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Abstract

Objective: This study concerns how to develop effective fuzzy regression models. In
the literature, little is addressed on how to evaluate the effectiveness of fuzzy regression
models developed with different regression methods. We consider this issue in this work
and present a framework for such evaluation.

Method: We consider fuzzy regression models developed with different regression
approaches. A method to evaluate the developed models is proposed. We then show that
the proposed method possesses desirable mathematical properties and it is applied to
compare the two-dimensional regression method and the traditional least square based
regression method in our case studies: predicating the concentration of PM,, and the
volatility of the weighted price index of the Taiwanese stock exchange.

Innovation: We propose a new metric to define a distance between two fuzzy numbers.
This metric can be used to evaluate the performance of different fuzzy regression
models. When a prediction from one model is closest to the sample data measured in
terms of the proposed metric, it can be recognized as the optimal predication.

Results: Based on the proposed metric, it can be obtained that the two-dimensional
fuzzy regression method is better than the traditional least square based regression
method. Especially, its resulting generalized residual is smaller.

Conclusion: In the literature, no unified framework has been previously proposed in
evaluating the effectiveness of developed fuzzy regression models. In this work, we
present a metric to achieve this goal. It facilitates the work to determine whether a fuzzy
regression model suitably fits obtained samples and whether the model has potential to

provide sufficient accuracy for follow-up analysis in a considered problem.
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Y(Xl) = AO + A1Xil + Azxiz + -+ ApXip (21)

Xi = (Xig, Xizs oo, Xip)' 5 02 F e £
B AEX, A FEE BB om=12.p
Akf; Fe FE’P%E-?}T:" ?}ﬁi » k= 1,2 .. p

Y(X;) 5 ¥ B i 6 % e



2.2 BArie B S
A m R B T 2% (Least Squares Estimation) & i& 7 %8zt > d 3%
Y(XD) » Xim » A » B 08 Flotgr P gl - MR 2 PR BY(X)
Xim » Ag * 5 ¢ < X AR FRdeT
Y(X) = [Ye(Xi) — Ys(Xp), Ye(Xi) + Ys(Xp] = < Ye(Xp), Ys(Xp) > (2.2)
Xim = [Cim_sim: Cim + Sim] = < Cim, Sim > (2.3)
Ak = [CAk - SAk’ CAk + SAk] =< CAk’ SAk > (24)
TR AR (2.1) 0 R AT
Y(Xl) = AO + AIXil + Azxiz + -+ ApXip
=< CAO'SAO > +< CA1'SA1 >< Cil' Sil > +< CAZ’SAZ >< Ciz,siz > + M

+< CAp’SAp >< Cipl Sip > =< Yc(xi),Ys(Xi) > (25)

A SR BRI RS (Q2)5 B Y i R e S B R

TR I

Yc(xi):CAO + CA1Ci1 + CAZCiZ + -+ CApCip (26)
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YS(Xi):SA() + SA1Si1 + SAZSiZ + .-+ SApSip (27)
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PR ¥ W i

B SR Bl Mt jF A 472 Bk (Assumptions) 4o
1. /& % % (Response Variable) #_% it 4 & (Normal Distribution) - ® & p {5~
% (Random Sampling)
2.1 % ¥ (Independent Variable) & % % ¥ #icet § iy 2 H BpliX T i 4
JE A b $BEIJp> £ 2 (Independent Event)

A%z 74 ® (Eror) & H#WIAFEL G R EIL- Biydc 2 THE

e=Y,-Y, (2.8)

BRI TORBEATFRIEY 2R T He 2R AR A

AP gL ) RKERABRAFZEFNLEEE > 2 H40T !

T& 21 HRRHEPERFER
BRA=[ALA;] , B=[ByBylid R wE MAPITHREFEWBERD
R d 4o
d(A,B) = < Lag, Mpp; Cpp > (2.9)
H ¥ Lag =max{A; —B,,B; —A,,0} 5 & % I | iESE
Mpp = max{A, — B;,B, —A;} 5 & F ¥ § % jE4E

Cap = —min{max[A; — B;,B; —A;,B; — B3, A; —A;],0}5 3 % F € frpedy
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& 22 HRHHKTIOEE

kA = [Ay, Ayl , B=[By,By]5a % A o Be » RIA P 2 h B R &S

FERD 4o

H o

1

D(AB) = f- d(AB) =f( < Lap,Map;Cap > ) = “AETZAEZAR (3 1)
Dif~dens & i
f:IR>[0,0) ,d:IRXIR>IR, D:IRXIR - [0,0)
IR%TF#wFi#cd L
Lag = max{A; —B;,B; — A,,0} 5 & % ¥ & | iE&E
Mpg = max{A, — B, B, — A} 5 & % B &+ jEHE

CAB = _mln{maX[Al - Bz, Bl _Az, 81 - BZlAl _Az] ,O}é 5] ‘:;?P FE'I& :é__ ’ﬁ'&&%ﬁ-

B#KA=[4,10] , B=[16,20]5 % % FH s8> B % T3 - TI0pp3 %
Log = max{4 — 20,16 — 10,0} = 6

Mg = max{10 — 16,20 — 4} = 16
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Cag = —min{max[4 — 20,16 — 10,16 — 20,4 — 10],0} =0

_ _ 16 -
D(AB)= f- d(AB) =6+2$= 11

% Fied d(AB) = <6,16,0 >  Tioped D(AB) =11

#]2:A=[3,10] , B=1[520]: % % FHsdk D% T - TI04:
Lag = max{3 — 20,5 — 10,0} = 0
Myg = max{10 — 5,20 — 3} = 17
Cag = —min{max[3 — 20,5 — 10,5 — 20,3 — 10],0} =5

0+17-5

D(A,B)=f-d(AB) = >

% ie3d(A,B) = <0,17;5> T o3 D(A, B) = 6
d P EERNT E 0 F Y R SR SR F T D(Y,Y,) A& £

GEEER =) B2 AN ES TR AEY TR R ER S

T A gL B ] R R B S ek R
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24 AP E BT Y

EERARE Y o S (Volatility) ¥4t* k& FTA b 'GAR - B3

LEELS R RS TS s ERR U UEEE i S S LR

_L,s

WA et B B endicdy o ALARF R L # 5 (Historical Volatility) » i& 8> & iF i+
gt 5 % 5 ARCH % 2 22 # #77) (GARCH ~ EGARCH ~ IGARCH ~ GARCH-M %)
PV U HFRGRE R B iE ke o aE s e 5 (Implied
Volatility) E_¥-F# S § & » ILm =4 B3 7 o At B 0 kil B 5 o
AR L PR FTAREIP AR I RIEDHLLrgiz 2 F
THT A AR AN DTG o bldeind s B g B BETR L S
HhE e s - SRS AR A v B AR T R AE SR FRE D

R
WA AT PN IR A R E F Ak # F (Realized Volatility) @ 3 » & 7 & F 5

P

3R iR Hd d il cni I g (Proxy) © 8@ > Huang (2002) 57 & - L7 7 4p

o

NEF R F G - BRI TR R A H BB S S -

EF R A B AP ML R PIEAR 1T ke F S P TR R
% ## 87§ 4r : Reza Ghodsi, Mohammadsaleh Zakerinia, Mahdi Joka (2010)
Fd LA FEHE TS R FRA (ARIMA)~ 4 147 e (ANN) ~ o e F
(FR) =2 &> 2RI 4 F B E - L ¢ » FR &2 ANN R[5 % &2 [30] ;
Ghodratollah Emamverdi, Ebrahim Siami Araghi, Fatemeh Fahimifar (2013) % &

ARIMA v FR & 8 i SR % & 7 3 ©[32] -
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d: X x X - [0, )
A
(a) d(x,y) =20 vVx,y €X
(b) dxy) =0 e x=y
(¢) d(x,y) = d(y,x)
(d = &2 558 1 dxy) <dx2z) +d(zy) Vxyz€eX

AP X, d) 5 - BREEZ B (Metric Space) > d 3 X F éh- B & R (Metric) °

AFE P o NPRIEP B EOR T B IERR R D T AR PR F O T

e — RRIEZ R o

#ABCEIRLZ BHTHIHc- A= [A1,A;] , B= [B1,B:] C= [Cy, C5]
D:IRXIR—>[0,00) % % B #cE & IR - BRIAE -

Lag + Mag — Cap
2

HY? &:IRXIR - IRZT&Z 4T
d(K,E) =< LAB' MAB’CAB >

HeY fi[R->RE&K4T
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Lag + Mag — Cap
2

f( <Lap, Mag,Cag > ) =

Lap, Mag, Cpp T &40
Mg = max{A; — By, B; — A}
Lag = max{A; — B,,B; — A,, 0}
Cag = —min{max[A; — B,,B; — A,,B; —B,,A; — A,], 0}
Lemmal. D(A,B)>0 vABeIR
<pf> Case 1 : Suppose that ANB = @.
This implies that Lyg = 0, Mg = 0 and Cug = 0.

Lag+Map—C
Therefore, —22—28—48 > .

Case 2 : Suppose that AN B = (.
This lrnphes that LAB =0 and MAB =0 A MAB = CAB-

Lag+Mag—C
Therefore, —22—28 48 > (.

Lemma2. D(AB)=0&<A=B
<pf> (<)Suppose that A = B.
This implies that

LABZO, MAB:AZ_AlzBZ_Bl and CAB:AZ_AlzBZ_Bl’

Thus, D(A,B) = “ABTTAE2AB — ¢

(=)Suppose that D(A,B) =0
This implies that

Lap =0, Map=A; —A; =B, —B; and Cpp=A; —A; =B, —

13



Thus, A = B.
Lemma 3. D(K, i§) = D(ﬁ, K)
<pf> Since d(K, E) =< LAB’ MAB’CAB > = d(ﬁ,z),

we have D(A,B) = LAlaJerﬂ = D(B, A). (by definition)

Lemma 4. Triangle inequality : D(A,C) <D(A,B) + D(B,C) VA B CeIR

(See Appendix)

Theorem 1. IR can be recognized as a metric space with metric D.

<pf> From our discussion in Lemma 1~ Lemma 4, the result follows directly.
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26 17 R

SRR =Ry P TSN E R EE VR IR R L W
o RPERP ARIFR- B M FEHERASMOPEEREA 2 HEDRR
B2 4 SR B gpfrﬂ&po&,yi%;‘;,xf MR o (¢ u v X
2) b > Wu 2 Tseng (2002) #& H1zed fioipiw jficst 2 5] T2 2 > A0 A

BLEAA® B T2 2401y AN SR BEE LEEE PRl - TR EF AL RS
MR Ll Ao i FR12] - REY S Ltk (2007) SHES %
e fF ikt £ 2470 < P e o HUT EEA O HOR Sl TiEd W R
R 2 B F B LA R DR R R R (2]

TR BT 2 2 b R A AT

TH 23 HRREHRPELZ1
BRA=<C,S5>,B=<C,S,>ind R AP TAERTHE
whckiE 1407
AxB= <(,S; >x< (S, > = < Cy xCy,min{S;,S,} > (2.11)

(R P~ 2tk (2007) & B e fiop i~ 2 47) [2]

TH24 HRRHEPEEE2
BRA=<C,S$>,B=<(C,S$,>:a BB Wl PIAPTEAFRHE
W E 2407
AxB= <(C,S; >x< (S, > = < Cy X Cy,max{S;,S,} > (2.12)

(R e 2tk (2007) & B e fiop it & 2 47) [2]
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TH25 HRHERELES
Bk A =[A,A)] , B=[By,By] 5 A % Fiidic > AIA P 2% % B R
Z 3 40T
A x B =[A},A;] X [By,B;]
= [min{A,B;,A,B;,A;B,, A,B,}, max{A;B;,A,B;, A By, A,B}]  (2.13)

(L % 4ath (2015) Hom st B — = #8k® > T & J4mak) [1]

2K 2.6 T FH I
BRA=[A},A;] , B=[By,Byl5s B % Bkl P12 P 2& % Bk
E 4T

A+B=[A;,A,]+[By,B,] = [A; + By, A, + B,] (2.14)

B~ iR (2007) SRS T Be fF R R i 2 247 0 3 ¢ JEd 23
~25 2R R A A B ARORREPEPRLES AP AR
Ye(XD) , Ys(Xi) #BA2Y o g #pt = B g A B AR R FIZ AR
FEY(XDz2z - YXzz o YX)Dza o £ 45 28R 20 YX) 3-8 H RS JC

POk R G R

Bl NI 8195 E R A O R AR B 4RI X A B R L 2 e
C =

Yi € - AO + Alx,l»( N (2.15)

X » &2 r
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Tl O B A A e F A AP S R P 2 ¢ o g T s
hoT
Pos e BT
C, . =—1350+1.269C,, , (2.16)
F R RS

S, s =—1613+123S, (2.17)

e b SR ORI BN (2.15)F8 0 Be B AT
Y, , =< —13.5,—-1.613 > + < 1.269,1.23 > Xﬁ,{%
=[ —15.11, —11.89 ] +[ 0.04,2.50 ] X,. ,

(2.18)

BESGRY FE TR 2325 FF2FRIE IPE R EEFEEORR
FEHLE T I0fEdg
(1) iz 2% 232 BFELF FEFEY R
% IR L < 5.07,245.64;55.49 >
T 3apedr Lo 97.61
(2 2T H 242 G EEFE BRI
IR L < 0,345.19;162.62 >
TiopEdr 5 1 91.29
(B) Fiz T & 252 R ELEFE BIEH AR
% RIEE L < 0,2220.87;234 >
T 3apedr L1 993.44
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Y, ., =[-15.11,—-11.89] + [0.04,2.50]X,, .

2 1.81~95 E B g~ ik (HiF@~) n=15
E: Y(& £ ) Y(¢ oo, E ) | X(E ) X(P s, LT
81 [42,48] <45,3> [40,46] <43,3>
82 [48,50] <49,1> [45,53] <49,4>
83 [49,55] <52,3> [46,54] <50,4>
84 [50,62] <56,6> [51,59] <55,4>
85 [54,64] <59,5> [56,64] <60,4>
86 [62,72] <66,6> [58,76] <67,9>
87 [78,110] <94,16> [68,92] <80,12>
88 [73,109] <91,18> [79,109] <94,15>
89 [118,128] <120,8> [92,104] <98,6>
90 [116,136] <126,10> [111,125] <118,7>
91 [130,172] <151,21> [105,141] <123,18>
92 [159,179] <169,10> [126,150] <138,12>
93 [175,191] <183,8> [144,160] <152,8>
94 [181,185] <183,2> [148,160] <154,6>
95 [183,191] <187,4> [158,170] <164,6>
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F1# ok (B o FARKARBRE R B E A R
BEA A B S REEH T L SATIL A RRAAER o S EE N 2
K Fesd @A G Ak 5B RisA 1 %o RE G ) ARE Y o

SRR B E ALy BERER EREF

A
=
e
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)
g
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=
P
¥
"
b
N

LR 5103 S 8% SHEHB MR R T R HOR
FHCR PMy ok B 6038 ] - Ul-Saufie A.Z & Yahya A.S & Ramli N.A (2010) % + - %ﬁ
dF %3 CGREER k@) o 8 53 (CO, NO,, SO,, PM,,) & PCR
B FERIPMpg B BR[B1] e B L ~ FZ 2 s a4 = (2009) 1+ szt o478 0
CO, NO,, SO,, PM g FE B ARRE M- 2 50 B B P & T § 48 B 14[6] > Branis and
Vetvicka (2010) ; Barmpadimos et al. (2011) » = # 35 4178 & {eiB & 37 PM % & 3R

AR o b (Bw ) 0f FEWEAFRPMoch s § 5 P 20 F 2 b e

@lfﬁ’ﬁ o 2L EHE (1999) Jfﬁ N AT E 2 b FARAAE N S Sm/s o F AZE 6m/s
Z ISR E R i# R IR APRE o R R EAREE - P PR APRE[T] -

AFEF 2 P FEHf % FF SRR RR SR IC & F)S 5 CO, NO,, SO,
PMyg, Oz o A i f L R % 104 # 10 * ~105 & 4 7 0% 3 8 1 T4l 240

Baip g 8 BT

Yemygt = Ao + ArXpmygt-1 T A2Xigp ¢ g T A3Xp o1 T AsXnoy -1 T

As5Xs0,t-1 + AeXcot-1 + A7Xo5 -1 + AsXy 511 (3.1
19



Yomygt » 5 P 24 /[ FEPMygik & e i > 10 % B o ficd 7
XpMygt—1 = FF P 24 /] FEPMyglk B P 1t > W % B 0 e 7
Xing -1 SPEP 24 ) PERER OB > R R EKA T
Xgpoqm PP 24 g RN > 0% F P #EL T
XNogt-1 5 FE P 24 /[ PENOE B ch% it > 0 % B O B 7
Xso,t-1# FF P 24 /] PESO 0k & en% it > 11 % B o Bl 7
Xcou—1 5 FF R 24 ] FFCOKE R ch® 1 > % B lick =
Xo,t-1# FF P 24 /] PFOzk & e i > U B O o 1

Xy groq o FF B 24 PR i cn® it o 0% B HORECA 7

oAb R B Y e RSN e R e
(1) ¥ e st

Ypmypc = 46.9 + 0.22Cpp, -1 — 0. 28(:;;3);{1—1 - 0. 21C~;E&,t—1 —-0.43

Cnoyt-1 +0.14Cs0, 1 +34.4Ccoe—1 + 0.27Cq 1 —4.79C; 4, (32)
(2) Lz fpcst

Ypmypes = 11.32 + 0.12Spy, -1 + 0. 4155,,@,;‘”t_1 - 0. 97832,;:1_1 —-0.28

Snogt—1 + 0.55S50, -1 + 24.9S¢o,—1 + 0.27Sq, 1 —0.76S, , ; (3.3)

s S L e RS AP 105 & 10 B PMypehik A i

Tk Bk 4o
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THEFERUNT vs. BEAE
120
80

40
0
1234567 8 910111213141516171819202122232425262728293031
B3] - ap Bz 2 Evs. Am (105# 1 7))
W39 e d o SRR BN T o PMy R kR RE > F4 v M
:; PM10? K?’fij‘/%}i?v FE'F °
i & 21 (FREHOPES FIRg) & 22 (% F o T imiedt )

FE N3] AR EERARBORF LR

31 31
Z D(Y;, V) = Z f(< Ly,g;, My,v; Cy,y; >) =f(< 0,1671.69; 863.64 >)
i=1 i=1
= 404.03 (3.4)

dREET o R EEFEE 3] R RS RATIERERICE 0 RfEE
Hrafed 1671.69 5 & IR e 863.64 5 T pEdr R e 5 404.03 o
BEFAPBF26 G (HvficelF> ) mEw - Ltk (2007) &
TSR R A0 R gk
LRGSRl = SR SN b SR J VPR RN s TR DR s
B Ao ol
(1) ¢ g dmm et
Ypm,or = < 46.9,11.32 > + < 0.22,0.12 > Xpy, 11+ < —0.28,0.41 >
X1t <—0.21,-0.97 > Xy, + < —0.43,-0.28 > Xyg_ 1+ <
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0.14,0.55 > Xg0, 1+ < 34.4,24.9 > Xcor_1 + < 0.27,0.27 >
Xoye 1 +< —4.79,-0.76 > X, 4 (4
(3.5)
(2) %W fis :

Yomyo = [35.58,58.22] + [0.1,0.34]Xpuyg 1 + [~0.69,0.13]X 55 _; +
[1.18,0.77]X,5 5 ,_y + [<0.71,-0.14]Xyo_¢_1 + [~0.41,0.69]X50,¢_1 +
[9.5,59.3]Xco_1 + [~0.002,0.54]Xo, ¢ 1 + [5.55,—4.03]X, 4 ., (3.6)
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AETEFR2.5 vs. BEAVHE
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-200

-300

B34 Fi2 2 #2522 ktidvs. FAm (105&17)
MU RE 31 A S Bt E R R B RS i T 3opeg
(1) iz €& 232 G EH R FEIEY L

31
Z D(Y;, Y,) = f(< 0.211,1480.33; 634.44 >) = 423.05

i=1
T BREAE S 1 < 0.211,1480.33; 634.44 >
T iopedr S 1 423.05
(2) Fi2 TR 242 BFELFE ARG

31
z D(Y;, Y,) = f(< 0,4494.46; 1253 >) = 1620.73

i=1
% W EEAL L 1 < 0,4494.46;1253 >
T opedg L 1 1620.73
(3) Fiz L& 252 Bt & R E AL 5,

31
z D(Y;, Y,) = f(< 0,5452.56; 1253 >) = 2099.78

i=1
W B FEHL G ¢ < 0,5452.56;1253 >
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T 3oped Lo 2099.78

d PSR T TR 232 G B FEE SR TR B E] o F L
hAhb G T FAPLTES fETHR23-

d B33 B34 » T UM EENTE B2 TR 2482598
P RAYX D YXiDos B HEFHRABELR2 o( M E' % 4p (2007 )>
BRRFEEOP R ALY AT ) MOHOR S BB Y AR S TR F
R AL R PR AR B KRBT MOTE > P EREIER
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Ry uw@ad Pied  pRATEE R > 2 417 20 p R RHEF %

2 REAAIERE
R RS RE 230 AR BIEMAER Y o - MR HER T Ee P
3l AT P HFEETRG AR PRI R o B

BRRERR eSS o D MR PETREL AR RZ TR 23 5 c e E R FE
2R (LWIEd) chid kb i > - @R H 423k 2 2.5 23 & o
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32 R A A

TP Dis 5 - B RGARE po RGN R LY R AR Y
N T IR TR LR > T R BT Eﬁ:/’a\’}fﬁ' S A ,«;ﬁd [ ST
R BHRRE o AT WE2015%F 67" 1 pP~2016# 47 30p SAES ST
FE LB g B OR  dp e S p RS R B - B i

G- R h b RS Rl TREEPER A EE S BaE B AL E L AP R

Y = AO + Alxi + Azxiﬁ -1 (37)

it
Y??i.tfvi 7P Rt RO #EcA T

Xp 222 B(HI A 2E PR 0HFHBELT

2

I%tlﬁ'm;ﬂl%ﬁ'—z" IL’I'Z&"FE"&%E“H%%"

B oafoREF R BE Y o R S LT R e

(1) ¢ wi s :

Yy oc = 205+ 0.97Cy , +0.14C4 (3.8)

=34.11+0.27Sy _, +0.04S, (3.9)

x} tS —

Frd ¢ fERSN B T RS A A 105 & 5 3 p~5 0 20 poeh

o AR x%jﬂﬁ”{x%’]‘ég FligF et s HE & 4o !
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B35¢  Fd ¥ SRR T o oA R R
B cd W MLFERAPRERL o
e & 21 (R R FIEd) ok 22 (5 F ok it miedt)

PEN 4R BPEERARDE R LFEAT L

14 14
Z D(Y,¥) = Z f(< Lyg, My g;Cyyg >) =f(<0,1768.51;823.02 >)
i=1 i=1
= 472.75 (3.10)

d SR T GFEEREE 14 T FEHAR 0 BATIERA{CE 05 RRIE
B fei 1768.51 5 & IR E e 5 823,025 T HpEdt e 5 472.75 -
FEEFAPH 26 & (HvHopiF=id ) mEY - L4k (2007) F
WEFE AR A ST o TR Gk .
LGRS R SRR b SRR i AN ERE S R R S
(3. 7" » T B AT
(1) ¢ w@djmm s

Yy.= <2053411>+ <0.97,0.27 > Xy . ,+ <0.14,0.04 > X,

(3.11)
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(2) %FEfHs

Yom,or = [170.89,239.11] +[0.7,1.24]X, , +[0.1,0.18]X,  (3.12)

o R R HR 2 TA 2325 REZ AR EYX )22 Y(XD23 » YXD24
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> (¥, %) = f(< 0,1582.79; 629.41 >) = 476.69

i=1
% FEE4L L 1 < 0,1582.79;629.41 >
T iapegr L 476.69
(2) it T& 24 2 BB B EEEY4

14

> D%, %) = f(< 0,2693.88; 1179.95 >) = 756.97

i=1
T WIS ¢ < 0,2693.88;1179.95 >
T 3opEdE S 1 756.97
() iz T & 252 B EEF EEIE

14
Z D(Y; Y,) = f(< 0,33634.08; 1260.3 >) = 16186.89

i=1
% B FEHE S ¢ < 0,33634.08;1260.3 >
T fEgE L C 16186.89
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6 "4

Lemmad4 = 4% £ : D(A,C)<D(AB)+D(B,C) VA BCeIR

A1+A; < B1+B; < C1+C,
> 2 = 5 .

<pf> Suppose that

This lmplles that MAB = BZ - Al , MBC = CZ - B1 and MAC = Cz - Al'
Casel C,<B, <A,
Lap =Lgc =Lac =0

Cap = —(By — By) Cgc = Cac = —(C; — Cy)

(B1—B3)+(B;—A4) + (C1—C3)+(C2-By) \ (C1=Cz)+Cy—Aq
2 2 2

=

= D(AB)+D(B,C) = D)
Case2 B, <(C, <A, ¥ A;<B;<(C ® B,=2(C;
Lap =Lgc =Lac =0

Cap=—(Bi=By)  Cgc=—(C1=B)  Cac=-(C;—C)

(B1—B3)+(B;—Aq) + (C;-B3)+(C2—-By) > (C1=Cz)+Cy—-A,
2 2 iy 2

=

= D(AB)+D(B,C) =D(AC)
Case3 B, <(C, <A, * A;<B;<(C ® B,<(;
Lap =Lac=0 Lgc=C; =B
Cap = —(B; — By) Cpc =0 Cac = —(C; —Cy)

= (B1—B3)+(B;—A4) + (C1—B3)+(C2—By) > (C1—C3)+Cy—A,

2 2 2

= D(&B)+D(8C) = D(AC)

Case 4 BzSngAzf A1SC1SB1
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Case S

Case 6

Case 7

Case 8

Lag = Lgc = Lac =0
Cap = —(B1 — By) Cgc = —(B1 —By) Cac = —(C1 = C2)

=

(B1—B3)+(B;—A4) + (B1—B3)+(C;—By) > (C1—=Cz)+Cy—Aq

2 2 2
= D(AB)+D(B,C) =D(AC)

C,<A,<B, * A<B; (4

Lap =Lgc =Lac =0

Cap = —(B1 —Az) Cpc = —(C, —Cy) Cac = —(C; —Cy)

(B1—-Az)+(Bz—A;) + (C;—C3)+(C,-By) < (C1—C2)+Cy—-A4
2 2 B 2

= D(AB)+D(B,C) =D(AC)

Lag = Lgc = Lac =0

Cap = —(A; —Ay) Cgc = —(C; —Cp) Cac = —(C — )

N (A1—A2):(32—A1) + (C1—C2);‘(C2—B1) > (C1—C2)2+C2—A1

= D(A B)+D(B,C) >D(AC)
A, <C,<B, * A;<B;<C, * A, >(
Lap = Lpc =Lac=0

Cap = —(B1—A2)  Cpc=—(C;—C)  Cac=—(C—Ay)

N (B1—A2)Z(Bz—A1) + (C1—C2);(C2—B1) > (C1—A2)2+C2—A1

= D(AB)+D(B,C) =D(AC)
A,<C,<B, * A,<B,<C, 7 C;=A,>B,
Lap =Lgc =0  Lac=(C; —Ay)

Cap = —(B1 —Ay) Cpc = —(C; —Cy) Cac=0
37



- (B1—Az);‘(Bz—A1) + (Cl—cz);(cz—Bﬂ > (Cl_A2)2+C2_A1

= D(AB)+D(B,C) =D(AC)

Case9 A, <(C,<B, * Aj<B;<(C; ® B;=A,
Lgc =0 Lap = (B —Az) Lac=(C; —Ay)
Cap =0 Cpc = —(C; —Cp) Cac=0

N (B1—-Az)+(B2—A;) + (C1—C3)+(C2—-By) > (C1—A)+Cy-Aq

2 2 2

= D(AB)+D(B,C)=D(AC)
CaSEIO A2SC2S82E B:lSAlSCl__E’ A22C1
Lag = Lgc =Lac =0

Cap = —(A; — A2) Cpc = —(C1 —Cy) Cac = —(C1 — A2)

N (A1—A2)‘2|'(BZ—A1) + (C1—C2)‘2F(C2—B1) > (C1—A2)2+C2—A1

= D(AB)+D(B,C) =D(A0C)

Casell A, <C,<B; ¥ Bi<A; =(C f A, <(
Lap=Lgc =0  Lac=(C; —Ap)
Cap = —(A1 —Ay) Cpc = —(C; —Cp) Cac=0

N (Al_AZ):(BZ_Al) + (C1—C2)'|2'(C2—B1) > (C1—A2)2+C2—A1

= D(AB)+D(B,C) =D(AC)
Case 12 AzSCzSBzf B]_SC1SA1
Lap =Lgc =Lac =0

Cap = —(A1 — Ay) Cpc = —(C1 —Cy) Cac = —(A1 —Az)

N (A1—Az)‘2|'(Bz—A1) + (Cl_CZ);‘(CZ_Bl) > (A1—A2)2+C2—A1
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Case 13

Case 14

Case 15

Case 16

Case 17

= D(AB)+D(B,C) =D(AC)
B, <A, <C, ¥ (;<A;<B
Lag = Lgc = Lac =0

Cap = —(B1 — By) Cgc = —(B1 —By) Cac = —(A1 — Az)

(B1—B3)+(B;—A4) + (B1—B3)+(C;—By) > (A1—Ay)+Cy—Ay

2 2 2

=

= D(AB)+D(B,C) =D(AC)
B, <A, <(C, ¥ A;<(C;<B;
Lag = Lgc =Lac =0

Cap=~—(Bi—Bz)  Cpc=—(Bi—B;)  Cac=—(C;—Ap)

(B;—-Bz)+(B2—A1) + (B1—B3)+(C2—By) > (C1—A)+Cy—Aq

2 2 2

=

= D(AB)+D(B,C) =D(AC)
Lag = Lgc =Lac =0

Cap = —(B; — By) Cgc = —(C; — By) Cac = ~(C1 — A2)

N (B1—Bz)‘2F(Bz—A1) + (C1—Bz)‘2|'(C2—Bl) > (C1—A2)2+C2—A1

= D(AB)+D(B,C) =D(AC)

B, <A, <(C, * Aj<B;<(C; ® B,<(C; A,
Lap=Lac=0 Lpc=(C;—By)

Cag = —(B; — By) Cpc =0 Cac =—(C1 —Ap)

N (B1—Bz):(Bz—A1) + (C1—Bz):(C2—B1) > (C1—A2)2+C2—A1

= D(AB)+D(B,C) =D(AC)

BzSAZSCZE A1SB]_SC1.E AZSCI
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Lap =0 Lgc = (C; —B;) Lac=(Ci —Ay)

Cag = —(B; —By) Cgc =0 Cac=0
- (B1—Bz)‘;(Bz—A1) + (Cl_BZ);’(CZ_Bl) > (CI_A2)2+C2_A1

= D(AB)+D(B,C) =D(AC)
Casel8 A, <B,<C(C, * A/<B;<(C ® A, =2(4
Lap =Lgc =Lac =0
Cap = —(B; — By) Cpc = —(C; — By) Cac = —(C1 —Ap)

(B1—Bz)‘2F(Bz—A1) + (C1—Bz):(C2—B1) > (Cl_A2)2+C2_A1

= D(AB)+D(B,C) =D(AC)

Casel9 A, <B,<(C, * A;<B;<(C; * C;=2A,=>2B; ® B,=2(
Lap = Lpc =0 Lac = (C; —Ap)
Cap = —(By — By) Cpc = —(C; — By) Cac =10

N (B1—Bz)‘2F(Bz—A1) + (C1—Bz)‘2|'(C2—B1) > (C1—A2)2+C2—A1

= D(A B)+D(B,C) >D(AC)

Case20 A,<B,<C, * A, <B,<C, * C,>A,>B; * B,<C,
Lap =0 Lac = (C; —Ap) Lgc = (C; —By)
Cag = —(B1 —By) Cpc =10 Cac=0

(B;—-Bz)+(B2—A1) + (C1—B32)+(C2—-By) > (C1—Az)+Cy—-Aq
2 2 - 2

=

= D(AB)+D(B,C) =D(AC)
Case 21 AzSBzg(:zf A1SB]_SC1_‘;1 AzSBlf BZZC1
Lgc =0 Lac = (C; —Ay) Lag = (B; —By)

Cap =0 Cpc = —(C; — By) Cac=0
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(B1—B3)+(B;—A4) + (C;—B3)+(C2—-Bq) > (C1—Az)+Cy—Aq

2 2 2

=
= D(AB)+D(B,C) =D(AC)

Case22 A, <B,<(C, * A;<B;<(C; ¥ A, <B; ®* B, <(C
Lgc = (C; —By) Lac = (C; — Ap) Lag = (By — By)
Cap =0 Cpc =0 Cac=0

N (B;—-Bz)+(B2—A1) + (C1—Bz)+(C2—-Bq) > (C1—A)+Cy—-Aq

2 2 2

= D(AB)+D(B,C)=D(AC)
Case23 A2S82SC2E B:lSAlSCl__E’ A22C1
Lag = Lgc =Lac =0

Cap = —(A; — A2) Cpc = —(C; — By) Cac = —(C1 — A2)

N (A1—A2)‘2|'(32—A1) + (C1—Bz)‘2F(C2—B1) > (C1—A2)2+C2—A1

= D(AB)+D(B,C) =D(A0C)

Case24 A, <B,<(C, * B;<A; <(C; ® A,<(C,<B,
Lap=Lgc =0  Lac=(C; —Ap)
Cap = —(A1 —Ay) Cpc = —(C; — By) Cac=0

(A1—Az)+(Bz—Aq) + (C;=B2)+(C2-By) > (C1—Az)+Cy—Aq

= =
2 2 2

= D(AB)+D(B,C) =D(AC)

Case25 A, <B,<(C, * B;<A;<(C; ® C; =8B,
Lap =0 Lac =(C; —Az) Lpc=(C; —By)
Cag = —(A; —Ap) Cpc =0 Cac=0

N (A1—Az)‘2|'(Bz—A1) + (Cl_BZ);(CZ_Bl) > (C1—A2)2+C2—A1
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= D(AB)+D(B,C) =D(AC)
Case26 A, <B,<(C, ¥ A;<(C;<B; * A, =>2B;
Lag = Lpc = Lac =0

Cap = —(B; —Ay) Cgc = —(B; — By) Cac = —(C; —Ay)

(B1—A3)+(B2—Aq) + (B1—B3)+(C;-By) > (C1—-Az)+Cy—A,

2 2 2

=

= D(AB)+D(B,C) =D(AC)
Case27 A, <B,<(C, * A;<(C;<B; ® (<A, <B
Lgc =Lac =0 Lag = (By — Ap)
Cap =0 Cgc = —(By—By) Cac = —(C1 —Ap)

N (B1—A2)Z(BZ—A1) + (B1—Bz)‘2|‘(C2—B1) > (Cl—A2)2+C2—A1

= D(AB)+D(B,C) =D(AC)

Case28 A, <B,<(C, * A;<(C;<B; ® A, =(
Lgc =0 Lag = (B1 — Az) Lac = (C; — Ap)
Cap =0 Cpc = —(By — By) Cac=0

N (B1—A2)‘2F(BZ—A1) + (B1—Bz)‘2F(C2—B1) > (C1—A2)2+C2—A1

= D(&B)+D(B,C) > D(& )
Case29 A, <B,<(C;, ¥ C;<A; <B; ¥ A, >2B;
Lap = Lgc =Lac =0

CAB = _(Bl - Az) CBC = _(Bl - BZ) CAC = _(Al - AZ)

N (B1—-A3)+(B2—Aq) +
2 2

(B1—B3)+(C2-By) > (A1—-A)+Cy—-A4
- 2

= D(AB)+D(B,C) =D(AC)

Case30 A, <B,<(C, ¥ B;<(C <A
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Lap =Lpc =Lac=0
Cap = —(A; —A)) Cgc = —(C; —By) Cac = —(A1 — Ap)

- (A1—A2)42'(Bz—A1) + (Cl—Bz)‘ZF(Cz—Bl) > (Al—A2)2+C2—A1

= D(AB)+D(B,C) =D(AC)
Case31l A, <B,<(C, * C;<B; A
Lap =Lgc =Lac =0
Cap = —(A1 — Ay) Cpc = —(By — By) Cac = —(A1 —Ap)

(A1—A3)+(Bz—Aq) + (B4—B2)+(C;—-By) > (A1—Az)+Cy-A,
2 2 B 2

= D(AB)+D(B,C) =D(AC)
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