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Abstract

In this paper, we work with the ordinary equation u”" — |u|? 1y = 0 for some p >0 and obtain
some interesting phenomena concerning blow-up, blow-up rate, existence interval, stability, instability,
zeros and critical points of solutions to those equations.
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1. Introduction

In our papers [2-7] we studied the semi-linear wave equation (u + f (#) =0 under some
conditions, and found some interesting results on blow-up, blow-up rate and the estimates
for the existence interval of solutions, but no information on the singular set. Here, we
wish to deal with particular cases in lower-dimensional wave equations. We hope that the
experiences gained here will allow us to deal with more general lower-dimensional cases
later.

Consider the stationary, one-dimensional semilinear wave equation

MN— |u|p_la u=0,
{M(0)=Mo, u'(0) =u;. (1.1)
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From some calculations one can find that for p € (0, 1), Eq. (1.1) with ug =0 = u;
possesses infinitely many solutions, so the solutions of the above equation in general are
not unique. It is clear that these functions |u|”~'u, p>1, are locally Lipschitz; hence, by
the standard theory, the local existence of classical solutions is applicable to Eq. (1.1).

We discuss problem (1.1) in three parts: “p > 17, “p < 1 and “the singularity and regu-
larity of solutions”.

Part A: Estimates for the existence interval of solutions of (1.1) for p > 1

In Section 2, we deal with the estimations for the existence interval of the solutions of
(1.1), in Section 3 with the blow-up rate and blow-up constant, in Section 4 with the global
existence, critical point and the asymptotic behavior, in Section 5 with the null points (zero)
and triviality, and in Section 6 with stability and instability.

1.1. Notation and fundamental lemmas

For a given function u in this work, we use the following abbreviations:

2 _
au(t) = u(?, Ey(0) =u? — . uolP 1, (1) = au ()T

+1

Definition. A function g : R — R with a blow-up rate q means that g exists only in finite
time; that is, there is a finite number 7* such that the following are valid:

lim g(n)~'=0 (1.2)
t—T*

and there exists a non-zero f§ € R; with
lim (T* —1)7g(t) = p; (1.3)
t—T*

in this case /5 is called the blow-up constant of g.

According to the uniqueness of the solutions to Eq. (1.1) for p > 1, we can rewrite
ay(t)=a(t), J,(t)=J(t) and E,(¢) = E(t). After some elementary calculations we obtain
the following Lemma 1.

Lemma 1. Suppose that u is the solution of (1.1); then, we have

— (12 _ 2 p+l _
E(t)=u () p+1|u| = E(0), (1.4)
(p+3)u'(®)*=(p+DE©) +d" 1), (1.5)
p2 —1 p+3
J'(t) = EWO)J(r)r 1, (1.6)
—1)? P —1)? p
J/(t)zzj/(O)z——(p 41) E(O)J(O)% +—(p 41) E(O)J(t)% (L.7)
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and

d'(t) =a'(0) + 2E0)t + (p+ )/ lu ()P dr. (1.8)

The following lemmas are easy to prove, so we omit the arguments.

Lemma 2. Suppose that r and s are real constants and u € C*(R) satisfies

u" +ru +su<0, wu>=0,
u( =0, u'0)=

then, u must be null, that is, u = 0.
Lemma 3. [f g(¢) and h(t, r) are continuous with respect to their variables and the limit
lim;_ 7 fog(t) h(t, r)dr exists, then

g(1)

8(T)
lim h(t,r)ydr = / h(T,r)dr.
0

t—=T Jo

2. Estimates for the existence intervals

To estimate the existence interval of the solution of Eq. (1.1), we separate this section into
three parts: £(0) <0, E(0) =0 and E(0) > 0. Here, the existence interval T of u means
that u exists and makes sense only in the interval [0, 7T') so that problem (1.1) possesses the
solution u € C2(0, T).

2.1. Estimates for the existence intervals under E(0) <0

We deal with two cases, E(0) <0 and E(0) =0, a’(0) > 0, in this subsection, but the
case E(0) =0 and a’(0) <0 will be considered in Sections 4 and 5 later. Here we have the
following result:

Theorem 4. If T is the existence interval of the solution u to (1.1) with E(0) <O, then T is
finite. Further, for a’(0) >0 we have the estimate

2 J(0)
T<T} = 2.1)

V p+1 + EO)r =
fora’(0) <0,
T<T} / / ) dr , 2.2)
-1 7(0) 42

21+ EO)r7-
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where o0 = (erl E(O) ) 2P+2 . Furthermore, if E(0) = 0 and a’'(0) > 0, then

r<rs = 20 2.3)
p—1d(0)
Proof. For E(0) <0, we know that a(0) > 0; otherwise, we obtain a(0) =0, that is, g =0.
Then E(0) = u% >0, which contradicts E(0) < 0. In this situation, we separate the proof of
this theorem into two cases: a’(0) >0 and a’(0) < 0.
(i) @’(0) >0. By (1.5) and (1.7) we find that

a'(t)=a'(0) — (p+ 1)E(O)t Vit>0,
a(t)>a(0) + a' (0)r — ”TH EQO) Vi>0, 24
J(t)———\/—+E(O)J(t)P+' <J0) Vi>0 (2.5)

and

_p-t —1 _pt3
J)<a0)™ % — a(0)” 4 d 0t Vt=0.

Thus there exists a finite number
4 a(O)

T] (“0,'41, p)\ la/(o)

such that J(7}"(up, u1, p)) =0 and so a(t) — oo as t — T;*(ug, uy, p). This means that
T <T{*(uo, u1, p). Now we estimate T}" (uo, u1, p). By (2.5) and J(T{*(uo, u1, p)) =0 we
find that

J(0) p—1
= t V>0 (2.6)
J(t) 2p+2 2
p+1 +EO)r -

and hence we obtain estimate (2.1).
(ii) a’(0) <0. By (2.4), a’(0) <0 and the convexity of a we can find a unique finite
number fo = to(ug, 11, p) such that

{a/(t) <0=d'(tp) fort e (0, 1), 0.7

a()>0 for t > 1t

and a(tp) > 0.If not, then u (#9)=0; thus, E (0)=E(to)=u’(t0)2 >0.Yet, this is a contradiction
to E(0) < 0. Hence, we conclude that

at)>0 Vt=0, u'(tp)=0, E@©) =-— lu(to)pﬂ and
T B2 2 -1
th)yrl!l = — —
0 p+1E(0)



M.-R. Li/ Nonlinear Analysis 64 (2006) 10251056 1029

After arguments similar to step (i), there exists a T, := T, (ug, u1, p) such that the
existence interval T of u is bounded by Tz*, that is, T < Tz*. By an analogous argument,
using (2.7), (1.7) and the fact that

TPt =2 =L ad @ =0
P— = an =0,
0 »+1E®0) 2
we conclude that
—1)? 2p42 2p42
T2 = —% EO)(J(tg) 7T — J(1)7T) Vi1,
(p— 1)? +2 2p42
J'(t)? = ———— E(0)(J(0) 1’ —J(@) 1) Vtel0, 1],
+2
Jt)y=—"—— [ — + E0)J (1) P T V>, (2.8a)
, p—1 2 2p+2
Jt)y=—|——4+E0)J@)r 1T Vrel,tl], (2.8b)
2 p+1
T (t0) dr p—1
/ = (t —ty) Vt=n, (2.9a)
J(t) 2p +]2 2
21+ EQO)r
J(to) -1
=P~y (2.9b)
(0) 2p42 2
\/p+1 L EQO)F T
and
—1
2 (=2 2 )2 P2 d
T—to+—— " o ! . (2.10)

p—1 e
p+1 + EO)r r- f

This estimate (2.10) is equivalent to (2.2).
(iii) For E(0) =0, by (1.6) and a’(0) > 0 we obtain that J/(0) <0, J”(t) =0and J(z) =

61(0)_7_1 (a(0) — a’(O)t) V¢ >0. Thus, we conclude that

4

—1 , p—1
' (0)t Vi >0, 2.11)

P43
a(t) =a(0)r-T <a(0) —
and (2.3) is proved. [
2.2. Estimates for the existence intervals under E(0) >0

In this subsection we consider the case E(0) >0, and we have the following blow-up
result.
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Theorem 5. [f T* is the existence interval of u which solves problem (1.1) with E(0) > 0,

then T* is finite. Further, in case of a’(0) > 0 we have

J(0)
T*<TSf(uo, uy, p) = ——
4 (uo, uy, p) p—l/
In the case of a’(0) = 0 we have

2 /oo dr
-1 [2 ’
p 0 7 + E(0)rat!

where q = p+3 . For a’(0) <0 and z(ug, uy, p) given by

T*<T5(uo, uy, p) =

va(0) dr
z(uo,m,p):/ )
0 JEO) + ﬁrl’“

is the zero of a. Further we have
T* <T¢ (uo, uy, p) := (2 + Ts) (uo, ui, p).

Proof. The case of a zero for u is deferred to Section 5.
(i) For a’(0) > 0, by (1.6) we have

{kJ”(t) = (kJ ()7,

kJ (0) = ka(0) "7, kJ'(0) = 152 ka(0)~ " a(0),

—1
where k := (55— 21 E0)7 andq := ﬁ—fi. Now we set

B 22 2 q+1.
E(@t) :=k"J (1) —q+1(k1(l)) ;

dr
V5T + EOrat!

2.12)

(2.13)

(2.14)

(2.15)

(2.16)

from some calculations we see that E(7) is a constant and by using (1.8) we obtain that

fn P70
E@) = m = E(0),
(p—1?

2ka-1
=712 - =— J@)it,
2p+2 q+1

ad(t)=>d ) +2E0)¢>0 V>0,
J'(t) <0 Vt=0,

J(t)=—"—— \/— + E0)J ()4t V>0

(2.17)

(2.18)

(2.19)
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and

J0) dr p—1

/ 2 =21 vizo, (2.20)
J () Nar=si + E0)ra+1

By (2.19), there exists a finite number 7 (ug, u1, p), such that J (T, (uo, u1, p)) = 0, and
from (2.20) estimate (2.12) follows easily.
(i1) From a’(0) =0 = ug, E(0) = u% and (1.8) we obtain
t
a'(t) =2E )t + 2q / lu)|PTdr vi>0,
0
a(t)>0 Vi>=0; (2.21)

thus, J () can be defined for each r > 0 and J'(¢) <0 Vr > 0.
Using (1.6), for each 7 > 0 we conclude that

/ .o (p—= 1)? g+1 1 ¥
J(0) ==\ 0 = == EQU O =T Vi, (2.22)
lim J' ()% — M u%](f)(ﬂrl - M; (2.23)
i—0 4 2([) + 1)

thus after inducing (2.22) and (2.23) the estimate (2.13) follows.

(iii) For a’(0) <0, by (2.18) we have a’(r) >0 for large ¢.

Suppose z is the first positive number 7 so that a’ (1) =0; then u (z) =0. Otherwise, u’ () =0
and E(z) = —ﬁ lu(z) |f”‘H < 0, which contradicts the assumption E(0) = E(z) > 0. After
the time ¢ = z, same as the procedures given in the proof of (i), using (2.20) we obtain
(2.15). O

2.3. Some properties concerning the existence interval T} (ug, u1, p)

In principle, T*(uo, u1, p) depends on three variables ug, u1 and p. Set

o (p+ Dui
k, _ ——
P 214(’;+1
then
; Jat1 et LW dr
Ty (o, uy, p) = uy = (Y1 —=ck, p) —
Vp—1 0 V1= ratl

and lim,_, oo T} (ug, u1, p) =0, lim,_, | T}*(uo, uy, p) = oo, where g = ﬁ—ﬁ. For conve-
nience, we consider the case 1| =0,

p—1
—2 Top)

Jr
MO 12 .
Using Maple we obtain the graphs of T}*(ug, 0, p) below

T]*(u()a 07 p) =
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Fig. 1. Graph of T{*(ug, 0, p).

Fig. 2. Graphs of T}, ug<1.

30

Fig. 3. Graphs of T}, ug > 1.

The above graphs show the properties of 7" (uo, 0, p) (Figs. 1-3).
(1) there exists a constant ué such that T;*(uo, 0, p) is monotone decreasing in p for ug €
[ug, ;
(2) there is a pg such that T}*(ug, 0, p) is decreasing in (1, po) and increasing in (pg, 00)

provided ug € [0, uf));
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3) Tl* (ug, 0, p) is differentiable in its variables; and
(4) for ug > 1 the existence interval Tl* (uo, 0, p) is decreasing in p.

We now show the validity of statements (3) and (4) using the monotonicity of 7}*(1, 0, p)
for ug#0. To prove (1) and (2) we must show the existence of uj with (3/0p) T}*
(1o, 0, p) <O for 1> ug > ug, that is,

0<—(P+3)f (1- VqH) 1/2d1”+4/ (11— rq+1) 3204+ 1 r dr
p+

+ (p— D2(n uo)/ (1 —ra+tH=172 4,
0

thus the existence of u(’g can be obtained, provided

—1
—p+1(p+3)(r‘f+‘—1)—41nr>o Vr>1,
p

where ¢ = (p +3)/(p — 1). After some calculations it is easy to obtain the above assertion.

It is very difficult to grasp the property of the existence interval T|* := T{*(uq, uy, p),
but for fixed initial data we wish to know how the existence interval varies with p, so now
we consider the existence interval Tl* (0.6, 0.2, p) and list the following tables.

p |T7(0.6,02, p) » 77(0.6,0.2, p)
1.001 [2001.5 2 3.4135
1.004 |501.42 25 [2.7698
1.008 [251.42 3 2.4659
1,012 |163.08 3.6497 [2.2644

After some computations we obtain

1

T* — V2P+2 p+l p+1 2 2p+2f‘i+‘1
—1 ,/1_rq+1

By studying the existence interval T}", we consider its properties with a’(0) >0 in three
cases:

Case 1: 0 <uerl

(p+ l)u%/Z < 1. In this situation we find that
(1) for fixed u,

(5) there exists a constant ”3 depending on u such that 7}"(ug, 1, p) is monotone
decreasing in p for ug > u(";,
(6) there is a pg so that T{*(ug, uy, p) decreases in (1, pp) and increases in (pg, 00)
provided ug € [0, ug);
(i) for fixed uo, the existence interval 7}" (1o, u1, p) decreases in u%

Case 2: ug+l —(p+ 1)u%/2 > 1. The existence interval T;*(ug, uy, p) decreases in p.
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Case 3: ugH — (p+ Dui/2 = 1. On the surface

(o, ur, p) € Rul™ —(p+ud2=1, p>1},

we find that

—(p=D/2

T (uo, u1, p) =T} (uo, p) =

¢213—+/

1 —r‘I+1

where ¢ = (p + 3)/(p — 1) and that T{*(ug, p) is monotone decreasing in u¢ and in p.

3. Blow-up rate and blow-up constant

In this section, we study the blow-up rate and blow-up constant for a, a’ and a” under
the conditions in Section 2. We obtained the following results.

Theorem 6. If u is the solution of problem (1.1) with one of the following properties that:

(i) E0)<O0or
(i1) E(0) =0, a’(0) >0 or
(iii) E(0) >0,
then the blow-up rate of a is 4/(p — 1), and the blow-up constant K| of a is
" 4(p — ) (p+ D, that is, for m = 1,2,3,4,5,6,

4 2 2 4
linTl Ty —nrTa@)=2rT(p+ HrT(p—1) rT. 3.1
t—>Trh
2
ThebIOW upmteofa is (p+3)/(p—1), and the blow-up constant K, of a’ 1521’ '(p-l—l)ﬂ

(p—1)~ P*' ,that is, form =1,2,3,4,5,6,

2 pt3
-1

pi3 2
lim (T = 071/ (0) =201 (p+ 7T (p = 1) - (32)
t—>Tr

2
The blow-up rate ofa” is 2p+2)/(p —1), and the blow-up constant K3 of a” is ZPTpl(p-i—
1)" "(p—1 e (p+3),thatis,m=1,2,3,4,5,6,

2 2p+2
1

2p+2 2p — ==
linTl d"(O)(Ty =) 7T =27T(p4+3)(p+ D7 (p—1)" »T. (3.3)
t—T2
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Proof. (i) Under this condition, E(0) <0, a’(0)>0by (2.1), (2.6) and Lemma 4 we obtain

J @) p—1
= vVt >0, (3.4)
2p+2 2
\/m +EOr T

T J@ —1
lim 23 *() Y Aniy (3.5)
t%Tl* 2 Tl —1 2

This identity (3.5) is equivalent to (3.1) for m = 1.
For E(0) <0, a’(0) <0 by (2.9a,b) we also have

2p+2 2

J(t) -1
/ dr =21 vizn. (3.6)
\/p+1 +EO)r T

Through Lemma 4 and (3.6), therefore, we obtain (3.1) for m = 2.
Observing (2.5) and (2.8a,b), we find

p—1

lim J'(t) = ———, 3.7
13?,;; (1) TE (3.7
2p 2 _pi3
11m a (T, — t)P =2rT(p+DrT(p—1) r T, (3.8)
. . w2 2p 2 _2p42
111;1 u (@) (T, —t)rt =2r-(p+Dr-t(p—-1) »! (3.9)
t—>T
form =1, 2. Using (1.5) and (3.9) for m = 1, 2, we obtain
: 1" 2pt2 . PN 2p+2
lim a"&)(T; — )7 T =(p+3) lim u'()(T); —1)»T. (3.10)
t—T2 t—Tx
Thus, (3.10) and (3.3) are equivalent.
(ii) For E(0) =0, a’(0) >0, by (2.11) for m = 1, 2, we obtain
r1 o
a(t) = a(O)P i a’ (0) (T3 —1) Vt=0. (3.11)

Therefore, estimates (3.1)—(3.3) for m = 3 follow from (3.11).
(>iii) For E(0) > 0, estimates (3.1)—(3.3) form =4, 5, 6 are similar to the above arguments
(1) in the proof of this theorem. [J

Now we consider the property of the blow-up constants K1, K> and K3. We have

2 2 4
K1(P)—2ﬁ(p+ l)zfl(p_ )™,
p+3
K>(p) = 2” '([7+1)1’ 1(p—]) T

2p+2

K3(P)=2”T'(p+3)(p+1)ﬁ(p_ 1)_%.

Using Maple we have the graphs of K1, K> and K3 below (Fig. 4).
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30
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Fig. 4. Graphs of K (p) in thin,K7(p) in medium,K3(p) in thick.

We see that the graphs, K;(p), i = 1,2, 3, are all decreasing in p, and K;(p) tends to
1, as p tends to infinity. The monotonicity of these functions can be obtained after showing
the following inequalities:

—1
P <m@p+2)—2In(p—1) Vp>1,
p+1
2p —2

1 +4In(p-1D<2n2+2In(p+1)+p+3 Vp>1,
(p—1*  2p-2

Pl +4ln(p—D<2(n2)+2In(p+ 1) +2p+2 Vp>1.

These inequalities are easy to verify, so we omit the arguments.

4. Global existence and critical point

In this section we study the following case that E£(0) = 0 and a’(0) < 0.
Here, we consider the global existence of the solutions to problem (1.1) in the following
sense:

J()>0, d(1)2>0, d"()2>0 Vtel0,T],

where T is the time that u exists; in other words, in any finite time # does not blow up in
C? sense, even though u blows up in a finite time in some sense, for example, C* or L* for
some k > 3.

By Bellman [1, p. 151] every positive proper solution of problem (1.1) has the asymptotic
form

u(t) ~ ct=2/P=,

This result could be obtained and will be explained below only in the case where
E(0) = 0 and a’(0) < 0. Under the condition it is easy to see that J(z) >0Vt € (0, T)
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and

—4
d )71 Ve 0,T),
2p+6

—1 , p—1
ke (0t >0 Vte(0,7),

P43
a(t) =a(0)7~"(a(0) —

p—1
4

p

adt) = a(O)ﬁflﬁa’(O)—2<a(0) -
M

-1 T
P c/(O)t)p =0 Vie(0, T).

d't) =

=26 4
ma(O) =1 a (0)7 (a(O)—

Hence we find the limit lim; oo a(f) =0, lim; oo a’(t) = 0, lim, , o, a”(t) = 0 and

4

. 4 3 (p—1, Tl
lim 7Ta(t) = a(0)r1 a'(0) , 4.1)
t—00 —4
i3
. LA AR p—1, p-l
lim tr-Ta' (t) =a(0)r~1a (0) a'(0) , 4.2)
t—00 —4
; _2pi2
2p+2 +3 — 1
lim ¢ 7Ta"(r) = 2 a(0)7?—1a’(0)2(p— a/(0)> o 4.3)
t—00 4 —4

Theorem 7. Suppose that u is the solution of problem (1.1) with E(0) =0 and a’(0) <O0;
then u can be defined globally and estimates (4.1)—(4.3) are valid.

5. Existence of zero and triviality

In this section, we discuss the triviality of the solution for problem (1.1) in the case where
E)=0, a’(0)=0.

Proposition. If u is the solution of problem (1.1) with p > 1, E(0) =0 and a’(0) =0, then
u must be null.

Proof. Under the conditions E(0)=0, a’(0)=0 using (1.5), itis easy to see that ug=0=u;
herein, the supremum below exists

t1 :=sup{a:a(r)<1 VvVt € [0, 0]},
and then
(p+ D' (1> =2lu() "' >0,

+3 p+3 Pl
"(t) = @) =22 ot =220 s
a’ (t)=(p+3)u (1) 1 [ (2)] p+1a()
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By Lemma 2 we conclude that
a' )< (p+3)a®), a(t)=0=u() in [0, ]. O

Proceeding with these steps we obtain the assertion of this theorem.
For the case where E(0) > 0 > a’(0), we have the result.

Theorem 8. Suppose that u is the solution to problem (1.1) with E(0) > 0> a’(0) and
z(ug, u1, p) given by

va(0) dr
z(uo,m,p):/ = 1; (5.1
0 E0) + s} rpt
then z(ug, u1, p) is the zero of a. Further, we have
lim  a(t)(z(uo,u1, p) — 1) = E(0)?, (5.2)
1=z~ (uo,u1,p)
. A 3/2
lim (z(ug,uy, p) —t) a (t)y=-2E(0)"/~, (5.3)
t—>z" (ug,uy,p)
lim  a”(t) =2E(0). (5.4)
t—>2z" (uo,u1,p)
Proof. (1) For E(0) > 0> a’(0), by (1.4) we obtain that
d(t) = —2\/E(O)a(t) e an)’s, (5.5)
a(0) dr
z(ug, u, p) :/ , (5.6a)
N
PES
a(0) d
= / S (5.6b)
a0 2 JEO)r + 2r'T
and
a(0) Ja(0) dr
Z(ug, u1, p) = / — =/ >
O 2R JEO) + g 0 E(0) + 52rpt!
—1
1 41 =L
=S| - (5= E(0)) P+ {/a(0)
- <—p+1)'+15(0)5pf2/ ’ _ar 5.7)
2 0 V14 rrt

Thus, (5.1) is proved.
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(2) From claim (5.2), by (5.6), (5.7) and Lemma 3 we obtain

a(t) dr
z(uo,ul,p)—t=/
0 2 bk
2\/E(O)r+mr 2
1
_<P+1>p1HE(0)£p+"z f (RPN ar
B 2 0 V14t
) AN 1
(z(uo, ur, p) — 1)~ f = ,
V14 rptl (I’T‘H)$ (0)21)+2

(L) 7 £(0) 7
;1
. L pEREO)TVa® g,
lim  (z(uo,ur, p) — 1)

t—>z" (uo,u1,p) 0 V1 4+ pptl
—1
. _ +1 pFT
lim  (z(uo, ui, p) —1) 1<p 5 E(O)) Va()

t—z~ (ug,u1,p)

ds
+ (2 E0) 7T Ja@s) P!

=
= lim (z(uo,ul,p)—t)_1<p—2|— E(0)> " Ja o,

t—z" (ug,u1,p)

lim /
t—>z (uo,u1,p) \/l

Thus we obtain conclusion (5.2).
(3) Using (5.8) and (5.5) we obtain that

lim  (z(uo, u1, p) —1)"'d'(r)
t—2z" (uo,u1,p)

2 Pl
1a(t) 2 )

=-2 lim \/a(t)(z(uo, ui, p) — )2 <E(0) +
P+

t—z~ (uo,u1,p)
— _2E(0)>.
(4) Applying (1.5), (5.2) and (5.3), we find

lim  a(t)(z(uo, ur, p) — 1) 2d" (1)
t—z" (up,u1,p)

R (@ (1) (z(uo, uy, p) — )~ H?

4 t—z" (ugp,u1,p)

—(p+DEO)  lim  a(®)(z(uo, ur, p) —1)">

t—z" (ug,uy,p

=2E(0)°.
Hence (5.4) is proved. [

1039

(5.8)
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6. Stability and instability
We now consider the applications of the above theorems to the stability theory for the

problem

u" (1) = ()P~ u (),
{M(O) =e,u'(0) =& (%)

We say that problem (x) is stable under condition F, if any nontrivial global solution
u € C2(R") of (x) under the condition F satisfies
lullc2 — O for [e1] + |e2| — O.
According to Theorems 4-8 we have the following result.

Corollary 9. Problem (x) with p > 1 is stable under E,(0) =0, ¢1&» <0 and unstable
under one of the following:

E,(0) <0, (i)
E (0) =0 < g6, (i)
E,(0) > 0. (v)

Theorems 4-8 may be summarized in the following tables:

Energy |E(0) <0 E0)=0 E0)>0
O a(0>0, | 1) a0>0,
() a'©=>0,| T<T5. T<Ty.
r T<T}. (i) a’(0) <0, | (ii) a’(0) <O,
(i) a’(0)<0,| T =o0. T<z+T:.

T<Ty. |(ii) a'(0) =0, |(iii) a'(0) =
T =o00,u=0. T<T:.

Rn,Knn—I—p Ts Kn n—I—P Ts Kn n—I—p Ts Kn

Zero  |Non a’(0)=0,u =0/a’(0) <0, z

where T := Life-span, Rn := Blow-up rate for a®, Kn := Blow-up constant for a™,
n=0,1,2,and

2 e d 4 a(
p—1Jo \/,,+1 1 E(0)r@p+2/(p=1) p—1a(0)

-1

TH_ (/ / ) dr ( 2 >2p+2
L) o= NN )
e p—1 JO/ 225 4 EO)r@rt2/(=D (p + DE()
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p—1Jo Jﬁj+ﬂmmwmwm

Va(0) dr i 2 4

z(uo,ul,p)=/ T (p+1)r-T(p—1) r1,
0 /E(O)+—rP+1

2 _p43 2 _2pi2

K?2: 2” ‘(p+1) T(p—1) r T, K3 —2P ‘(P+3)(P+1) “(p—1) »1

Part B: Null, critical point and asymptotic behavior at infinity of solutions for Eq.
(1.1) under p <1

Before studying the properties of solutions for the differential equation (1.1) we gather
some results in the situation where E,(0) =0

(i) Forug>0and u; >0, we have

2
e 1—p [ 2 \7
u(t) = Uy +T mt

and

2 p+1

(i1) For up >0 and u; <0, the solutions of (1.1) can be given as
2

Ly 1—p 2 =r
- = t , tel0,Tol,
(% 2 VP+1> 10 7o)

uC(t) = Oa re [T09 T0+C]7

L
1—p)2\ - 2
ﬂ:(%pﬁ) (—To—c) TP, t>Ty+e,

. . 1-
where c is any positive real number and T = ﬁ pTH u P and also

s 1-p [ 2\
tr-tyu(t)y > | —— | —— as t — oo.
2 p+1
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Fig. 5. Graph of (152 |37

(iii) For up <0 and u; > 0, the solutions of (1.1) can be given as (Fig. 5).

2

l—p 2 p_—l ]_p
uo| 1 — —— [ ——=(—uo) 2 ¢ ,

2 p+1

uc(t) =
’ 1
1—p)2\'"7” 2

i((zp—f;> ¢-Th-ar,

te[0, 1],
tel[Ty, Ty +cl,

t=2T +c,

where c is any positive real number and 77 = ﬁ \/ pT'H(—uo)l*p , and also

2 I1—p 2 =
tr-Tu@) - | —— .| —— as t — oo.
2 p+1

(iv) For up <0 and u; <0, the solutions of (1.1) can be given as

2

=
)
and also

2

2 1—p 2\’

tru(t) » —| —— | —— as t — 0o.
2 p+1

1_
u(z)=u0<1+—pﬂ
2 ug

7. Null point and asymptotic behavior at infinity of the solutions for Eq. (1.1)

under E,(0) >0

In this section, we discuss the case E,(0) > 0 and obtain the following result concerning
the null point (zero) and asymptotic behavior at infinity of the solutions for Eq. (1.1):
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Theorem 10. Suppose that T* is the existence interval of u of the solution of problem (1.1)
with E,(0) > 0 and u% > 0. Then for

(1) ug>0and uy <0, there exists a constant Zy so that T* < Zy and hmz—>zg u(t) =0,
hmzaza u'(t) = —+/E,(0) and limtﬁzof u” (1)~' = 0. Moreover,

4o dr
Zo = / , (7.1)
0 JELO) + et
lim u”(t)(Zy—t)'""P = —pE,(0)7. (7.2)
t—>Z(;

2) ugp>0andu; >0,

2
. 2 _(l=p [ 2\
lim u(t)t P = —— | —— . (7.3)
t—00 2 p+1

(3) ug <0 and uy > 0, there exists a constant Z1 so that T* < Z and limz—>zf u(t) =0,
limt_>zr u'(t) = /E,(0) and also lim[_>zlf u"” (1)~! = 0. Moreover,
o dr
A :f , (7.4)
0 JE0) + 52yt
lim u”(t)(Z, —1)'"7 = pE,(0)7. (7.5)
=7y
4) up<0andu; <0,
li
, _2 1—p 2 o’
Im u(@®)yt »p=—| — | —— . (7.6)
t—00 2 p+ 1

Proof. (1) For up > 0 and u; < 0, after some calculations we obtain

2 2
"(1) = — p+l ~ _ p+1 *
u'(t) = \/Eu(0)+ Py 1|M|(f) < \/p—i— 1|M|(f) Vi €0, T7),

FTP 1—p 2 o *y .
u(t) < | ug i p+lt Vi € [0, TY); (7.7)

thus there exists a constant Zg so that 7* < Z and lim;_, z, u(t) = 0.
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By (7.7) and Lemma 3 we conclude that lim,_, zs u'(t) = —+/E,(0) and

%o dr
t:/ Vi €[0,T"),
u(r) \/E 0) + Lrpﬂ

Zo= lim

'*Zo/um \/E 0) + —rP+1 / \/E 0) + —rP+1

u(t)

t— 2o

p—1
lim «” @)t — Zo)' P =p lim ( ) u'(t) = pEu(O)g.

=27y =7y

Therefore (7.1) and (7.2) are proved.
(2) For ug > 0 and u; > 0 we have

2 Lo |2
1 p+1

u'(t) = \/EM(O) + Py

u@®)Pt v >0,

1p L2 1-—p
u(t) 2 Zuy’ +—

t Vi>0. (7.8)
2 p+1

On the other hand,

ptl
2

, 2 p+1 7
M(t)éwlm(u(t)+(TE (0)) ) Vit >0,

I-p

2
(u(t) + 1’*,‘/’%1 EM(O)) = w(t)gw(O)l_Tp

From (7.8) and (7.9), estimate (7.3) follows.
(3) Similar to the above arguments we can obtain results (7.4)—(7.6). [

t Vt>0. (7.9)

8. Critical point and asymptotic behavior at infinity of the solutions for Eq. (1.1)
under E,(0) <0

In this section we discuss the case E,(0) <0. Similar to the above arguments proving
Theorem 10 we have the following result on critical point and asymptotic behavior at infinity
of the solutions for Eq. (1.1):

Theorem 11. Suppose that u is a solution of problem (1.1) with E, (0) < 0. Then for

(1) up>0,u; >0,

. _2 1—p 2
ll_l)rgo u(t)r -r = <— —) = AZ(p); (8.1)
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(2) up>0, uj <O, there exists a constant Z, so that lim,_, z, u'(t) = 0 and

-1
+1 57T

7= P B0 / e _ar

2= T —_

1 Vel

3) up<0, u; <0,

2
=T
2 1-— 2
lim u(y T =——2 =) .
2 p+1

(4) up <0, uj >0, there exists a constant Z3 so that lim,_, z, u'(t) = 0 and

—1
p+1 —T
z "y P+ ——(—Ey (0))2p+2 /‘(1_2 R dr
3= a0
1 rpt+l1 +1

Proof. (1) For ug > 0 and u; > 0, after some calculations we obtain that

2
W' (1)< u(®)PT v >0,
p+1

1—p l—p 2 I-p
1)< 2 —_— 1 vVt >0,
u() ) + ) p+l

1\ P+l
2 P
u'(t) > < () — (—IE (0)|> ) vt 2>0
p+1

1—p

p1f pF1 T._ I-p | 2
<u(t)— T|Eu(0)|> -—w(f)gw(o)—i-T ml‘

Together with (8.6) and (8.7) we obtain (8.1).
(2) For ug >0, u; <0, we have

and

p+1
u'(t)> — u(t)

1045

(8.2)

(8.3)

(8.4)

(8.5)

(8.6)

8.7)

(8.8)
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Fig. 6. Graph of AZ(p), p € [0, 0.6].

and

p

(u(t) - IJT/ ptl |Ew (O)I) =w(@)<w0) - —‘/ (8.9)

thus there exists a constant Z» so that

1
+1 p1
u(Zy) = (—pT E, (0)) (8.10)
and lim;_, z, u’(¢) = 0. By (8.8), (8.10) and Lemma 3 we conclude that
uo d
[:/ ! vVt € [09 T*)’
w0 JE(0) + F2rrt!
uo d
7, = / d @.11)
( P+1 E,(0)) ]7+1 E (O) + _rp+]

Estimates (8.11) and (8.2) are equivalent.
(3) Similar to the above arguments it results in estimates (8.3) and (8.4). [

Property of AZ(p):

2
We have seen that AZ(p) = (I_T” / %)H and the graph using Maple (Figs. 6 and 7).
As the graph indicates, AZ(p) is decreasing in p, since

2 2
df1—-p [ 2\ " 2 1 2 1-p\' "
dp\ 2 p+1 S 1l-p\14+p\Vp+1 2

2 <1—p> p+3
x | In —
p+1\ 2 20p+ 1)

and then Y4222 <0 for all p € (0, 1).

1
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Fig. 7. Graph of AZ(p), p >0.6.

Part C: Regularity of solutions to problem (1.1) with p > 1 and the blow-up
constants of u™

In this section, we study the blow-up behavior of ™ and the regularity of the solution
u of the nonlinear equation (1.1) as p > 1. If u blows up at finite time 7%, |u(t)| becomes
very large in the neighborhood of T*, and u(¢) retains the same sign in the neighborhood
of T*; thus we study the above-mentioned phenomena only for the positive solutions.

9. Regularity of solution to Eq. (1.1), p € N

In this section, we study the regularity of the positive solution u of the nonlinear equation
(1.1) as p € N. Using (1.4) we have

u'(1)?=EQ) +

2
u(t)P*l, 9.1
1 (1) ©.D

2 2 p+l
where E(0) =uj — 40 -
9.1. Regularity of solution to Eq. (1.1) with p € N

Now, considering the regularity of the positive solution u of problem (1.1) with p € N,
we have the following results:

Theorem 12. If u is the positive solution of problem (1.1) with the existence interval T*
and p € N, thenu € C9(0, T*) for any q € N and

(58]

u = 3" EyuC, 9.2)
i=0

[(529)] [(528)]

urth = Z Epi Coju©i 10/ = Z OniuSni =10/ 9.3)
=0 i=0
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for a positive integer n, where [(pCJ’iO1 )] denotes the Gaussian integer number of Ifjrol ,

Chi=m—i)(p+1)—2n+1, Op = E;iCpi, Egp =1,

2
Eno = O@m-1)0 [(m(cml)o -1+ 1)]

2
=Eu-10Cu-10 [(m(c(n—no -1+ 1>:| ,

Evtn—1) = Ou—1)(in-2)(Ciu—1y(n—2) — D E(0)

=Eu-10-2Cun-1)(n—-2)(Cru—1y(n—2) — DE(0)
and

2
Enk = Ou-1)tk=1)(Cn—tyk=1) — DEO) + Ou—1)k [(m(c(n—l)k -1+ l)]

=Eu-1)-1)Cr-1)tk=1)(Cu=1yk—1) — D E(0)

2
+ Eq-1)kCi—1)k [(m(c(nl)k -+ 1)} ,

for a positive integer k and 0 < k <n.

Proof. Let v, be the nth derivative of u, that is, v, := u; then vy =u",vo=u, vy =u',

vy =u", v]2 = (u’)?. Now let us use mathematical induction to prove (9.2). When n = 1, we
have
[(519))
vy = Z Eju€i = Ejqu€o = vg
i=0
and

Co=0-0(p+1D)—-2x0+1=1,Cio=p,
2
E10= EoCoo [(—(Coo -1+ 1)] =1
p+1

[(510)] _
Suppose that n € N and vy, = Zi(z”(;’] E,i- vg’“ . Then by (9.1) we obtain

[(519)]

Cai—1
V2l = Z EpniCuivg™ o1,
i=0

[($n9))

(%)
P+ p+1
Cpi—1 Cpi—2
UV2n+2 = Z EpiCpiv vy + Z EpiCpi(Cpi — I)UQ v12,
i=0

i=0
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[(529)]

Vp42 = Z Opi [( (Cm D+ 1>j| Cnitp-l

[(,,1‘} )]

+ > 04i(Cui = DEO)S" >
i=0

[(52)]

Z Oni [( (Cm 1)+ 1>i| Clnt1yi

[(,,1‘} )]
Cn i
+ Y 0ni(Cui — DE Oy "D
i=0

2 Cin Cn
=0no[<p—(cno—1>+1)] 0 4 0,0(Cno — 1 E(0)vy ™

2
+ On1 [(—(c =D+ 1)] SO 0,1(Cut — DEO)vg "2

+ Om [( (an -1+ 1)} Cot2 4
p+

¢ S
DA 1)

+ 0, (c — DE0)v, i

nl(520)1 nl(529)]

Hence

[(Sthoy)

Cinrni
Von+2 = Z E(n+1)i * Uy S

which completes the induction steps, and we obtain (9.2). Using (9.2), we obtain (9.3). [
9.2. The properties concerning u™
Drawing the graphs of the " is not easy, so in this section we choose a special index

p=2.
We consider only the properties of the solution u for the equation

u = u2,
w(©) =1, u'(0)=/2/3,

to the case E(0) = 0. The solution of the above equation can be solved explicitly

6
"= B

and this yields the graphs of u, u’, u”, u® and u® below (Fig. 8).
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Fig. 8. Graphs of u in thick solid lines, u’ in medium dots, 1" in thin solid, «® in thin dash, and «® in thin dots.

With the aid of a graph with Maple we find that the nth derivative ™ is smooth and that
the blow-up rate of ™ is increasing in n. Here we do not give a rigorous proof; we will
illustrate this in Section 11.

10. Regularity of solution to Eq. (1.1), p € Q@ — N

According to the preceding section we obtain that the positive solution u € C7(0, T) of

(1.1) with p € N for any ¢ € N. In this section, we reconsider Eq. (1.1) with p € @ — N.
Obviously, if we obviate the possibility of u(#) = 0, we have the following results:
Except the null points of u, u‘?) is differentiable for all ¢ € N. We have

Theorem 13. If u is the positive solution of problem (1.1) with E(0) >0, a’(0)>0, p €
Q—N, p>1,thenu € C1(0, T) for any g € N. Further, we have

n—1

() =Y Enu (1), (10.1)
i=0
n—1 n—1
u® D) = Z Epi CoiuCri = (u' (1) = Z O0,iuS" () (1). (10.2)
i=0 i=0

Proof. Same as the procedures given in the proof of Theorem 12, let us prove (10.1) and
(10.2) through mathematical induction. If z is the null point (zero) of u, then

lim ui (1) ' =0
11—z

for
. n(P— ])+1 CnO
i> =
p+1 p+1

since Cp,; <O, fori > pclol . By Theorem 5, we know that « has a null point only in the case

a’(0) < 0. Hence, we conclude that u € C9(0, T) forany ¢ € N. [
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Fig. 9. u” = u?, u(0) = —1 with 1/ (0) = 1 in dots u’(0) = —1 in line.
1.5e+7
1.25e+7
le+7
B 7.5e+6
S5e+6
2.5e+6
0
-5 -2.5 0 2.5 5

t

Fig. 10. u” = u?, u(0) =0, u’(0) = —1.

Similarly, by the same arguments above, we also have a result as follows:

Theorem 14. If u is the positive solution of problem (1.1)withp € Q—N, p>1, E(0) >0
and a’(0) <0, thenu € CYPI2(0, T, where [(p)] indicates the Gaussian integer number
of p. Further, we have

n—1

W) =" EuCri() forn< [(g)] +1, (10.3)

i=0

n—1
w0 (@) =" B Cogu i (0 (1)
i=0
n—1
= 3 0uuCi T o' (1) forn< [(g)] 1. (10.4)

i=0

Proof. Same as the proof of Theorem 13, we also obtain identities (10.3) and (10.4). By
Theorem 5, we know that u has a null point (zero) in the case a’(0) < 0. (Figs. 9 and 10). If
z(ug, u1, p) is the null point of u, then

lim u=i(t) =0 for Cp; <O.
t—z" (up,u1,p)
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Fig. 11. Graphs of u in solid, «” in dash, " in dots.

Hence, for a’(0) < 0, we should find the range of n with C,;; >0 as i =n — 1, and then
u®™ exists only in such a situation. Here

Cpi=(p+1Dn—i)—2n+1.

Let Ch(u—1) = (p + 1)(n — (n — 1)) — 2n + 1 >0; then we obtain thatngg + 1. Since n
is an integer, we have n < [(%)] + 1.

Now u@® exists for n< [(%)] -+ 1 in the case of a’(0) <0; thus we obtain that u €
clmi+20.1y. O

Example 10.1. Here we wish to draw the graphs of ™ for p € @ — N, but it is not easy,
so we choose a special index p = Z. We consider the properties of the solution u to the case
E(0) > 0 for the equation

7
u =u3,
{u(O):—l, u'(0)=1.

Since the solution of the above equation cannot be solved explicitly, we solve this ODE
numerically. We have the graphs of u, u’, u”, u® u® and u® below.

By Theorem 4, we know that u € C*(0, T'). With the help of the graph with Maple, we
find the null point of u (Fig. 11) to ~ 1.4 and u‘® (r) goes to infinity as 7 tends to 1.4 (Fig.
12). From the graph we know that u® (1) does not exist at r = #y. The blow-up rate of u®
is increasing in n. This will be illustrated in the next section.

11. The blow-up rate and blow-up constant for u™

Finding out the blow-up rate and blow-up constant of ™ of Eq. (1.1) is our main result:

Theorem 15. If u is the solution of problem (1.1) with one of the following properties:

i) E©)<O0or
(i) E(0)=0, a’(0)>0o0r
@iii) E(0) >0,
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Fig. 12. Graphs of u® in solid, u® in dash, u® in dots.

then the blow-up rate of u® is % + 2n, and the blow-up constant of u® is |Eng
2
(—ﬂlﬁ‘))ﬁ”ﬂ, that is, forn € N,m € {1,2,3,4,5, 6},

p%+2n
—‘2(P+1)) L K. (LD

2
lim u@)(e)(T* — )7 17" = (il)C”OEno(
t—Tp p—1

The blow-up rate of u®+1 is ﬁ +2n + 1, and the blow-up constant of u®*+1 is

2
) /—2(P+1) p_1+2n+l
EnoCro s
p+1 p—1

that is, forn € N,m € {1,2,3,4,5, 6},

lim w @D )T — T

=T}

2 4on+1
2 (V2PF D\ 1T
= (:I:)CnOEnOCnO ( = K2n+la (11.2)
p+1 p—1

Coo=(p—Dn+1,
—— [2(1) — %%+ (p— Di

where

Py +(p—1)i+1:|.

Proof. Under condition (i), E(0) <0, a’(0) >0 by (2.6) and (2.1), we obtain

J(1)
/ _ Vi >0. (11.3)
2p42 2
\/p+1 +EO)r T
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Using Lemma 3 and (2.6), we obtain limt»Tl* /pT+1 J(n _ P—_l; in other words,

Ty —t 2
4
4 V2p +2\ 7T
lim a(e)(Ty — )71 = <p—+> , (11.4)
=Ty p—1
and then
2
2 V2 2\ p-1
lim u(t) (T} — )77 ::t(p—+> . (11.5)
t—Ty" p—1

Here Cyj=p+ m—1—1)(p+1) —2(n — 1); hence, we have Cp,; > Cpj as i < j. From
(10.1) and (11.5), it follows that

2
lim @) (0)(Tf — )71 = (1) Eyg

t—>Ty

2
< 2p + 2)1”*0”0

p—1

Since %1 X Cpo = %1 + 2n, we obtain (11.1) form = 1.
By (2.5), (11.4) and (10.2) we find that

. p—1
lim J'(t) = ————, 11.6
1T} ®) 2p+2 ( )
22 4 p-l 4 pt3
= lim (a( (T} —0)7=-1)" % ' lim a' ()T} — 1)1+,
m t—)Tl*( ()( 1 ) ) t—)Tl* ()( 1 )
2 N e
lim o' ()(T) — )P T ==+ —(—) (11.7)
1T} p+1 p—1
and
2
lim M(2n+1)(f)(T1* _ t)ﬁCn(H-l
=Ty
n—1 )
= lim Y EyCou = () -u'(t) - (17 — 710!
t%Tl* .
i=0

2
= lim Eu0Cou0~" (1) - u'(t) - (T} — ) 710!
t—>T1*

2 _ 2
= lim_ EnoCuou =" (1) - (Tf — )71~ /(1 — 1y p !
t—>T;

= (i)cno EnoCho

LC()-H
2 < /2p+2)p—1 n .
p+1\ p—1 ’

thus (11.2) for m = 1 is proved.
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For E(0) <0, a’(0) <0, by (2.9a,b) we have

J()
/ _ Vi>to. (11.8)
0 . 22 2
(T3 — 1y 525 + EQ)r 7

Using Lemma 3, (11.8) and (10.1), therefore, we obtain estimate (11.1) for m = 2, and
by (2.8a,b) we obtain estimate (11.2) for m = 2. (See Appendix A.2.)
Under (ii), E(0) =0, a’(0) > 0, we have

_4
p—1

la'(O)(T3* — t)) vVt >0. (11.9)

p—

p+3
a(t) =a(0)r-T1 <

In view of (11.9) and (10.1), we obtain estimate (11.1) for m = 3. Also, we have

/ / . —;—] / —1 Bl N
J'(t)=J(0) Vt >0 and llr;l a(t) a() = a(0)” # ad'(0).
— 1*

By (11.9) and (10.2), estimate (11.2) for m = 3 is completely proved. [J

Under (iii), the proofs of estimates (11.1) and (11.2) for m =4, 5, 6 are similar to the
above ones; we omit the arguments. [

Theorem 16. If u is the solution of problem (1.1) with E(0) >0 and a’(0) <0, then we
have

n(n 1)

lim — u®(0)(z(uo, ur, p) — )"0 = (£)0D Ey 1) E(0)
1=z~ (uo,u1,p)
(11.10)
and
lim — u® D @) (z(ug, ur, p) — )~ Cro-nt!
1=z (ug,u1,p)
= En(n—1)Ca(u—1) E(0)Cr0-D~1 (11.11)

forn € N, where z is the null point (zero) of u and

Con—1)=p —2n+2,
Eng—1y=1II'_y(p = 2i +2)(p — 2i + DEO)" "
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Proof. For E(0) > 0 and a’(0) <0, we have

lim @) (z(uo, u, p) — 1)~ Cre=n
t—z" (ug,u1,p)

n—1

= lim Y EuuSi(0)&ug, ur, p) — 1)~ e

e
—2z7 (uo,u1,p) izo

= lim  Euenu e (0o, ur, p) — 1)~
1=z (uo,u1,p)

Cn(n—l)

= (D VE,(nEQ©) Z .

Therefore, (11.10) is proved.
From (10.2), we obtain that

lim  u®"D (@) (2o, uy, p) — )" Cno-nFl
t—z" (ug,u1,p)

n—1

= lim > EyCuuSi T (0w () (o, uy, p) — 1) Cro-n !
1=z (uo.u1,p) S5

= lim B Caeenyu T Ou' (0 (o, ur, p) — )7 et
1=z (uo,u1,p)

Cn
= Ey(n-1)Cnn—1)E(0) "¢-D.
Thus, (11.11) is obtained. [
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