phenomena of two problems, where g(u;) = u;
in Section 3.1 and g(u;) = —Au, in Section 3.2. In the sequel, for the sake of simplicity
we will omit the dependence on #, when the meaning is clear. In order to state our results,
we make the following assumptions:

(A1) there exists a positive constant é > 0 such that

sf(s)=>Q2+40)F(s) forall s € R,
and
254+ )M (s)>M(s)s for all s>0.

Itis clearthatf(u)=|u|p_2u, p=2y+2and M(s)=a-+bs’, wherea>0,b>0,a+b >0,
y >0, s >0 satisfies (A1) with y/2<o< (p — 2)/4.
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3.1. g(uy) =uy
In this subsection we consider Eq. (1.1) with g(u;) = u;:

U — M(IVull3) Au + up = f(w).

3.1

Definition. A solution u of (3.1), (1.2), (1.3) is called blow-up if there exists a finite time

T* such that
lim u? dx = oo.

t—>T* JQ

From (1.4), the definition of E(t), we see that

Lemma 3.1. E(¢) is a nonincreasing function on [0, T') and

t
E(t)=E(0)—/0 /Qg(uz(X))ut(x)dxdt.

Proof. By differentiating (1.4) and using (1.1), we obtain

dE(r)

dt - /Q g(uy (x))uy (x)dx.

Thus, Lemma 3.1 follows at once.
Now, let u be a solution of (3.1) and define

t
a(z)zfu2dx+f /uzdxdt, 1>0.
Q 0 JQ

Lemma 3.2. Assume that (A1) holds; we have

1
a’(t) — 45 + 1)/ u,2 dx>(—4—-80)EW0) + (4 + 85)/ ||uz||%dt.
Q 0

Proof. From (3.3), we have
a'(n) =2f uuy dx + |Jul3.
Q
By (3.1) and Divergence theorem, we obtain
a'(t) = 2f u?dx + 2M(||w||§)f uludx + 2[ fuu dx
Q Q Q

zzf ufdx—zM(nwu%)/ |w|2dx+2/ fuudx.
Q Q Q

(3.2)

(3.3)

(34)

(3.5)

(3.6)
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By (1.4) and (3.2), we have from (3.6)
a’(r) — 45 + 1)/ u? dx
Q
t
>(—4—80)E(0) + (4 + 89) / ||Mz||%ds + / 2(f(u)u — (24 40)F (u)) dx
0 Q

+ [(2 +4)M(|Vull3) — 2M (| Vull3) /Q |w|2dx] :

Therefore from (A1), we obtain (3.4).
Now, we consider three different cases on the sign of the initial energy E(0).

(1) If E(0) <0, then from (3.4), we have
a'(t)y>ad' (0) —4(1 +286)E0)t, t=0.
Thus we obtain a’ (1) > ||u0||% for t > t*, where
a'(0) — Jluoli3
= —=0¢. 3.7
max {4(1 1 20)E0) 3-7)

(2) If E(0) =0, then a” (1) >0 for t >0.
Furthermore, if a’(0) > |luol|3, then a’(t) > |luoll3, >O0.
(3) For the case that E(0) > 0, we first note that

t t d
2/ /uu,dxdt:/ —/uzdxdt
0 Jo o dr Jo
=fu2dx—/ ud dx. (3.8)
Q Q

By Holder inequality and Young’s inequality, we have from (3.8)

t t
/uzdxéfu%dx—i-/ ||u||§dt+/ N[z |13 d. (3.9)
Q Q 0 0

By Holder inequality, Young’s inequality again and (3.9), we obtain from (3.5)

t
a/(r)ga(t)Jr/ u%dx—i—/ u,zdx—i—f s |13 d. (3.10)
Q Q 0
Hence by (3.4), (3.10), we obtain
a’(t) — 4+ d'(t) + 4 + Da(t) + K1 >0,
where
K1 = (4+80)E(0) +4(3 + D)luol2.

Let
K

. 0
aito) 7

b(t) = a(t) +
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Then b(t) satisfies (1.5). By (1.6), we see that if

K

a (0) >1r) |:a(0) + m

2
} + lluoll3,
then a’ () > |lugll3, t > 0.

Consequently, we have

(3.11)

Lemma 3.3. Assume that (A1) holds and that either one of the following statements is

satisfied:

(i) E(0) <0,
(i) E(0) =0anda’(0) > ||u0||%,
(iii) E(0) >0 and (3.11) holds,

then a’'(t) > ||u0||%fort > 1y, where to = t* is given by (3.7) in case (i) and to = 0 in

cases (ii) and (iii).

Now, we will find the estimate for the life span of a(z).
Let

J(0)=(a@) + (Ty = Dluol3) ™ for t € [0, T1],

where 77 > 0 is a certain constant which will be specified later.
Then we have,

J'(t) = —=0J ()2 (1) — uol3)
and
J"(t) = =30 (1) TV (1),

where

V(1) =d"(t)(a(t) + (T1 — D luoll3) — (1 + )@ (1) — lluoll3)*.

For simplicity of calculation, we denote

P=/u2dx,
Q
! 2
Q=/ llull5 dz,
0
R:/utzdx,
Q

t
S = f s 113 d.
0

(3.12)

(3.13)

(3.14)
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From (3.5), (3.8), and Holder inequality, we obtain

t
a’(t):2/u,udx+/u%dx+2/ /uu,dxdt
Q Q 0o JQ
<2(\/RP+\/QS)+/ uf dx. (3.15)
Q

By (3.4), we have
a’(t)=(—4 —83)E(0) +4(1 + &) (R + S). (3.16)
Thus, from (3.15), (3.16), we obtain
V(1) =[(—4 — 88 E(0) +4(1 + 0)(R + )(a(t) + (Ty — 1)|luoll3)
—4(1+O(RP +05).
And by (3.12) and (3.3), we have
V(1) = (—4 =89 E0)J ()" +4(1 + 0)(R + S)(T1 — 1)lluol13
+4(1+ OI(R + S)(P + Q) — (WRP + /05)’].
By Schwarz inequality, the last term in the above inequality is nonnegative. Hence we have
V(D) > (—4=8HEOI O, 1=, (3.17)
Therefore by (3.13) and (3.17), we obtain
J' (1) <84 +8S)E©)J ()T, >4, (3.18)

Note that by Lemma 3.3, J'(#) < 0 for 7 > fy. Multiplying (3.18) by J'(¢) and integrating
from 1y to ¢, we obtain

J @)=+ IO for t>1,
where

o= 071 (1) °[(d (t0) — lluol3)* — 8E(0)J (t0)~"/°] (3.19)
and

B=85"E(0). (3.20)
We observe that

(@ (to) — lluoll3)?
8(a(to) + (T1 — 10)|uol3)”

Then by Lemma 1.2, there exists a finite time 7* such that lim,_, 7« J () =0 and the upper
bound of 7* is estimated, respectively, according to the sign of E(0). This will imply that

t
lim {f uzdx+/ /uzdxdt}:oo. (3.21)
t—>T*~ Q 0 JQ

a>0 iff E0)<
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Theorem 3.4. Assume that (A1) and (A2) hold and that either one of the following state-
ments is satisfied:

i) E(0) <0,
(i) E(0)=0anda'(0) > |uoll3,

(@ (t0)—luol3)*
(i) 0< E(0) < St + T —0) 00D and (3.11) holds,

then the solution u blows up at finite time T* in the sense of (3.21).

In case (i),

J (to)
T <ty — ——. 3.22
LTS (3.22)
Furthermore, if J(fp) < min{1, /o/ — 5}, we have
“
1 —
T* <ty + 7 In a” P (3.23)
B [ — — J (1)
—p
In case (ii),
J (t0)
T"<tp— 3.24
0~ J0) (3.24)
or
J (1)
T*<tg+ ——. 3.25
o+ NG (3.25)
In case (iii),
J(t0)
T —= 3.26
NG (3.26)
or
T* < to 4 2030+1D/20 5—\/6_{1 — 1+ cJ ()]~ 1729}, (3.27)
o

where ¢ = (rx/ﬁ)zﬂ/‘s; here o and f are in (3.19), (3.20).
Note that in case (i), fp = ¢* is given in (3.7) and #p = 0 in case (ii) and (iii).

Remark 3.5. The choice of 77 in (3.12) is possible under some conditions. We shall discuss
it as follows:

(i) For the case E(0) = 0.

First, we note that the condition a’(0) > |jug ||% implies fQ uoup dx > 0.
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() I£ 268 [ uouy dx — |lug|l3 > 0, by (3.24), we choose

)
J'(0)

1=

This is equivalent to

lluoll3
T > 2 .
20 [uourdx — |lugll3

In particular, we choose 77 as

luoll3

T = )
25 [quout dx — Jlugll3

We then obtain

2

T < lluolls
< .
20 [quoui dx — ||u0||%

2)If 26 fQ uouy dx — ||u0||% <0, by (3.25), we choose

T > ——.

NG

By Holder inequality, Young’s inequality, and from (3.28), we obtain

2 2 2 2
luolly + Tilluollz <o(lluolly + llurll2) 11,

then
2
uo .
T > | ”2, if 0<d<1
luills
or
2
uo .
1> I ”22 , if 1 <.
(0 = Dlluolls + llurllz
In particular, we have
2
uop .
T < ]:H ”2, if 0<o<1
luill;
or
2
uo .
*<T luoll3 if 1<9.

(G = Dlluol3 + lluy |3’
(ii) For the case E(0) <0,

253

(3.28)

(H If fQ uou dx >0, then a’(t) > ||u0||% and t* = 0. Thus T can be chosen as in (i).
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2) Ifo uouy dx <0, then t*=a’(0) — ||uo||%/4(1 +20) E(0). Thus, by (3.22), we choose
Ty >t — J@*)/J (7).

(iii) For the case E(0) >0,

(D) If [luol|3 < and if

E(0) <min{xy, 2},

where

o U+ 9@(0) = r2a(0) = (2 + Dluoll3)
' ra(1+26)

2

A Jguourdx)” =1 56— Juol3

2= 80|12 B
lluoll5

’

then we choose 77 to satisfy

2
ol _ . 4(UJguour dx)” = BEO)fuolly — 1
O—luoly ~ 8E(0)luoll3

]

so that
o= 2J(0)°[(a' (0) — |luol|3)* — 8E(0)J (0)~1/%]

>1.

In particular, choosing 7 = ||u0||%/5 — ||uo||§ and by (3.26), we obtain

luoll3
e 8 — lluoll3
) Slluoll3
4 uou;dx)” — 8E(Q) ——=
\/ Ve ) & — lluol3

(2) If luoll3 > 0 with 5< 1 and if
E(0) <min{ks, K4},

where

_ (1+9)(@'(0) = r2a(0) — (r2 + Dlluoll3)

B (1 +29)

_ (Jguour dx)*(lluoll3 + lluill3 — 0)
2Q2lluoll3 + llutll — O)lluoli3

’

K3

then we choose

2

lluoll3
1: 2 2 9
luolly + llurll; — 6
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so that « > 0. By (3.26), we have
luol3lluoll3 + llui 13 — 6)

2 2
luolly + luill; — 0

2 2 2 + 2 _ S .
. [4( o uour dx)? — g0y 110I2CI0lz * il = 0)
luolly + lutllz — o0

T* <

If [|luo|3 > with § > 1 and if

E(0) <min{y,, 72},
where
_ (14+0)(@(0) = r2a(0) — (r2 + Dluoll3)
o= ra(1+ 20)
L (f o1 dx)*(O(luoll3 + llurll3 — 1))
27 2(fluoll2 + 0(lluol2 + w112 — 1) fluol2’

3

then we choose

o lluoll3
Slluol3 + llurll3 = 1)

so that « > 0. By (3.26), we have

luoll3(lluoll3 + S(lluoll3 + llurll3 — 1))
S(lluoll3 + llurll3 — 1)

2 215 2 2 ’
5\/4(fguou1dx)2—8E(0) luoll5(lluolls + olluolls + lluill; — 1)

T* <

S(lluoll3 + llurll3 — 1)

Example 3.6. We consider the problem
i — M(IVul)Au +up = f (w),
u(x,0) =uop(x), ur(x,0)=ui(x), xe€LQ,
u(x,t)=0, xe€0Q, t>0,

where M(s) =1+s, f(u) = w3, Q=1(0,1), u;(x) =d and

0 if 0<x <
up(x) = { 3.36 if 1<x<

0.2(1 —x) if 1<x<l.

)

= BI=

)

Then we have

d2
E(0) = 5 —7.9559025.



256 S.T. Wu, L.Y. Tsai / Nonlinear Analysis 65 (2006) 243264

Thus

0<d<d. < E(0)<0,
where

de = v/15.911805 ~ 3.988960391.
We also have the following datum:

0= % a(0) =2.8241, a’(0) =1.73d + 2.8241.

Then by Remark 3.5, the upper bound for the blow-up time in each case is obtained.

(1) For 0 <d <3.264855491, we have
2.8241

d?
(2) 3.264855491 < d <d., we have

2.8241
0.865d —2.8241°

(3) d. <d <4.0036, we have

T*(d)<

T*(d)<

N 5.6482ks5
T*(d)< ;
\/2.99294172 —22.5928 E(0)x5
where ks =1 + %.

3.2. g(uy) = —Auy
In this subsection we consider Eq. (1.1) with g(u;) = —Au,:
i — M(|Vull3) Au — Au; = f (w). (3.29)

Definition. A solution u of (3.29), (1.2), (1.3) is called blow-up if there exists a finite time
T* such that

lim [ |Vul*dx = oco.
t—=T* JQ
Let

t
a(f)=/u2dx+/ /IVM|2dxdt, >0
Q 0 JQ

J(t) = [a(t) + (T — Dl[Vuol317%, 1 € [0, Ty,

and

instead of (3.3) and (3.12).
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By the similar way as above, we have the following results.

Theorem 3.7. Assume that (A1) holds and that either one of the following statements is
satisfied:

(i) E(0) <0,
(i) E(0)=0anda’(0)> || Vuol3,

(@ (10)—|IVuoll3)?
(i) 0< EO) < gamram—o)vaeld

and ZfQ uouy dx > ra[a(0) + 4(1+é)]

where Ky = (4 + 88)E(0) + 4(6 + 1)[| Vuo|2.

Then there exists a finite time 7* such that the solution u« of (3.29), (1.2), (1.3) has the
following:

t
lim {/ u2dx+/ f |Vu|2dxdt}=
t—>T*" Q 0 JQ

Thus,

lim | |Vul?dx =00
t—>T* JQ

Example 3.8. We consider the problem

uy — M(|Vul$)Au — Au, = f (),
u(x,0) =ug(x), u(x,0)=u;(x), xeQ,
ulx,t)=0, xeodR, t>0,

where M(s) =1+s, f(u) = us, ug(x) =20sinx /5, uj(x) =d > 0and Q= (0, 5). Then
we have

d?
EO)=—+ 207> + 4007* — 75000.
Thus
0<d<d, <= E(0)<0,

where

d. = /150000 — (40 + 80072)n2 ~ 267.73.

We also have the following datum:

1 ,  400d
0=3 a@)=1000, d'©0)=—— 407’

Then applying Remark 3.5, the upper bound for the blow-up time is obtained.
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(1) For 0 <d <6.201255336, we have

200
*
T (d)</12—dz,

here 4 is the Sobolev constant satisfying ||u]|, < A||ux|l,, for u € HO1 0, 5).
(2) For 6.201255336 <d <d,, we have

10007
200d — 40n*”

(3) Ford, <d <299.82, we have
1007
V10042 — 10E(0)n2

T*(d)<

T*(d) <

4. Blow-up property for g(u;) = |u:|"2u; and f(u) = |u|?">u, p>m>2

In this section, when 2 <m < p<2N /(N — 2) (N < o0, if N =1, 2), we consider the
problem with g(u;) = |u; ™ 2us, f(u) = |u|?2u:

e — M([Vul|3) Au + Jug " 2u, = [ulP2u 4.1)

under the following hypothesis:
(A2) M is a nonnegative locally Lipschitz function satisfying

M(s)>my>0 for all s >0, “4.2)
and there exists m1 > 1 such that
miM(s)>M(s)s for all s>0. 4.3)

It is clear that M (s) =a + bs”,a >0, b >0, y> 0, s >0 satisfies assumption (A2) that
we made on M.

Remark 4.1. By (4.2), we have

E() >y mol|Vul3 — S lulf. 1>0. 4.4)
By Poincaré inequality,

E@®)=G(IVul2), 120, 4.5)
where

P
-L

1
G() = 3 moA> — =L P,

here B; is the optimal constant of Sobolev imbedding HO1 () = LP(Q) given by B 1=
inf{[[Vullz : u € Hy(Q), llull, = 1}.
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Note that G(A) has the maximum at 1| = (%)1/ (P=2) and the maximum value is
1

NS B D
E1=G() =mh/"™? (E - ;) B2/, (4.6)

Lemma 4.2. Assume2 <m < p<2N/(N —2) (N <oo,if N =1,2)and E(0) < E;.

) If IVuollz < A1, then [[Vu(t)|l2 < /1,1 >0.
(i) If |Vuglla > A1, then there exists Jp > Ay, such that ||Vu(t)||2 = 22, t >0 and there exists
/3> By Ay such that |u(t)||, =23, ¢ =0.

Proof. From the definition of G (1), we see that G (/) is increasing in (0, A1) and decreasing
in (11, 00), and G(1) - —oo as 1 — oo.

Since E(0) < Ej, so there exists 15, A with 1) </A; </, such that G(1)) =
G(lp) = E(0).

(i) when ||Vugll2 < A1, from (4.5), we have

G Vuoll) E(0) = G(43).

It implies || Vuo|2 < 45.

We claim that || Vu(#) |2 < 45. If not, then there exists #o > 0 such that || Vu(ty)|l2 > /5.
Case (a) if /1’2 < ||IVu(to)ll2 < A2, then G(||Vu(ty)|l2) > E(0) > E(tp). It contradicts (4.5).
Case (b) if || Vu(tp) ||2 = A2, then by continuity of || Vu(t)||2, there exists 0 < #; < fy such that
25 < |Vu(t1)|l2 < A2, then G(||Vu(t1)|l2) > E(0) = E(t1). This implies a contradiction.

(ii) when || Vugll2 > 41, we deduce as before that || Vugl|l, > A; implies || Vu(t)]2 > 4o,
fort>0.

Hence, from (4.2), (4.4), (4.5) and Lemma 3.1, we have

1 1 1
—/|u|de>—m0/ |Vu|2dx—E(O)+—fu?dx
rP Ja 2 Q 2 Ja

1
>—mof [Vul?dx — E(0)
2 Q

1

> mods — G()
B[’

=—1 .
p

This implies ||u]|, > By iz > B121,t>0. Set A3 = B| 2, then there exists A3 > B/ and

lullp =23, 120. O

Theorem 4.3. If (A3) holds, p > max(2m, m), then the local solutions of problems (4.1),
(1.2), (1.3) blow up at a finite time T with ||Vug|2 > 21 and E(0) < Eq, where 0 < T <

-0
cf(j‘()g)‘_l),hereL(O):(El—E(O))1—°<+251 Jouour dx,0 < <1/m—1/p,0=1/(1—2), &
is a small positive constant given in the proof, and cyg is given in (4.24).
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Proof. Let

H(t)=E; — E(t), t>=0.
By (3.2), we have

H’(t):—E’(t):/Qw,l’” dx >0.

Thus, we obtain
H(t)>HO)=E; —E0)>0, >0.

Let
a(t)zf Pdx +2mEv, 1 €0, o),
Q

where Ty will be specified later.
By differentiating (4.10) twice, to obtain

a'(t) =2/;2uuldx +4miEt, te]l0, Tyl
and

a’(t) =2/Qu$ dx —G—Z/;)uun dx +4mEy, t€[0, Tl
By using (4.1) and (4.3), we obtain

a”(t)>2/ u? dx — 2m M(||Vu|3) —2/ e " 2upu dx
Q Q

+2/ lul” dx +4m E;.
Q
From (3.2), (4.4) and (4.7), we obtain
a'(n =201 —|—2m1)/ u? dx +4my H () + collull} —2/ | |2 uu dx,
Q Q

where co = 2p — 4m1)/p > 0.
By observing that

‘/ e 2upu dx
Q

—1
Sluelly™ Nullm

L=(p/m)y . (p/m) —1
<cillullp llaell ™ Moee Il

where ¢ = (vol(Q))P—™/mp.

4.7)

4.8)

4.9)

(4.10)

4.11)

4.12)

(4.13)



S.T. Wu, L.Y. Tsai / Nonlinear Analysis 65 (2006) 243264
Note that from (4.7)
H@ = Er — | 2 3+ 2 F(l3) — ~ull}
=E—|=|u - ull5) — —|lu .
1 ) 2 ) 2 ) p
By (4.2), we have
1 , 1 P
H@)<E;— s mollVullz + — llullp.
2 p
Thus, by using Lemma 4.2 (ii), we have
H@O<Ey — 2 mod + < ull}
<E; — —mgpi —ullp.
1 ) 041 » P
And by (4.6), (4.9), we obtain
1
0<HO)SHMNO<— |lulp, forrel0, Tol.
p
Note that by (4.14) and using Holder inequality, we have from (4.13)

‘/ i)™ 2 upu dx
Q

By Young's inequality and (4.8), we obtain

‘/ e )™ 2upu dx
Q

wherea=1/m —1/p>0,e>0,m =m/m —1,cr =cy - p'/P~
Letting 0 < o <o and by (4.14), (4.15), we have

‘/ i)™ 2upu dx
Q

Now, we define

1/p—1 —1
<eallull 5™ H @M w1

<ca@ lullh +e ™ H' (1) H ()™,

l/m_

Lt)=H®'"™*+81d (), 1e€]0,Tol,

where 01 is a positive constant to be specified later.
From (4.17),

L'ty=(0—-a)H (@) *H'(t) + 61a"(t), t €0, Tol.

By (4.12), we obtain

L'(t)=(1 —)H (@) H'(t) + 201 (1 + 2m1) |lu,||3 + 46 1m 1 H (1)

+51Co||u||1;—251/Q|u;|m_2utudx.

< (" HO)  ullh + ™ HO)* *H (1) *H'(1)).

261

4.14)

(4.15)

(4.16)

4.17)
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And by (4.15), we have

L'(1)=(1 —o—281c0e ™ HO)* 5H(t) “H'(t) + 01 (co — 2c26" H(0)™%)
x Nlullh + 281 (1 + 2my)||ug||3 + 4m1 51 H (2). (4.18)

Now, choosing ¢ > 0 small such that co — 2c2e" H (O)_&> %co, and letting 0 <0y < (1 —
%)/2¢5 'e" H(0)* 7.
Then (4.18) becomes

L'(t)= 1 codillully + 281 (1 + 2my)|ucl|3 + 4m1 01 H (2)
> 301 (lullh + lluell3 + H(@)), (4.19)

here c3 = min{co/2, 2(1 + 2m1),4m}. Thus L(¢) is a nondecreasing function on [0, Tp].
Letting 01 be small enough in (4.17), then we have L(0) > 0. Hence

L(t)>0, forte][0,Tyl.
Now set 0 =1/(1 — a). Since a <@ < 1, it is evident that 1 <8 < 1/(1 — w).

Choosing 01 > 0 small enough such that 6,7 < ()»3/31},1)'”/0, for ¢t € [0, Tp], and using
Lemma 4.2(ii), we obtain from (4.17)

dm Ey p/0

L(t)éH(t)l_“ +251/ uudx + ———|lul,’ ", for ¢ € [0, Tp].
o BP0

By Young’s and Holder inequality, it follows that

0
L) <201 [H(t)+ <251/u,udx+C4||u||§/"> ]
Q

<27 H @) + 2771 @0 Nu 191wl + cFllulip)]

<esLH @) + lullh + lu 15 0u)91, (4.20)

where ¢ = 4m E1 /(B11)7, c5 = max{20~1, 230-250  220-D 0y
On the other hand, for p > 2, using Holder inequality we have

0y,110 Oy 110
e I3 Nuelly < collullp Nl

here ce = (VOI(Q))H(P*Z)/%? .
And by Young’s inequality, we obtain

0 0
e N1 < er(llully + |qu||2ﬂ2), 4.21)

where 1/f,+1/p,=1,c1=c7(cs, f1, f2) > 0. In particular, we take 05,=2,1i.e. f,=2(1—0).
Therefore, for o small enough, the numbers f8; and f3, are close to 2.
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Now choose o € (0, min(z, % — %)). Then, by (4.14), we obtain

| Hoﬁl_ (;)1/1?” | <#>951/P
e =1\pao) "M \Gro)

<cglully, (4.22)

0B

because

0py =

1—2, P

where cs = (1/pH (0))'~0P1/p,
Consequently, by (4.20)—(4.22), we have

L) <colH@) + llullh + llucll3]. (4.23)
Here c9g = c9(cs, ¢7, cg) > 0. From (4.19), (4.23), we obtain
L't =ciol®)?, 01, (4.24)

here cj9 = 301 /c9.
A simple integration of (4.24) over (0,t) then yields

L(@t)=>(L0)' ™0 = ¢1p(0 — )r)~1/0=1, (4.25)

Since L(0) >0, (4.25) shows that L becomes infinite in a finite time T <T* =
L(0)' /100 — D).

Remark 4.4. (1) Ty can be chosen so that 7y > T* in (4.10).

(2) When M = 1, the result is just the same as Vitillaro [18].

(3) If the condition M (s) >mg > 0, for all s >0 in (A2) does not hold, another type of
M (s) can be considered. For example,

M(s)=bs’, b>0, y>1, 5s=>0,
then there exists m| >1 such that
miM(s)>M(s)s, for all s>0.

Consider the following problem:

e — bl V3 A+ g " 2wy = |ul”Pu, in Q x [0, 00), (4.26)
u(x,0)=up(x), u;(x,0)=ui(x), xel, (4.27)
u(x,t)=0, xe€0Q, r>0. (4.28)

The nonexistence of global solution of (4.26)—(4.28) can be shown by using the same
arguments as in Theorem 4.3.
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Theorem 4.5. If p > max(2m, m, 2y+2), then there is no global solution of (4.26)—(4.28)
with |Vugl|l2 > A1 and E(0) < Eq, where

1/(p=2y=2)

u=(2 B = bp/(p—z«,-—m( 1 _l) g2rr2p-2-2
Bf 20+ p) !

here Bj is the optimal constant of Sobolev imbedding HO1 (2) = LP(Q).
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