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Blow-up solutions of nonlinear
differential equations
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Abstract

We consider the initial value problems for second order nonlinear differential equa-

tions of the form

ju0jm�2u0
� �0

¼ up

and the system

u00i ¼ fiðu1; u2Þ; i ¼ 1; 2:

By using the energy method, some blow-up properties such as the life span, blow-up

rates and blow-up constants are given and the asymptotic behavior of the global solu-

tion is also discussed.
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1. Introduction

We shall consider the initial value problem for second order scalar differen-

tial equation of the form
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ju0jm�2u0
� �0

¼ up; ð1:1Þ

where m P 2 and p > m � 1, and the system of two ordinary differential

equations

u00 ¼ f ðu; vÞ;
v00 ¼ gðu; vÞ:

�
ð1:2Þ

These problems are occurred in the study of non-Newtonian fluid theory by

Esteban and Vazquez [1] and Herrero and Vazquez [2]. When m = 2, the scalar

equation is described by the Calligraphic process in Li [3]. Some asymptotic
behavior and oscillation results for the scalar differential equation of the sec-

ond order are given by O�Regan [4], Wang and Gao [5], Bobisub and O�Regan

[6], and Yang [7] and regularity results is recently obtained by Lin [8].

In this paper, we shall discuss the blow-up properties, such as the life span,

the blow-up rates, blow-up constants, and the asymptotic behavior of the glo-

bal solution by using the energy method. Some interesting properties of the

solutions for (1.1) are found in Li [3] when m = 2. Here we shall consider the

more general equations and extend the results of [3] to the case m P 2.
The content of this paper is divided in two parts. In the first part, we study

the Eq. (1.1). We first give some fundamental lemmas and notations in Section

2.1, which will be used later. Then the asymptotic behavior of the global solu-

tion is discussed in Section 2.2. The life span of the local solutions is estimated

in Section 2.3. The blow-up rates and blow-up constants are given in Section

2.4. In Section 2.5, some properties of the life span are obtained. In the second

part, we discuss the system (1.2). Some fundamental Lemmas are derived in

Section 3.1. The existence of blow-up solution and the upper bound for the life
span are given in Section 3.2. We also investigate a particular system of the

form

u00 ¼ upvpþ1;

v00 ¼ vpupþ1;

�
p > 1 ð1:3Þ

and give more blow-up properties under various conditions. Note that when

the forcing form in (2.1) is replaced by jujpu, p > m � 1, we can get the similar

result for the blow-up properties of the corresponding solutions.
2. On the scalar differential equation

In this section we shall consider the second order differential equation of the

form
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ðju0jm�2u0Þ0 ¼ up;

uð0Þ ¼ u0; u0ð0Þ ¼ u1;

(
ð2:1Þ

where m P 2 and p > m � 1.

For p < m � 1, we have the nonuniqueness of the solution. Thus we only

consider the case p > m � 1 (for the special case p = m � 1, it can be similarly

discussed). Since the forcing term is locally Lipschitz, the local existence and

uniqueness of the problem (2.1) can be proved by Banach fixed point theorem.

Hereafter we shall discuss the behavior and the properties of solutions and find
the estimate for the life span through energy method.
2.1. Fundamental lemmas

Definition. A function g : R ! R blows up means that g exists only in finite

time, that is, there is a finite number T* such that

lim
t!T 	

gðtÞ�1 ¼ 0

and a function g :R ! R has a blow-up rate q > 0 if

lim
t!T 	

ðT 	 � tÞqgðtÞ ¼ b:

In this case, b is called the blow-up constant of g.

Let u 2 C1[0,T). Define the energy function

EðtÞ ¼ ðm� 1Þju0ðtÞjm � auðtÞpþ1
;

where a ¼ m
pþ1

.

Theorem 2.1. If u 2 C2(0,T) \ C0[0,T) is the classical solution of the problem

(2.1) with the life span T, then we have

EðtÞ ¼ Eð0Þ ¼ ðm� 1Þju1jm � aupþ1
0 ; 8t 2 ½0; T Þ: ð2:2Þ
Proof. From (2.1), we have

ðm� 1Þju0ðtÞjm�2u00ðtÞ ¼ uðtÞp: ð2:3Þ
By multiplying (2.3) on both sides with u 0(t) and then integrating it from 0 to t,

we get (2.2). h

Let

aðtÞ ¼ uðtÞ2; t P 0
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and

JðtÞ ¼ aðtÞ�
p�mþ1

2m ; t P 0:

By some elementary calculations, we have the following lemmas.

Lemma 2.2. Suppose that u 2 C2(0,T) \ C0[0,T) is a classical solution of the

problem (2.1), then we have following identities:

(i) ju0ðtÞjm�2a00ðtÞ ¼ 2ðp þ mþ 1Þ
m

ju0ðtÞjm � 2ðp þ 1Þ
mðm� 1ÞEð0Þ: ð2:4Þ

(ii) ðm� 1Þðp þ 1Þju0ðtÞjm�2a0ðtÞ � ðm� 1Þðp þ 1Þju1jm�2a0ð0Þ

¼ 2ðb � 1Þðp � mþ 1Þ
Z t

0

uðrÞpþ1
dr þ 2ðp þ 1ÞEð0Þt: ð2:5Þ

(iii) ðm� 1ÞjJ 0ðtÞjm�2J 00ðtÞ ¼ kb�m
1 JðtÞb�1

: ð2:6Þ

(iv) ðm� 1ÞjJ 0ðtÞjm ¼ ðm� 1ÞjJ 0ð0Þjm � p � mþ 1

p þ 1
kb�m
1 ðJð0Þb � JðtÞbÞ;

ð2:7Þ

where b ¼ mðpþ1Þ
p�mþ1

and k1 ¼ ðpþ1Þðp�mþ1Þm�1

mm Eð0Þ
� � 1

b�m
.

Proof. (i) Note that 2u(t)u00(t) = a00(t) � 2u 0(t)2. From (2.3), we have

2muðtÞpþ1 ¼ mðm� 1Þju0ðtÞjm�2a00ðtÞ � 2mðm� 1Þju0ðtÞjm�2ðu0ðtÞÞ2:
By (2.2), we get

2ðm� 1Þðp þ 1Þju0ðtÞjm � 2ðp þ 1ÞEð0Þ

¼ mðm� 1Þju0ðtÞjm�2a00ðtÞ � 2mðm� 1Þju0ðtÞjm

and (2.4) follows at once.

(ii) By integrating the identity (2.4) from 0 to t, we obtain

2ðm� 1Þðp þ mþ 1Þ
Z t

0

ju0ðrÞjm dr

¼ mðm� 1Þ
Z t

0

ju0ðrÞjm�2a00ðrÞdr þ 2ðp þ 1ÞEð0Þt:
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Since u0ðtÞ2 ¼ 1
2
a00ðtÞ � uðtÞu00ðtÞ and by (2.3), we have

ðm� 1Þðp þ 1Þ
Z t

0

ju0ðrÞjm�2a00ðrÞdr

¼ 2ðp þ mþ 1Þ
Z t

0

uðrÞpþ1
dr þ 2ðp þ 1ÞEð0Þt: ð2:8Þ

Note thatZ t

0

ju0ðrÞjm�2a00ðrÞdr ¼ ju0ðrÞjm�2a0ðrÞ
h it

0
�
Z t

0

2ðm� 2Þ ju0jm�2u00u
� �

ðrÞdr

¼ ju0ðrÞjm�2a0ðrÞ
h it

0
� 2ðm� 2Þ

m� 1

Z t

0

uðrÞpþ1
dr: ð2:9Þ

Hence, by (2.8) and (2.9), we arrive at (2.5).

(iii) Let q ¼ p�mþ1
2m . By differentiating J(t) twice and multiplying

(m � 1)ju 0(t)jm�2 on both sides, we have

ðm� 1Þju0ðtÞjm�2J 00ðtÞ ¼ �qðm� 1Þju0ðtÞjm�2aðtÞ�q�2

� aðtÞa00ðtÞ � ðqþ 1Þa0ðtÞ2
� �

: ð2:10Þ

Multiplying (2.4) on both sides with a(t), we get the following identity:

ju0ðtÞjm�2 aðtÞa00ðtÞ � ðqþ 1Þa0ðtÞ2
� �

¼ ju0ðtÞjm�2 ðp þ mþ 1Þ
2m

� ðqþ 1Þ
� 	

a0ðtÞ2 � 2

aðm� 1ÞEð0ÞaðtÞ: ð2:11Þ

By (2.10) and (2.11), we obtain

ðm� 1Þju0ðtÞjm�2J 00ðtÞ ¼ p � mþ 1

am
Eð0ÞJðtÞ

pþmþ1
p�mþ1: ð2:12Þ

On the other hand, by the definitions of J(t), we get

ju0ðtÞjm�2 ¼ m
p � mþ 1

� 	m�2

jJ 0ðtÞjm�2JðtÞ�
ðpþ1Þðm�2Þ

p�mþ1 : ð2:13Þ

Combining (2.12) and (2.13), the assertion (2.6) holds.

(iv) (2.7) is easily obtained by integrating (2.6) from 0 to t. h

Lemma 2.3. Let C1 and C2 be any real constants. Suppose that u 2 C2(R+) is a

nonnegative function satisfying the following differential inequality:

u00 þ C1u0 þ C2u 6 0; 8t P 0;

uð0Þ ¼ 0; u0ð0Þ ¼ 0;

then u must be a zero function.
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Proof. We first consider the case (i) C1 = 0. If C2 < 0, let C2 = �k2 with k 5 0.

Then we have u00(t) � k2u(t) 6 0. Multiplying ekt on both sides of the above

inequality and then integrating from 0 to t, we have u 0(t) 6 ku(t), "t P 0. By

integration again, u(t) 6 0, "t P 0. Therefore, u is a zero function. If C2 P 0,

we have u00
6 0. Hence we get u 0(t) 6 0 and thus u(t) = 0 in R+.

In the case (ii) C1 5 0, let vðtÞ ¼ e
tC1
2 uðtÞ, then we have

v00ðtÞ � C1

2

� 	2

� C2

 !
vðtÞ 6 0:

By case (i), u is a zero function in R+. h

Lemma 2.4. If f(t) and g(t, r) are continuous with respect to their variables and

the limit limt!T
R f ðtÞ
0

gðt; rÞdr exists, then

lim
t!T

Z f ðtÞ

0

gðt; rÞdr ¼
Z f ðT Þ

0

gðT ; rÞdr:
2.2. Asymptotic behavior of global solutions

In this section, we shall consider asymptotic properties of global solutions of

the problem (2.1).

Theorem 2.5. If u 2 C2(0,T) \ C0[0,T) is a classical solution of the problem

(2.1) with u0 = 0 and u1 = 0 then u must be null.

Proof. Since u0 = u1 = 0, by Theorem 2.1, we have

ðm� 1Þju0ðtÞjm ¼ m
p þ 1

uðtÞpþ1
: ð2:14Þ

And by (2.4), we get

ju0ðtÞjm�2a00ðtÞ ¼ 2ðp þ mþ 1Þ
ðm� 1Þðp þ 1Þ aðtÞ

pþ1
m : ð2:15Þ

Let

s1 :¼ supft P 0 : aðtÞ 6 1g: ð2:16Þ
Since a(0) = a 0(0) = 0, the supremum exists. By using (2.14)–(2.16), we obtain

a00(t) 6 (p + m + 1)a(t) in [0, s1]. Lemma 2.3 implies that a(t) = 0 in [0, s1], Hence

u(t) = 0 and a 0(t) = 0 in [0, s1]. Continuing this process we get the nullity of u on

[0,T). h

Remark. If E(0) = 0 and a 0(0) = 0, then u0 = u1 = 0 and u must be null.
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Theorem 2.6. If u 2 C2(0,1) \ C0[0,1) is a classical solution of the problem

(2.1) with E(0) = 0 and a 0(0) < 0, then

lim
t!1

t
2m

p�mþ1aðtÞ ¼ að0Þ
pþmþ1
p�mþ1 � p � mþ 1

2m
a0ð0Þ

� 	� 2m
p�mþ1

: ð2:17Þ
Proof. From (2.12) with E(0) = 0, we get J00(t) = 0. By integrating it once and
twice from 0 to t, we have

J 0ðtÞ ¼ � p � mþ 1

2m
að0Þ�

pþmþ1
2m a0ð0Þ ð2:18Þ

and

JðtÞ ¼ Jð0Þ � p � mþ 1

2m
að0Þ�

pþmþ1
2m a0ð0Þt ð2:19Þ

or

aðtÞ ¼ að0Þ
pþmþ1
p�mþ1 að0Þ � p � mþ 1

2m
a0ð0Þt

� 	� 2m
p�mþ1

: ð2:20Þ

Since a 0(0) < 0, from (2.18) and (2.19), we see that J 0(t) P 0 and J(t) P 0
"t P 0. And (2.17) follows at once from (2.20). h

2.3. Estimates for the life span of blow-up solutions

In this section, we shall find an upper bound for the life span of blow-up

solutions under two different cases: (I) E(0) 6 0 and (II) E(0) > 0. If the nega-

tivity of the solution happens, p should be a positive rational number. We say

that p is odd (even) if p ¼ r
s ; ðr; sÞ ¼ 1, r is odd (even) and s is odd.

Case ðIÞ Eð0Þ 6 0:
Theorem 2.7. Let u 2 C2(0,T) \ C0[0,T), T 6 + 1, be a classical solution of

the problem (2.1) with life span T. If E(0) 6 0, then T is bounded. Furthermore,

we have the following estimates.

(i) If E(0) < 0 and a 0(0) P 0, then

T 6 T 	
1 ¼

mðm� 1Þ
1
m

p � mþ 1

Z Jð0Þ

0

drffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a þ Eð0Þrbm

p : ð2:21Þ

(ii) If E(0) < 0 and a 0(0) < 0, then

T 6 T 	
2 ¼

mðm� 1Þ
1
m

p � mþ 1

Z k2

0

drffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a þ Eð0Þrbm

p þ
Z k2

Jð0Þ

drffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a þ Eð0Þrbm

p !
; ð2:22Þ

where a ¼ m
pþ1

; b ¼ mðpþ1Þ
p�mþ1

and k2 ¼ �a
Eð0Þ

� �1
b
.
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(iii) If E(0) = 0 and a 0(0) > 0, then

T 6 T 	
3 ¼

2m
p � mþ 1

að0Þ
a0ð0Þ : ð2:23Þ
Proof. We first claim that a(0) > 0 under the condition E(0) < 0. If not, then
a(0) = 0, that is, u0 = 0. Thus

Eð0Þ ¼ ðm� 1Þju1jm P 0:

This contradicts to E(0) < 0.

(i) By (2.4), we have the inequality

mðm� 1Þju0ðtÞjm�2a00ðtÞ P �2ðp þ 1ÞEð0Þ: ð2:24Þ
Since E(0) < 0, from (2.24), we have a00(t) P 0 "t P 0. By the assumption that

a 0(0) P 0, we then obtain a 0(t) P 0, "t P 0 or J 0(t) 6 0, "t P 0. Therefore, by
taking mth root in (2.7) and simplifying the sum of the first two terms, and the

third term in the mth root to mðp�mþ1Þ
ðm�1Þðpþ1Þ k

b�m
1 and ðp�mþ1Þm

ðm�1Þmm Eð0Þ respectively, we

have

J 0ðtÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
aþEð0ÞJðtÞb

m�1

m
q ¼ � p � mþ 1

m
: ð2:25Þ

Now we claim that there exists T 	
1 such that JðT 	

1Þ ¼ 0. Indeed, by (2.6), we
have J00(t) 6 0. By integrating J00(t) from 0 to t, we obtain

JðtÞ 6 Jð0Þ 1� p � mþ 1

2m
a0ð0Þ
að0Þ t

� 	
:

Thus there exists a finite number T 	
1 6

2m
p�mþ1

að0Þ
a0ð0Þ such that JðT 	

1Þ ¼ 0.

On the other hand, by integrating (2.25) from 0 to T 	
1 and letting r = J(t), we

get Z Jð0Þ

0

drffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

ðm�1Þ ða þ Eð0ÞrbÞm
q ¼ p � mþ 1

m
T 	

1:

Hence we get (2.21).

(ii) Since E(t) < 0, by (2.24), we see that a(t) is a nonnegative convex

function. By the assumption that a 0(0) < 0 we can find a unique finite number

t0, which is the critical point of a, such that

a0ðtÞ < 0; 8t 2 ½0; t0Þ;
a0ðt0Þ ¼ 0;

a0ðtÞ > 0; 8t 2 ðt0;1Þ:

8><>: ð2:26Þ
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Note that a(t0) > 0. If not, then a(t0) = 0, thus

Eð0Þ ¼ Eðt0Þ ¼ ðm� 1Þju0ðt0Þjm P 0:

This is a contradiction to the assumption E(0) < 0.
Hence we see that a(t) > 0 "t P 0, u 0(t0) = 0, E(0) = �au(t0)

p+1 and

Jðt0Þb ¼ �m
ðpþ1ÞEð0Þ ¼ �a

Eð0Þ. By the definition of J 0(t) and the positivity of a(t),

(2.26) implies that

J 0ðtÞ > 0; 8t 2 ½0; t0Þ;
J 0ðt0Þ ¼ 0;

J 0ðtÞ < 0; 8t 2 ðt0;1Þ

8><>:
and from (2.6), we get

J 0ðtÞ ¼ p � mþ 1

m

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

ðm� 1Þ ða þ Eð0ÞJðtÞbÞm

s
8t 2 ½0; t0� ð2:27Þ

and

J 0ðtÞ ¼ � p � mþ 1

m

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

ðm� 1Þ ða þ Eð0ÞJðtÞbÞm

s
8t 2 ðt0;1Þ: ð2:28Þ

Since J00(t) 6 0 and J 0(t) < 0 "t > t0, J is monotone decreasing in (t0,1). Thus

there exists a T 	
2 > t0 such that JðT 	

2Þ ¼ 0.

By integrating (2.27) from 0 to t0, we have

t0 ¼
m

p � mþ 1

Z k2

Jð0Þ

drffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

ðm�1Þ ða þ Eð0ÞrbÞm
q : ð2:29Þ

And integrating (2.28) from t0 to T 	
2 we get

T 	
2 � t0 ¼

m
p � mþ 1

Z Jðt0Þ

JðT 	
2
Þ

drffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

ðm�1Þ ða þ Eð0ÞrbÞm
q : ð2:30Þ

Hence by (2.29) and (2.30), we get (2.22).

(iii) If E(0) = 0, from (2.6) we get J00(t) = 0 "t P 0. By integration twice from

0 to t, we have

JðtÞ ¼ Jð0Þ 1� p � mþ 1

2m
a0ð0Þ
að0Þ t

� 	
: ð2:31Þ

Since a 0(0) > 0, there exists T 	
3 such that JðT 	

3Þ ¼ 0, (2.23) is then obtained. h
Case ðIIÞ Eð0Þ > 0:
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Theorem 2.8. Let u 2 C2(0,T) \ C0[0,T), T 6 + 1, be a classical solution of

the problem (2.1). If E(0) > 0, then T is bounded. Furthermore, an upper bound

for T is estimated.

(i) If ja0ð0Þjm > 2m

m�1
Eð0Það0Þ

m
2 , then we have

T 6 T 	
4 ¼

mðm� 1Þ
1
m

p � mþ 1

Z Jð0Þ

0

drffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a þ Eð0Þrbm

p : ð2:32Þ

(ii) If ja0ð0Þjm ¼ 2m

m�1
Eð0Það0Þ

m
2 and

(a) if u1 > 0, then we have

T 6 T 	
5 ¼

mðm� 1Þ
1
m

p � mþ 1

Z 1

0

drffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a þ Eð0Þrbm

p ; ð2:33Þ

(b) if u1 < 0, and p is odd, then we have

T 6 T 	
6 ¼

mðm� 1Þ
1
m

p � mþ 1

Z 1

0

drffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a þ Eð0Þrbm

p ; ð2:34Þ

(c) if u1 < 0 and p is even, then there exist a critical point t1 and a null

point z1 of u such that

T 6 T 	
7 ¼ z1 þ T 	

5; ð2:35Þ
where

t1 ¼
Z �uðt1Þ

0

drffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ju1jm � a

ðm�1Þ r
pþ1m

q ð2:36Þ

and

z1 ¼ 2t1; ð2:37Þ
here �uðt1Þ ¼ ðm�1Þju1jm

a

� � 1
pþ1

.

(iii) If ja0ð0Þjm < 2m

m�1
Eð0Það0Þ

m
2 , p is even, and

(a) if a 0(0) > 0 then there exist a critical point t2 and a null point z2 such

that

T 6 T 	
8 ¼ z2 þ T 	

5; ð2:38Þ
where

t2 ¼ Cðm; pÞ
Z k3

~Jð0Þ

drffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� p�mþ1

m

� �m�1
km1 r

pþ1m
q ð2:39Þ
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and

z2¼Cðm;pÞ
Z k3

~Jð0Þ

drffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� p�mþ1

m

� �m�1
km1 r

pþ1m
q þ

Z k3

0

drffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� p�mþ1

m

� �m�1
km1 r

pþ1m
q

0B@
1CA;

ð2:40Þ
here k3 ¼ m

ðp�mþ1Þk1

� �a
; Cðm; pÞ ¼ m�1ðp�mþ 1Þ

m�1
m ðm� 1Þ

1
mðpþ 1Þ

1
m

and ~Jð0Þ ¼ k�a
1 að0Þ

1
2.

(b) if a 0(0) 6 0, then there exists a null point z3 such that

T 6 T 	
9 ¼ z3 þ T 	

5; ð2:41Þ
where

z3 ¼ Cðm; pÞ
Z ~Jð0Þ

0

drffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� p�mþ1

m

� �m�1
km1 r

pþ1m
q ð2:42Þ

and C(m,p) is given in (iii)(b).
Remark. By (2.2) with u1 = 0, we have

ja0ð0Þjm � 2m

m� 1
Eð0Það0Þ

m
2 ¼ m2m

ðm� 1Þðp þ 1Þ u
pþ1
0 ju0jm:

Hence the sign of ja0ð0Þjm � 2m

m�1
Eð0Það0Þ

m
2 is determined by the sign of u0.

Proof of Theorem 2.8. We set

eEðtÞ :¼ ðm� 1Þkm1 jJ 0ðtÞjm � p � mþ 1

p þ 1
ðk1JðtÞÞb; ð2:43Þ

then by (2.7), we have

eEðtÞ ¼ eEð0Þ: ð2:44Þ

By some calculations, we have

eEðtÞ ¼ ðm� 1Þkm1
p � mþ 1

2m

� 	m

aðtÞ�
pþmþ1

2 ja0ðtÞjm � 2m

m� 1
Eð0ÞaðtÞ

m
2

� 	
or

eEðtÞ ¼ km1
ðp � mþ 1Þm

mm�1ðp þ 1Þ juðtÞj
�ðpþ1ÞuðtÞpþ1

: ð2:45Þ

(i) From the assumption ja0ð0Þjm > 2m

m�1
Eð0Það0Þ

m
2 , (2.44) implies that eEðtÞ > 0.

And by (2.45), we get
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uðtÞpþ1
> 0 8t P 0: ð2:46Þ

Hence by (2.45), we have

eEðtÞ ¼ eEð0Þ ¼ ðp � mþ 1Þm

mm�1ðp þ 1Þ k
m
1 ¼ mðp � mþ 1Þ

ðp þ 1Þ2Eð0Þ
kb
1 :

By (2.5) and (2.46), we get

ju0ðtÞjm�2a0ðtÞ P ju1jm�2a0ð0Þ þ 2

m� 1
Eð0Þt: ð2:47Þ

Now we claim that a 0(0) P 0. Suppose not, then a 0(0) < 0. From (2.47), we

see that a 0(t) P 0 for large t. Let s0 > 0 be the first number such that a 0(s0) = 0,

by (2.5), we get

ðm�1Þðpþ1Þju0ðtÞjm�2a0ðtÞ¼ 2ðpþ1ÞEð0Þðt� s0Þ

þ2ðb�1Þðp�mþ1Þ
Z t

s0

uðrÞpþ1
dr 8tP s0:

ð2:48Þ
By (2.46), we have

a0ðtÞ < 0; for t 2 ð0; s0Þ;
a0ðs0Þ ¼ 0;

a0ðtÞ > 0; for t 2 ðs0;1Þ;

8<:
and we also have a(s0) > 0 by (2.46). Hence, u 0(s0) = 0. Therefore, by using (2.2)

and (2.46) again, we obtain that

ðp þ 1ÞEð0Þ ¼ �muðs0Þpþ1
< 0:

This contradicts to the assumption E(0) > 0. Hence we get a 0(0) P 0. By using

the same arguments as in the proof of Theorem 2.7, we get (2.32).

(ii)-(a) In this case, we have u0 = 0, hence a(0) = 0 and a 0(0) = 0.

We shall claim that a 0(t) > 0 "t > 0. Suppose not, there exists some t* > 0

such that a 0(t*) = 0. Let �t > 0 be the first number such that a0ð�tÞ ¼ 0 and

u(t) > 0 in ð0;�tÞ. By the positivity of u1 and (2.5), we have

ðm� 1Þðp þ 1Þju0ð�tÞjm�2a0ð�tÞ

¼ 2ðp þ 1ÞEð0Þ�t þ 2ðb � 1Þðp � mþ 1Þ
Z �t

0

uðrÞpþ1
dr: ð2:49Þ

The left hand side of (2.49) is zero while the right hand side is positive. It leads

to a contradiction.
Hence J 0(t) < 0 "t > 0. By (2.7), for any ~t > 0, we have

J 0ðtÞ ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jJ 0ð~tÞjm � ðp � mþ 1Þm

mmðm� 1Þ Eð0ÞðJð~tÞb � JðtÞbÞm

s
; 8t P ~t ð2:50Þ
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and

lim
~t!0

jJ 0ð~tÞjm � ðp � mþ 1Þm

mmðm� 1Þ Eð0ÞJð~tÞ
mðpþ1Þ
p�mþ1

� 	
¼ mðp � mþ 1Þm

ðm� 1Þðp þ 1Þmm
: ð2:51Þ

By (2.50) and (2.51), (2.33) is obtained.

(ii)-(b) From (2.45), since p is odd, we have (2.46). By similar arguments as
in (ii)-(a), we can get (2.34).

(ii)-(c) We first claim that there is a critical point of u, that is, u is not strictly

monotone decreasing in [0,1). Suppose not, since u0 = 0 and u1 < 0 and from

(2.2), we get

�uðtÞ a
ðm� 1Þju1jm
� 	 1

pþ1

6 1 8t P 0: ð2:52Þ

From (2.2), we also have

u0ðtÞ ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ju1jm þ a

ðm� 1Þ uðtÞ
pþ1m

r
8t P 0:

By integrating above equality from 0 to t and using (2.52), we have

t 6
m� 1

a

� 	 1
pþ1

ju1j�
p�mþ1
pþ1

Z 1

0

dsffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� spþ1m

p

< a� 1
pþ1ðm� 1Þ

1
pþ1ð�u1Þ�

p�mþ1
pþ1

Z 1

0

dsffiffiffiffiffiffiffiffiffiffiffiffiffi
1� smm

p :

Since
R 1

0
dsffiffiffiffiffiffiffiffi
1�smmp ¼ C 1þ 1

m

� �
C 1� 1

m

� �
< 1, it leads to a contradiction for large t.

Therefore u must have a critical point t1 > 0.

To calculate the critical point t1, we start from (2.2) and have

uðt1Þ ¼ � Eð0Þ
a

� 	 1
pþ1

¼ � ðm� 1Þju1jm

a

� 	 1
pþ1

:

By integrating (2.52) from 0 to t1, we get the identity (2.36).

Next we show that u has a null point. Since p is even, u 0 is monotone

increasing for t P t1. Suppose that u(t) < 0 for all t > 0, By (2.2), we haveZ �uðt1Þ

�uðtÞ

drffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ju1jm � a

m�1
rpþ1m

q ¼ t � t1: ð2:53Þ

The above integral is less than a constant. Hence it is impossible for sufficiently

large t.
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From (2.53) we get

z1 ¼ t1 þ
Z �uðt1Þ

0

drffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ju1jm � a

m�1
rpþ1m

q ¼ 2t1:

Since u(z1) = 0, u 0(z1) > 0 and E(0) > 0, then (2.35) holds by using the result in

case (ii)-(a).

(iii) Let ~uðtÞ ¼ k1JðtÞ, by (2.6) ~u satisfies (1.1) with replacing p by b � 1. Let
~aðtÞ ¼ ~uðtÞ2 and ~JðtÞ ¼ ~aðtÞ�

m
2ðp�mþ1Þ, we have ~aðtÞ ¼ k21JðtÞ

2
, and

~a0ð0Þ ¼ �k21
m

p � mþ 1

� 	
að0Þ�

pþ1
p�mþ1a0ð0Þ:

Since ja0ð0Þjm < 2m

m�1
Eð0Það0Þ

m
2 and p is even, by the above remark after (2.42),

we have u0 < 0. Thus

eEð0Þ ¼ �km1
ðp � mþ 1Þm

ðp þ 1Þmm�1
< 0:

In the case (iii)-(a), since a 0(0) > 0, ~a0ð0Þ < 0. By Theorem 2.7, there exists z2
such that ~Jðz2Þ ¼ 0 and the assertions (2.39) and (2.40) follow at once. Since

u(z2) = 0 and u 0(z2) > 0, by Theorem 2.8 in [z2,T), we have (2.38).
In the case (iii)-(b), we have ~a0ð0Þ P 0. By similar arguments as in (iii)-(a),

we obtain (2.41). h

2.4. Blow-up rates and blow-up constants

Theorem 2.9. Let u 2 C2(0,T) \ C0[0,T) be a classical solution of the problem

(2.1). If one of the following assumptions holds:

(i) E(0) < 0.

(ii) E(0) = 0, a 0(0) > 0.

(iii) E(0) > 0.

Then we have the blow-up rates 2m
p�mþ1

; pþmþ1

p�mþ1
and mðpþ1Þ

p�mþ1
of a,a 0, and ju 0jm�2a00

respectively and the blow-up constants K1,K2,K3 of a,a 0, and ju 0jm�2a00 respec-

tively. More precisely, we have, for i 2 {1,2,3,4,5,6,7,8,9},

lim
t!T 	

i

ðT 	
i � tÞ

2m
p�mþ1aðtÞ ¼ K1; ð2:54Þ

lim
t!T 	

i

ðT 	
i � tÞ

pþmþ1
p�mþ1a0ðtÞ ¼ K2; ð2:55Þ
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and

lim
t!T 	

i

ðT 	
i � tÞ

mðpþ1Þ
p�mþ1ju0ðtÞjm�2a00ðtÞ ¼ K3; ð2:56Þ

where

K1 :¼ m
2ðm�1Þ
p�mþ1ðm� 1Þ

2
p�mþ1ðp þ 1Þ

2
p�mþ1ðp � mþ 1Þ�

2m
p�mþ1;

K2 :¼ 2m
pþm�1
p�mþ1ðp þ 1Þ

2
p�mþ1ðm� 1Þ

2
p�mþ1ðp � mþ 1Þ�

pþmþ1
p�mþ1;

and

K3 :¼ 2ðp þ mþ 1Þm
ðm�1Þðpþ1Þ

p�mþ1 ðp þ 1Þ
m

p�mþ1ðm� 1Þ
m

p�mþ1ðp � mþ 1Þ�
mðpþ1Þ
p�mþ1:
Proof. (i) If a 0(0) P 0, from (2.25), by using (2.21) we can getZ JðtÞ

0

1

T 	
1 � t

drffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

m�1
ða þ Eð0ÞrbÞm

q ¼ p � mþ 1

m
8t P 0: ð2:57Þ

Let ðT 	
1 � tÞs ¼ r in (2.57) and let t ! T 	

1, we have

lim
t!T 	

1

1ffiffiffiffiffiffiffi
a

m�1
m
p JðtÞ

T 	
1 � t

¼ p � mþ 1

m
: ð2:58Þ

(2.58) is equivalent to (2.54) for i = 1.

If a 0(0) < 0, by integrating (2.28) from t to T 	
2, we obtainZ JðtÞ

0

drffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

m�1
ða þ Eð0ÞrbÞm

q ¼ p � mþ 1

m
ðT 	

2 � tÞ 8t P t0: ð2:59Þ

By the similar arguments as above, we get (2.54) for i = 2.

Furthermore, from (2.25) and (2.28), we find

lim
t!T 	

i

J 0ðtÞ ¼ � ðp � mþ 1Þm�m�1
m

ðp þ 1Þ
1
mðm� 1Þ

1
m
: ð2:60Þ

Therefore for i = 1,2, we have

lim
t!T 	

i

aðtÞ�
pþmþ1

2m a0ðtÞ ¼ 2m
1
mðp þ 1Þ�

1
mðm� 1Þ�

1
m;

by using (2.54) and (2.55) is obtained.

From (2.54) and (2.55), we get

lim
t!T 	

i

ðT 	
1 � tÞ

mðpþ1Þ
p�mþ1u0ðtÞm ¼ m

mp
p�mþ1ðp þ 1Þ

2m
p�mþ1ðm� 1Þ

2m
p�mþ1ðp � mþ 1Þ�

ðpþ1Þm
p�mþ1:

ð2:61Þ
Combining (2.4) and (2.61), we obtain (2.56).
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(ii) If E(0) = 0 and a 0(0) > 0, by using (2.31), we get

aðtÞ ¼ að0Þ
pþmþ1
p�mþ1

p � mþ 1

2m
a0ð0Þ

� 	� 2m
p�mþ1

ðT 	
3 � tÞ�

2m
p�mþ1: ð2:62Þ

Therefore, (2.54)–(2.56) with i = 3 follow at once from (2.62).

(iii). The estimates (2.54)–(2.56) for i 2 {4,5,6,7,8,9} can be achieved as in

case (i), so we omit the proofs. h

Theorem 2.10. Let u 2 C2(0,T) \ C0[0,T) be a classical solution of the problem

(2.1). If one of the following assumptions holds:

(i) E(0) > 0, ja0ð0Þjm ¼ 2m

m�1
Eð0Það0Þ

m
2 , u1 < 0 and p is even.

(ii) E(0) > 0, ja0ð0Þjm < 2m

m�1
Eð0Það0Þ

m
2 , a 0(0) > 0.

(iii) E(0) > 0, ja0ð0Þjm < 2m

m�1
Eð0Það0Þ

m
2 , a 0(0) 6 0.

Then there are null points zi, i 2 {1,2,3} such that

lim
t!zi

aðtÞðzi � tÞ�2 ¼ Eð0Þ
m� 1

� 	2
m

ð2:63Þ

and

lim
t!zi

a0ðtÞðzi � tÞ�1 ¼ �2
Eð0Þ
m� 1

� 	2
m

: ð2:64Þ
Proof. For i = 1, by (2.36) and (2.37) we use the same arguments as in the
proof of Theorem 2.9.

For i = 2,3, as in the proof of Theorem 2.8 (iii), we set ~uðtÞ ¼ k1JðtÞ,
~aðtÞ ¼ ~uðtÞ2. By Theorem 2.9, we get

lim
t!zi

~aðtÞðzi� tÞ
2ðp�mþ1Þ

m ¼m
�2ðp�mþ1Þ

m ðm�1Þ
2ðp�mþ1Þ

m2 ðpþ1Þ
2ðp�mþ1Þ

m2 ðp�mþ1Þ
2ðm�1Þðp�mþ1Þ

m2 :

ð2:65Þ

Thus (2.63) follows at once.

By Theorem 2.9 again, we also have

lim
t!zi

ðaðtÞðzi � tÞ�2Þ
�ðpþ1Þ

m ðzi � tÞ�1a0ðtÞ ¼ �2
Eð0Þ
m� 1

� 	�2ðp�mþ1Þ
m2

: ð2:66Þ

By (2.63) and (2.66), (2.64) is obtained. h
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2.5. Properties of the life span of T 	
1 and T 	

3

In this section we give some properties of the life span of T 	
1 and T 	

3. Since

T 	
1 depends on four variables, u0, u1, p and m, we write T

	
1ðu0; u1; p;mÞ instead of

T 	
1, and from (2.21), we have

T 	
1ðu0; u1; p;mÞ ¼

m
m�1
m ðm� 1Þ

1
mðp þ 1Þ

1
m

ðp � mþ 1Þ
�m

ðp þ 1ÞEð0Þ

� 	p�mþ1
mðpþ1Þ

 !

�
Z �pþ1

m Eð0Þð Þ
p�mþ1
mðpþ1Það0Þ�

p�mþ1
2m

0

drffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� r

mðpþ1Þ
p�mþ1

m
q

0B@
1CA: ð2:67Þ

We see that

(i) T 	
1ðu0; u1; p;mÞ ! 1 as p � m + 1 ! 0 for each fixed u0, u1 and m.

(ii) T 	
1ðu0; u1; p;mÞ ! T 	

3ðu0; u1; p;mÞ as E(0) ! 0.

In particular, when u1 5 0, and either u0 < 0 and p is odd, or u0 > 0, we have

a 0(0) = 0 and Eð0Þ ¼ �m
pþ1

upþ1
0 < 0. By some calculation, we also have

T 	
1ðu0; 0; p;mÞ ¼ m

�1
m ðm� 1Þ

1
mðp þ 1Þ�

m�1
m u

�p�mþ1
m

0

C m�1
m

� �
C p�mþ1

mðpþ1Þ

� �
C p

pþ1

� � : ð2:68Þ
Corollary 2.11. For fixed m, the life span T 	
1ðu0; 0; p;mÞ has the following

properties:

(i) If u0 P 1, then the life span T 	
1ðu0; 0; p;mÞ is decreasing in p 2 (m � 1,1).

(ii) There exists a constant u	0 such that T 	
1ðu0; 0; p;mÞ decreases in p for

u	0 6 u0 < 1.
(iii) If 0 < u0 < u	0, then there exists a p* such that T 	

1ðu0; 0; p;mÞ is decreasing in

(m � 1,p*) and T 	
1ðu0; 0; p;mÞ is increasing in (p*,1).
Proof. Note that

o

op
T 	

1ðu0; 0; p;mÞ ¼
m

m�1
m ðm� 1Þ

1
mðp þ 1Þ

1
mu

�p�mþ1
m

0

p � mþ 1

 !

�
Z 1

0

f1ðu0; p; sÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� s

mðpþ1Þ
p�mþ1

m
q ds

0B@
1CA; ð2:69Þ



Y.C. Chen, L.Y. Tsai / Appl. Math. Comput. 169 (2005) 366–387 383
where

f1ðu0; p; sÞ ¼
1

mðp þ 1Þ �
1

p � mþ 1
� ln u0

m
s
mðpþ1Þ
p�mþ1 ln s

1� s
mðpþ1Þ
p�mþ1

for s 2 [0, 1].

Thus all properties in (i)–(iii) follow at once from the properties of f1. h

To find the properties of T 	
3, we start from (2.23), after some computations,

we have

T 	
3ðu0; u1; p;mÞ ¼

mu0
ðp � mþ 1Þu1

: ð2:70Þ

Since E(0) = 0, we have ju1j ¼
ffiffiffiffiffiffiffi

a
m�1

m
p

u
pþ1
m
0 . If u0 > 0 and u1 > 0, from (2.70), we

obtain

T 	
3ðu0; p;mÞ ¼ m

m�1
m ðm� 1Þ

1
mðp þ 1Þ

1
mðp � mþ 1Þ�1u

�p�mþ1
m

0 :
Corollary 2.12. Let m be fixed. If u0 > 0, u1 > 0, then the life span T 	
3ðu0; p;mÞ

has the following properties:

(i) For u0 P 1, the life span T 	
3ðu0; p;mÞ is decreasing in p.

(ii) There exists a constant u	0 such that for u	0 6 u0 < 1, the life span T 	
3ðu0; p;mÞ

is decreasing in p.

(iii) For 0 < u0 < u	0, there exists a p* > m � 1 such that T 	
3ðu0; p;mÞ is decreas-

ing in (m � 1,p*) and T 	
3ðu0; p;mÞ is increasing in (p*,1).
Proof. Note that

o

op
T 	

3ðu0; p;mÞ ¼ m
m�1
m ðm� 1Þ

1
mðp þ 1Þ

1
mðp � mþ 1Þu�

p�mþ1
m

0 f2ðu0; pÞ;

where

f2ðu0; pÞ ¼
1

mðp þ 1Þ �
1

p � mþ 1
� ln u0

m
:

Hence from the properties of f2(u0,p), we have our results. h
3. On the system of differential equations

In this section we shall consider the initial value problem for a system of

second order ordinary differential equations of the form
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u00 ¼ f ðu; vÞ;
v00 ¼ gðu; vÞ;
uð0Þ ¼ u0; u0ð0Þ ¼ u1;

vð0Þ ¼ v0; v0ð0Þ ¼ v1;

8>>><>>>: ð3:1Þ

under the following assumption:

of
ov

¼ og
ou

; ð3:2Þ

where f and g are of class C1.

Remark 1. For brevity, we only consider a system of two equations. In fact, a

system of k (P2) equations can be similarly studied under the Hamiltonian

assumptions.

Hereafter we shall discuss the properties of blow-up solutions by using the

energy method.

3.1. Fundamental lemmas

Lemma 3.1. Let (u, v) be a classical solution of the problem (3.1) with the life

span T. Define the energy function E(t), t P 0 by

EðtÞ ¼ u0ðtÞ2 þ v0ðtÞ2 � 2Mðu; vÞ: ð3:3Þ
Then

EðtÞ ¼ Eð0Þ for all t P 0; ð3:4Þ
where

Mðu; vÞ ¼
Z u

0

f ðs; vÞdsþ
Z v

0

gð0; sÞds: ð3:5Þ
Proof. From (3.5) we see that oM
ou ¼ f ðu; vÞ and oM

ov ¼ gðu; vÞ. By differentiating

(3.3) and using (3.1), we get E 0(t) = 0. Therefore E(t) = E(0) for all t P 0. h

Hereafter, we assume that there exists some q > 0 such that

uf ðu; vÞ þ vgðu; vÞ P 2ð2qþ 1ÞMðu; vÞ for u; v 2 R: ð3:6Þ
For example, when f(u,v) = upvp+1 and g(u,v) = vpup+1, (3.6) is satisfied when

q ¼ p
2
; p > 0.

Let

aðtÞ ¼ uðtÞ2 þ vðtÞ2 and JðtÞ ¼ aðtÞ�q
; t P 0:
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Lemma 3.2. Suppose that (u, v) is a classical solution of the problem (3.1), then

we have the following identities.

(i)
1

2
a00ðtÞ � u0ðtÞ2 þ v0ðtÞ2

� �
¼ uðtÞf ðuðtÞ; vðtÞÞ þ vðtÞgðuðtÞ; vðtÞÞ: ð3:7Þ

(ii) J 00ðtÞ 6 2qð2qþ 1ÞEð0ÞJðtÞ
qþ1
q ; t P 0: ð3:8Þ
(iii) If J 0(t) 6 0 for t P 0, then
J 0ðtÞ2 P J 0ð0Þ2 � 4q2Eð0ÞJð0Þ
2qþ1
q þ 4q2Eð0ÞJðtÞ

2qþ1
q ð3:9Þ

and if J 0(t) P 0 for t P 0, then

J 0ðtÞ2 6 J 0ð0Þ2 � 4q2Eð0ÞJð0Þ
2qþ1
q þ 4q2Eð0ÞJðtÞ

2qþ1
q : ð3:10Þ
Proof. (i) By differentiating a(t) twice and using (3.1), we obtain (3.7).

(ii) Since J(t) = a(t)�q, then

J 00ðtÞ ¼ �qaðtÞ�q�2 aðtÞa00ðtÞ � ðqþ 1Þa0ðtÞ2
� �

: ð3:11Þ

By Cauchy–Schwartz inequality, (3.6) and (3.7), we have

aðtÞa00ðtÞ � ðqþ 1Þa0ðtÞ2 P �2ð2qþ 1ÞaðtÞEð0Þ: ð3:12Þ

Combining (3.11) and (3.12), we obtain (3.8).

(iii) If J 0(t) 6 0, multiplying (3.8) with J 0(t) on both sides and then
integrating from 0 to t, we have (3.9). Similarly, we also get (3.10) if

J 0(t) P 0. h

3.2. Estimates for the life span

Theorem 3.3. Let (u, v) be a classical solution of the problem (3.1) with the life

span T. If E(0) 6 0 then T is bounded. Furthermore,

(i) if E(0) < 0 and a 0(0) P 0, then

T 6 T 	
1 ¼ min

að0Þq
a0ð0Þ ;

1

2q

Z Jð0Þ

0

drffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k4 þ Eð0Þrk5

p !
; ð3:13Þ

where

k4 ¼ að0Þ�ð2qþ1Þ a0ð0Þ2

4að0Þ � Eð0Þ
 !

and k5 ¼
2qþ 1

q
; ð3:14Þ
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(ii) if E(0) < 0 and a 0(0) < 0, then

T 6 T 	
2 ¼

1

2q

Z Jðs	Þ

0

drffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�Eð0Það0Þ�ð2qþ1Þ þ Eð0Þrk2

q þ s	; ð3:15Þ

where s	 ¼ a0ð0Þ
2ð2qþ1ÞEð0Þ;

(iii) if E(0) = 0 and a 0(0) > 0, then

T 6 T 	
3 ¼

að0Þq
a0ð0Þ : ð3:16Þ
Proof. Note that a(0) > 0 under the condition E(0) < 0. By (3.7) and (3.3), we

get

a00ðtÞ P �2ð2qþ 1ÞEð0Þ: ð3:17Þ
As in the proof of Theorem 2.7, we get the estimates of the life spans in each

case. h

Example 3.4. Let (u,v) be a classical solution of the particular system

u00 ¼ upvpþ1;

v00 ¼ vpupþ1;

uð0Þ ¼ u0; u0ð0Þ ¼ u1;

vð0Þ ¼ v0; v0ð0Þ ¼ v1;

8>>>><>>>>: ð3:18Þ

with the life span T, where p > 0. We have the following results:

Case (i) E(0) < 0.

(i-a) If a 0(0) P 0, then

T 6 T 	
1 ¼ min

2

p
að0Þ
a0ð0Þ ;

1

p

Z Jð0Þ

0

drffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k4 þ Eð0Þrk5

p( )
:

(i-b) If a 0(0) < 0, then

T 6 T 	
2 ¼

1

p

Z k6

0

drffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�Eð0Það0Þ�ðpþ1Þ þ Eð0Þrk5

q
þ 1

p

Z k6

Jð0Þ

drffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�Eð0Það0Þ�ðpþ1Þ þ Eð0Þrk5

q :

Case (ii) E(0) = 0.
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If a 0(0) > 0, then

T 6 T 	
3 ¼

2

p
að0Þ
a0ð0Þ :

Case (iii) E(0) > 0 and u, v are of the same sign.

(iii-a) If u0, v0 > 0, then we have

T 6 T 	
4 ¼

1

p

Z Jð0Þ

0

drffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k1 þ Eð0Þrk5

p :

(iii-b) If u0 = v0 = 0, u1 > 0 and v1 > 0, then we have

T 6 T 	
5 ¼

1

p

Z 1

0

drffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ p2Eð0Þrk5

p :

(iii-c) If u0 = v0 = 0, u1 < 0, v1 < 0 and p is odd, then we have

T 6 T 	
6 ¼

1

p

Z 1

0

drffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ p2Eð0Þrk5

p :

where Eð0Þ ¼ ðu21 þ v21Þ � 2
pþ1

upþ1
0 vpþ1

0 ; að0Þ ¼ u20 þ v20, a 0(0) = 2(u0u1 + v0v1),

Jð0Þ ¼ að0Þ�
p
2; k4 ¼ að0Þ�ðpþ1Þ a0ð0Þ2

4að0Þ � Eð0Þ
� �

; k5 ¼ 2ðpþ1Þ
p and k6 ¼ �2�p

ðpþ1ÞEð0Þ

� � 1
k5 .

Proof. In the case E(0) 6 0, we apply Theorem 3.3 , and in the case E(0) > 0,

we follow the similar arguments as that of Theorem 2.8 to get the

assertion. h
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