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On the random functional distributions 

 

隨機函數分配 

 

摘要 

在貝式統計無母數模型所使用的隨機分配中,最常用的就是 Ferguson-Dirichlet 過程。首先我們提供

Jiang(1988) and Jiang, Dickey, and Kuo(2004)所介紹的 C-特徵函數的一些性質；接著，我們再提供

直接尋找 Ferguson-Dirichlet 過程在三維球形實心的隨機均數的分配的方法；最後，我們找到也發現

了一個 Ferguson-Dirichlet 過程在三維球體內部具母數測度的隨機均數的機率密度函數。這是一個從

Jiang(1991), Jiang, Dickey, and Kuo (2004) 以及 Jiang and Kuo(2008)所得到的結果之後的一個重

要推廣。 

 

關鍵字：Ferguson-Dirichlet 過程，C-特徵函數，隨機均數，球狀分配 
 

 

 

 

Abstract 
The Ferguson-Dirichlet process is the most widely used nonparametric model for random distributions in 

Bayesian statistics. We first give the properties of the c-characteristic functions, which are first given by Jiang 
(1988), and Jiang, Dickey, and Kuo (2004). Then, we give direct procedure for finding the explicit distribution 
of random mean of the Ferguson-Dirichlet process with parameter measure over three-dimensional spherical 
solid. Finally, we find the new probability density function of the random mean of the Ferguson-Dirichlet 
process with parameter measure over three-dimensional ball. This is an important generalization of results 
given by Jiang (1991), Jiang, Dickey, and Kuo (2004) and Jiang, and Kuo (2008) 

 
Keywords: Ferguson-Dirichlet process, c-characteristic function, random means, spherical distribution 
 



1 Introduction 
    The univariate c-characteristic function and multivariate c-characteristic function have been shown to be 
able to solve many problems that are difficult to manage using the traditional characteristic function. Examples 
can be seen in Jiang (1988, 1991) and Jiang, Dickey, and Kuo (2004). In this research, for simplicity, we will 
refer to both the univariate and multivariate c-characteristic functions as c-characteristic function. 
 

We give a new property of the c-characteristic function for a spherical distribution in Section 2. This 
property is useful in determining whether the corresponding random variable (random vector) has a spherical 
distribution when its c-characteristic function is known. In addition, we can easily obtain the c-characteristic 
function for a marginal distribution when the multivariate c-characteristic function for a spherical distribution is 
known. 
 
   The Ferguson-Dirichlet process was first introduced and studied by Ferguson (1973) with regard to its 
applications to Bayesian nonparametric statistics. Since then, several researchers have studied random 
functional of the Ferguson-Dirichlet process. Recently, the issue of finding the exact distributions of functionals 
(means, for example) has drawn the attention of researchers. See, for example, Jiang and Kuo (2008), Hjort and 
Ongaro (2005), Jiang, Dickey, and Kuo (2004), Regazzini, Guglielmi, and Di Nunno (2002), and references 
therein. For some examples of applications of distributions of random functionals, see Dickey, Garthwaite, and 
Bian (1995) and Dickey and Jiang (1998). Only a few distributional results for a vector of functionals of a 
Ferguson-Dirichlet process are available; for instance, Jiang (1991) studied the distribution of the random mean 
of a Ferguson-Dirichlet process with parameter measure over a unit circle, and Jiang, Dickey, and Kuo (2004) 
further generalized the result to an ellipse. Jiang and Kuo (2008) further generalized the result to the surface of 
three-dimensional unit ball. However, the results of the above studies were all obtained indirectly. In this 
research, we provide a new approach, which gives direct procedure for finding the explicit distribution of 
random mean of Ferguson- 
Dirichlet process with parameter measure over three-dimensional spherical solid. In Section 3, we first give the 
c-characteristic function expression of any bounded functional for Ferguson-Dirichlet process with parameter 
measure over Euclidean space. With this expression, we show that the random mean of spherically symmetric 
Ferguson-Dirichlet process with parameter measure over three-dimensional solid has spherical distributions on 
the three-dimensional ball. Using this result, we provide its exact probability density function, which is a new 
result. Finally, we give conclusions in Section 4. 
 
2 Spherical properties of the c-characteristic function 
    
First, we state the definition of the c-characteristic function. 
 
Definition 2.1 (Jiang, Dickey, and Kuo, 2004) If '
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   Some important properties, e.g., uniqueness and convergence theorems, of the c-characteristic function can 
be seen in Jiang, Dickey, and Kuo (2004). In the following, we give the definition of a spherically symmetric 
distribution. 
 

Definition 2.2 A random vector u is said to be spherically symmetric if Tu has the same distribution as u for 

every orthogonal matrix T. 
 
   When the c-characteristic function ),;( cg ut  is known, the following theorem provides an easy method for 
determining whether u has a spherically symmetric distribution. 
 
Theorem 2.3 Suppose that u is an L-dimensional random vector and ),;( cg ut  is its c-characteristic function. 

Then u has a spherically symmetric distribution if and only if ),;( cg ut  is a function of t  and c, only. 

 
   We will call v (k-dimensional vector) a margin of u (L-dimensional vector) and the distribution of v a 
marginal distribution of the distribution of u if k≤L and v is a linear projection of u, that is, the coordinates of v 
are a sublist of the coordinates of Du, for some matrix D of size L×L, where L

' IDD = (the identity matrix with 
dimensional L). The following corollary shows that a spherically symmetric distribution and its marginal 
distribution have the same c-characteristic function expression and that the c-characteristic function in lower 
dimension can be derived easily from that in higher dimension. 
 
Corollary 2.4 Let u be random vector having a spherically symmetric distribution and let v be any margin of 

u. Suppose that c),(),;( tut hcg =  for some function h. Then  

c),(),;( svs hcg = . 

 
   With Theorem 2.3 and Corollary 2.4, we see that any marginal distribution of a spherically symmetric 
distribution is also spherically symmetric distribution. 
 
3 Random functional of a Ferguson-Dirichlet process with parameter measure over a 
three-dimensional ball 



   Let μ  be a finite non-null measure on ),( ΒΩ , where Β  is the field-σ of Borel subsets of Euclidean 
spaceΩ , and let U be a stochastic process indexed by elements ofΒ . We say U is a Ferguson-Dirichlet process 
with parameter μ , denoted by )D(~U μ  on Ω , if for every finite measurable partition { }mB,...,B1  of Ω  

(i.e., sBi
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    Let X be a N-dimensional random vector defined as 
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measurable real-value functions defined on Ω . The following lemma gives the c-characteristic function 
expression for X. 
 
Lemma 3.1 The c-characteristic function of X, as in Eq. (1), can be expressed by 
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   The following corollary can be obtained by applying the above Lemma 3.1 and Theorem 2.5 of Jiang, 
Dickey, and Kuo (2004). 
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   The following corollary is obtained immediately from Corollary 3.2. 
 
Corollary 3.3 Let Y be a random vector associated with the probability measure c/μ . Then the mean vector 
and the variance-covariance matrix of X, Eq. (1), can be expressed as 
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    In the following, we want to study the distribution of  
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where }0,|{ 3 >≤∈= rrRBr yy  is the three dimensional spherical ball, and where rν is the usual Lebesgue 

measure on rB  with total measure c. 
 
    Just as the parameter measure rν  is spherically symmetric, the Ferguson- 
Dirichlet process )D(~ rr νV  will be said to be spherically symmetric. The c-characteristic function expression 

for rB~  can be obtained as follows. 

 

Theorem 3.4 The c-characteristic function of rB~  in Eq (2) can be expressed as 
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By Corollary 2.4, the c-characteristic function of any one-dimensional margin of rB~ , say rB~ , is expressed as  
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Our aim now is to find the probability density functions of rB~ . Lord (1954) demonstrated that a spherically 

symmetric distribution can be determined by its marginal distribution. Therefore, if the probability density 

function of the marginal random variable rB~  is known, then we can obtain the probability density function of 

the random vector rB~ . Now the important p. d. f. of the rB~  can be shown in the following theorem. 

 

Theorem 3.5 Let );(~ rh xB be the probability density function of ∫=
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The above theorem is an important generalization of the results given by Jiang (1991) Jiang, Dickey, and Kuo 
(2004) and by Jiang and Kuo (2008). 
 

4 Conclusions 
   Through the c-characteristic function, we have given a new approach for studying spherical distributions. 
The c-characteristic function expression of any functional of any Ferguson-Dirichlet process has also been 
given. With this expression, we can obtain properties, e.g. any moment, of the random functional. In addition, 
we have given the exact distribution in 3 dimension of the random mean of a symmetric Ferguson-Dirichlet 
process with parameter measure over a spherical solid. 
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數,Jiang, Dickey, and Kuo(2004)將圓周擴大為橢圓,Jiang and Kuo(2008)進一步擴大

為三維之球表面。本研究則再作了一個很重要的擴充,再度從表面擴充到內部,提供了

Ferguson-Dirichlet 過程在球體內部的隨機均數的完整機率密度函數的表示法。如同前述

文章,本研究結果,預期將發表於重要期刊。 

 


