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1. Introduction

In this paper, we deal with the existence of positive solutions to the functional differential equation
u’(t) +F(t,u) =0, te(0,1).
The solutions u must satisfy the initial function
u(s) = ¢(s), —r <s <0, forcertain given ¢,
and boundary condition of Sturm-Liouville’s type

u(0) =0,
60 {yu(l) +8u'(1) =0,

where
y,§>0 and y 44> 0.

Our notations are defined as follows. We denote the set of all real numbers and the set of all nonnegative real numbers by
R and R, respectively. For any fixed r € R™, let C; denote the Banach space of all continuous functions ¢ : [-r,0] =] — R
endowed with the suprenorm

ol = SUJPIdJ(S)I,

and let
Go={¥ €C|v¥(0) =0}
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The notation u; above denotes a function in C, defined by

. u(t+w) ift+w=>0,
() = e (w: ) = {WM) ferw=o

where the given ¢ is an element of the space C; .
From now on, we denote our problem as (BVP). Moreover, if w € [—r, 0] is fixed, by a solution of the (BVP) we mean a
function u € C?[0, 1] such that u satisfies the boundary condition (BC), and for a given ¢, the relation

u’(t) + F(t, ug(w; ¢)) =0

holds forall t € [0, 1].

There has recently been an increased interest in studying boundary value problems for functional differential equations,
see, e.g. the books by Hale [1], Kolmanovskii and Myshkis [2] and Henderson [3]. Furthermore, as pointed out in [4], these
problems have arisen from problems of physics and variational problems of control theory, as well as from much applied
mathematics which appeared early on in the literature [5,6]. We refer the reader to more detailed treatment in the following
interesting research [7-19], and the references therein.

In Section 2, we state the key tool for establishing our main results, that is, the well-known Krasnoselkii fixed point
theorem [20,21] and give a lemma that will be used to define a positive operator in a cone. Then, in some function space, we
construct an appropriate cone on which we apply the fixed point theorem to our positive operator, this yields our existence
results. Moreover, some remarks in Section 3 will imply several corollaries of existence of multiple positive solutions,
including the reduction to general ordinary differential equations with boundary condition. Finally, in the last section we
give an example as an application.

2. Preliminaries and existence results

In order to abbreviate our discussion, throughout this paper, we assume the following assumptions hold:

(Cy) k(t,s) is the Green’s function of the differential equation

u// — 07
(BO);

(C) F:[0,1] x G = RT is a continuous functional.
We now state the Krasnoselkii fixed point theorem [20,21] and a useful lemma which are required for the main result.
Theorem A ([20,21]). Let E be a Banach space, and let K C E be a cone in E. Assume $21, §2, are open subsets of E with
0 € 21, 21 C §2,, and let

A:KN(2;\ 27— K
be a completely continuous operator such that either

1) lAu|l < |lull,u € KN 382y and ||Au|| > |ju|l, u € K N 3£2,; or
(ii) ||Aul| = |jull,u € K N 9827 and ||Au|| < |lu]l,u € K N 3£2,.

Then A has a fixed point in K N (£2; \ £21).

Lemma 1. Suppose that k(t, s) is defined as in (Cy). Then, for any p4, p with 0 < p; < p, < 1, we have the following results:

k(t,s) -

k(s,s) — 1 fort €[0,1]ands € [0, 1],
ke, 1— s
% > min {(ypi:);Jr,p]}, fort € [p1, p2lands € [0, 1].

Proof. It is well known that

_Jy+d—ybs, 0=<s=<t=1,
k(t’s)_{(y+5—y5)t, 0<t<s<1,
which implies
M <s<t<1
k(t,s): %/+8—y5’ <s<t=<l,
k(s, s) t

S
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Hence, we obtain the desired results:

k(t,s
( )51 fort € [0, 1],
k(s, s)
and
k([’s)> %’ 0<s<t<py,
= Yy +
k(s, s) 1, pr<t<s<l1 O

From Lemma 1, we define a number
(1—p)y +46
7}/ T » D1
and next, state and prove our main results.

M = M(p1, p2) = min{

Theorem 2 (Existence Result for —1 < w < 0). Suppose the following hypotheses hold:

(Hq) there exists a positive constant A such that
-1

1
F(t,y) <X (/ k(s, s)ds) , forte[0,1]and ¢ € C with ||y |; < A,
0

and
(Hy) there exist p1, p» with0 < —w < p; < p, < 1and a positive constant n # A such that

P2 (pr+p2 - .
F(t,¥)>n / k > S ds) . fort e [pr,p2land ¥y € G withMn < ¢l < n.
b1

Then for any given ¢ € G o with ||¢]l; < A, (BVP) has at least one positive solution u such that ||u|| between A and .

Proof. Without loss of generality, we assume A < 7. It is clear that (BVP) has a solution u = u(t) if and only if u is the
solution of the operator equation

1
u(t) = / k(t, )F(s, us(w; ¢))ds := Agu(t), u e C[0,1].
0
Let K be a cone in Gy[0, 1] := {u € C[0, 1] | u(0) = 0} defined by
K = {u € Gol0, 1] | u(t) > 0, min u(t) > M||u||}.
telp1.p2]

Following from the definition of K and Lemma 1 we have

telpy,p2 telp1.p2]

1
min ](A¢u)(t): min /k(t,s)F(s,us(w;qS))ds
0

v

1
M/ k(s, s)F (s, us(w; ¢))ds
0

v

1
M/ k(t, s)F (s, us(w; ¢))ds.
0

Thus, min¢epp, p,1(Agu) () > M]lAul|, which implies A, K C K. Furthermore, it is easy to check As : K — K is completely
continuous. To complete the proof, we separate the rest of proof into the following two steps:
Step 1. Let 2, := {u € K | ||u|| < A}. It follows from (H;) and Lemma 1 that for u € 942,
1
A (®) = [ (e, 9F.uatws ¢)ds
0

1
< / k(s, S)F (s, us(w; ¢))ds
0

1 -1 1
< ([ o) ([ weow) B
< k(s, S) k(s,s)ds | —
0 0 A

= |ull.
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Hence,

lApull < llull foru e d£2; NK.

Step 2. Let 2, .= {u € K | ||u]| < n}. It follows from the definitions of ||u|| and K that
u(t) <lluf =n fort e [0, 1],
u(t) = min u(t) = Mllul =Mn fort € [p1, 2],
telpy.p2]
for u € 9£2,, which implies
Mn <u(t) <n fort € [ps1, pal.

Moreover, it follows from 0 < —w < p; < p, < 1thats+4+ w > 0fors € [p1, p2]. This implies us(w; ¢) = u(s + w) for
s € [p1, p2]. Hence,

1
(Apl1) (p1-|-pz> = / k (P1 tp , s) F(s; us(w, ¢))ds
2 0 2

b2
/ k(p]—;pz,s)F(s; s (w, ¢))ds
p

1

P2 -1 P2
n(/ k(L—’_pz,s)ds) (/ k<p1+p2,s>ds)M
P1 2 P1 2 n

= [ull,

v

%

which implies
lApull > |lul| foru e 852,.
Therefore, by Theorem A, we complete this proof. O

Note this given w may not belong to (—1, 0], hence, we can only conclude the following.

Theorem 3 (Existence Result for —r < w < 0). Suppose the following hypotheses hold:

(Hq) there exists a positive constant A such that

1 -1
F(t,y) <A (/ k(s, s)ds) , fort e[0,1]and ¥ € G with ||[¢]; < A,
0

and
(H3) there exist py, p; with 0 < p; < p, < 1and a positive constant n # X such that

P2 -1
F(MI/)ZW([ k(’“jpz,s>ds) . fort € [pr.p2land y € Gwith||y; < 1.
p1

Then for any given ¢ € G o with ||¢]|; < min{A, n}, (BVP) has at least one positive solution u such that ||u|| between A and .

Proof. This proof follows in similar fashion to that of Theorem 2. One just needs to modify Step 2 in the process of the
demonstration of Theorem 2 as the following:

Step 2. Let £2, .= {u € K | ||u]| < n}. It follows from the definitions of ||u|| and K that
u(t) < llull =n fort € [0, 1],
u(t) > min u(t) > M|l =Mn fort € [p1, pl,
te[p1.p2]
for u € 9£2,, which implies
Mn <u(t) <n fort € [p1, pal.
Moreover, for s € [p1, p2],

v Jus+w) ifs+w=>0,
us(w; @) = =¢>(s+w) ifs+w <0,

Which implies,
llus(w; @) < n.
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Hence,

1
(Ad,u)(’“;“pz):/ (’””2 )F(s;us(w,@)ds
0
z/m (‘““’2 )F(s;u5<w,¢>)ds
DP1

-1 P2
n(/ I<(p1+p2,s)ds> (/ k(pl—i_pz,s)ds)”u”
p1 2 P1 2 n

llull,

%

which implies

lAgull > |lull foru e d$2,. O

3. Applications

Remark 4. Assume that F(t, ) satisfies the following property P:
If max;epo,11 F(t, ¥) is unbounded, then, there exists a ¢ with ||¢]|; large enough such that for any ¥ € G with|y|; <
l#1l;, we have maxeo,11 F(t, ¥) < maxccjo,1) F(E, ).

Given py, pp with0 < p; < p, < 1and let

_ F(t, Iﬂ)
max Fy ;== lim
||w||ﬁ0tel0 & lyly
F(t,
minFy ;= lim mi ( 1//)
||wuﬁore[m ! vl
F(t,
maxFy ;= lim ( 1#)
ku—wotelon vl
and
F(t,
minFy ;= lim  min ( W)
Ivly—ootelpr.pal ||[W|;
Since
1 —1
6 )
(/ k(s, s)ds) =A= M
0 y + 38
and
P2 -1 16 5
<[ k(pl+p2,5>d5> —p— (¥ +9) ’
o, 2 (p2 — p1)(Lila + LsLy)
where

Lit=p2+3p1, Ly:=2y —piy —pay +29,
L3y =4y + 48 — 3yp> — yp1s Ly :=p1 + pa2,

we have the following results:
Suppose that max Fy := C; € [0, A). Taking ¢ = A — Cy, there exists a A; > 0 (A; can be chosen arbitrarily small) such
that for any ¥ € G with ||y ||; < A1, we have

F(t F(t,¥)
cefo [yl
Hence,
E(t,¥) <Al¢¥l; <Axq, forte0,1]and ¢ € G with [[¥]; € [0, A1],
which satisfies the hypothesis (H;) of Theorem 2.

Suppose that minF,, = C; € (%, o0]. Taking e = G, — % > 0, there exists an n; > 0 (1 can be chosen arbitrarily

large) such that for any € C with ||/ ||; > M#n;, we have

F(t, B
min (&, ¥ > —e+ G =—.
telp1,p2] ||1ﬁ||] M

€+C1=A.
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Hence,
M B .
F(t,y) > E”WH] = MMTH =Bny, fort € [py,p2]and ¢ € C with ||/ [|; € [Mny, n4]

which satisfies the hypothesis (H;) of Theorem 2.
Suppose that minFy := C3 € (%, oo]. Taking e = C3 — % > 0, there exists an 1, > 0 (1, can be chosen small enough)
such that for any ¥ € G, with ||/ ||; < n,, we have

F(t,¥)
min > —
telp1.p2] ||10||]

Hence,

v =B
€ = —.
T M

B B )
F(t,¥) > Mllt/fll] > Man = Bn,, foranyt € [p1, p2]land ¥ € G with [|y||; € [Mn3, n2]

which satisfies the hypothesis (H,) of Theorem 2.
Suppose that max F, := C4 € [0, A). Takinge = A — C;4 > 0, there exists a® > 0 (6 can be chosen arbitrarily large)
such that for any ¢ € G with [|/[|; > 6, we have

F(t, )
(Al
Now we have the following two cases:
Case 1. Assume that max;¢o,1 F(t, ¥) is bounded, that is,
F(t,y) <L, forte[0,1]and ¢ € C..
Taking A, =

) max <e+(C=A
te[0,1]

L
4 hence,

F(t,¥) <L=A),, forte]0,1]and ¢ € C with[[¥]; € [0, Az].

Case 2. Assume that maxcjo 1) F(t, ¥) = G;() is unbounded. Then, by property PP, there exists a ¢ with [|¢]; := A, > 6
such that for any ¥ € Gwith|[y||; € [0, A,], we have

tfel}&%l:(t, V) =G () = Gi(9) = trET%gﬁ]F(f, ?).

This implies

F(ts I/f) = F(tOs ¢)7 fort € [07 1] and 1// € Cr with ||W||J € [Os )“2]
It follows from A, > 6 and (%) that

F(t,¥) < F(to, ) < All¢l; =Arz, fort € [0, 1]and ¢ € G with [/ [); € [0, A2].
By Cases 1 and 2, the hypothesis (H;) of Theorem 2 is satisfied.

It follows from Remark 4 that the following corollaries hold.

Corollary 5. Assume that F satisfies property P and suppose there exist p; and p, with0 < —w < p; < p» < 1,Aand B are
defined as in Remark 4. Then in the case
(Hs) maxFy = C; € [0,A) and minFy = G, € (£, o0], or
(Hs) minFy = C; € (4, 0ol and max Fo = C4 € [0, A),

we have following corresponding results (i) and (ii) respectively.

(i) For any given ¢ € G o with ||¢||; small enough, (BVP) has at least one positive solution.
(ii) For any given ¢ € C; o, (BVP) has at least one positive solution.

Proof. It follows from Remark 4 and Theorem 2 that the desired result holds, immediately. O
Corollary 6. Assume that F satisfies property P and suppose there exist p; and p, with0 < —w < p; < p» < 1,Aand B are
defined as in Remark 4. If the following hypotheses hold:

(He) minFy, = G, minFy =G5 € (%, o],
(H7) there exists A* > 0 such that

F(t, ) <AX*, fort € [0, 1]and ¥ € G, with ||| € [0, A*],

then, for any given ¢ € G, o with ||¢|l; < A*, (BVP) has at least two positive solutions uy and u, such that 0 < |ju;] <
A < luzll.
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Proof. It follows form Remark 4 that there exist two real numbers 7; and 7, satisfying
0<n <A*<n,
F(t,¥) =By, fort € [p1,pzland y € C with [[y||; € [Mny, m1],

and

F(t,¥) > Bnp, fort € [p1, p2]land ¢ € G with |/ ||; € [Mn2, n2].

Thus, by Theorem 2, we see for any given ¢ € G, o with [|¢|; € [0, A*], (BVP) has two positive solutions u; and u, such that
N2 < |luq]l < A* < |luz|| < n1. Hence, we complete this proof. O

Corollary 7. Assume that F satisfies property P and suppose there exist p; and p, with0 < —w < p; < p, < 1,Aand B are
defined as in Remark 4. If the following hypotheses hold:

(Hg) maxFy = C;, maxFy, = C4 € [0, A),
(Hg) there exists n* > 0 such that

F(t,¥) = Bn*, fort € [p1. p2land ¥ € G with ||y € [Mn*, n*],

then, for any given ¢ € C. o with ||¢||; small enough, (BVP) has at least two positive solutions u; and u, such that 0 < |luq|| <
n* < lluzll.

Proof. It follows from Remark 4 that there exist two real numbers A; and A, satisfying

0 <A <n* <Ay,
F(t,y) <Aky, forte[0,1]andy € G with [[¥[|; € [0, A1],
F(t,y) <Ak, forte[0,1]andy € G with [[¥[|; € [0, A,].

Thus, by Theorem 2, we see for any given ¢ € C; o with ||¢]; € [0, A1], (BVP) has two positive solutions 17 and u, such that
A1 < |luq]l < n* < Jluz|l < Az. Hence, we complete this proof. O

Remark 8. We note that in the limiting case r = 0, G; is reduced to R. Then (BVP) can be reduced to a general boundary
value problem as follows:

o Ju'(t) +F(t,u(t)) =0, te(0,1),
(BVP™) {(BC)

where F : R x R — RT is continuous. It is easy to check that our Theorems can appropriately apply to (BVP*). Furthermore,
in this case, property P automatically holds for this function F(t, u) on [0, 1] x [0, o0). Hence, all corollaries are applicable
to (BVP*). Note that for many source terms, we can easily compute corresponding “max Fp, min Fy, max Fo,, min Fo,” in
appropriate ranges, for example, F(t, u) == ‘i‘[; (max Fy = landmin Fo = 1), F(t, u) := u + t?e " (max Fy = oo, minFy =
max Foo = minFy, = 1).

To illustrate the use of our results, we present the following example.

Example 9. Consider the boundary value problem

u’(t) +p(t)\/@+ C=0, telo,1],

ut) =¢(), te |:—; O]

and

au(0) — pu'(0) =0,
(BC) {yu(l) +8u'(1) =0,

where p(t) is a positive continuous function on [0, 1],C > 0,¢ € C([—%, 0], R) is arbitrarily given, «, 8, y,8 > 0 and
p=yB+ay+as>0.
Then, we have

| 1
E(t, ) = p(0),[¥ (—5) +C,
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which implies that F satisfies property P. One can compute
maxFy, =0

and for any p; and p, with 0 < —% <p<p =1,
min Fy = o0.

Applying Corollary 5 to this example, we can conclude that there is at least one positive solution to this boundary value
problem.
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