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Abstract 

 In this report, we propose a parallel iterative method for finding the solution of 

fuzzy systems of linear equations (FSLE).  Conditions for the convergence of the 

parallel iterative method are derived and the convergence rate for the iterative 

sequence is also presented.  The numerical results indicate that the proposed 

iterative method is accurate and efficient. 

 

Key words:  iterative methods, fuzzy system of linear equations, parallel methods, 

fuzzy number 

 

中文摘要 

 本報告中，我們提出一個平行疊代解模糊等式系統的方法。報告中還導出

平行疊代法收斂的條件與收斂速率。數值計算的例子顯示所提出的疊代法，計

算正確且有效率。 

關鍵字：疊代方法、模糊等式系統、平行方法、模糊數 

 
 
1.  Introduction 
 
 The problem of system modeling and identification has attracted considerable 
attention during the past twenty years mostly because of a large number of attentions 
in diverse fields like portfolio selection, biomedical system, socioeconomic system, 
transportation, electric power systems, hydrology, and aeronautics.  In each of the 
cases, a model consists with a series of mathematical equations which can be used for 
understanding the behavior of the system, and whenever possible, for prediction and 
control. 
 
 Many papers have been presented on the study of parameter estimation and 
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model identification.  Nonetheless, we would like to point out that in dealing with 
parameter estimation, we should take the vague case as they belong to two or more 
classes simultaneously into account.  Because many patterns of grouping in 
parameter estimation really are ambiguous, those phenomena should not be assigned 
to certain specific classes inflexibly.  Hence, the linear systems of equations are not 
crisp and may be solved by using a fuzzy arithmetic. 
 
 This paper investigates the solution of nn×  fuzzy systems of linear equations 
(FSLE) whose coefficient matrix is crisp and the right hand side is an arbitrary fuzzy 
vector.  To find the solution of FSLE, Friendman et al. (1998) transform the FSLE 
into a  crisp linear system utilizing the embedding approach.  So far, a 
number of papers have been proposed for finding the numerical solution of this kind 
of crisp linear system.  For example, the numerical algorithms for solving FSLE 
based on the Jacobi iterative method and the Gauss-Seidel iterative method have been 
proposed by Allahviranloo (2004) as well as Allahviranloo et al. (2006); the numerical 
algorithm based on the block SOR iterative method is adapted by Miao et al. (2008); 
and other iterative methods are developed by Dehghan and Hashemi (2006) as well as 
Liu et al. (2008). 

nn 22 ×

 
 In this paper, we will propose a parallel iterative method for finding the 
numerical solution of the crisp linear system and investigate the convergence 
condition of the proposed method.  Moreover, we also derive the convergence rate 
for the iterative sequence produced by the proposed iterative method. 
 
 To compare with the other method, we consider the examples which are cited in 
Allahviranloo et al. (2006).  After 2 iterations, the absolute error of the numerical 

solution produced by our parallel iterative method is less than ; after 10 
iterations, the absolute error is less than .  This indicates that the proposed 
method is very efficient and accuracy for finding the numerical solution of FSLE. 

410−
1410−

 
 The rest of the paper is organized as follows.  Basic definitions on the fuzzy set 
theory and some results about the FSLE are introduced in Section 2.  The parallel 
iterative method and the convergence conditions are developed in Section 3.  The 
numerical results for solving the problems cited from the literatures are illustrated on 
the Section 4.  Finally, a concise conclusion is provided in Section 5. 
2.  Fuzzy Linear Systems 
 
 A fuzzy number (Cong-Xin and Ming, 1991) is an ordered paired of functions 
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))( ),(( ruru , , which satisfies the following requirements: 10 ≤≤ r
 (1) )(ru  is a bounded left continuous nondecreasing function over  ]1 ,0[ .
 (2) )(ru  is a bounded left continuous nonincreasing function over  ]1 ,0[ .
 (3) )()( ruru ≤ , . 10 ≤≤ r
 
 The arithmetic operations of arbitrary fuzzy numbers ))( ),(( rxrxx = , =y  

))( ),(( ryry , , and real number  is given as 10 ≤≤ r k

 (1) ))()( ),()(( ryrxryrxyx ++=+ . 

 (2) 
⎩
⎨
⎧

≤
≥

=
0 if))( ),((
0 if))( ),((

krxkrxk
krxkrxk

kx . 

Moreover, we say yx =  if )()( ryrx =  and )()( ryrx = , 10 ≤≤ r . 

 
 Following Friendman et al. (1998), the definitions of fuzzy linear system of 
equation and their solutions are as follows: 
 
Definition 2.1:  The  linear system nn×

   (1) 

nnnnnn

nn
nn

yxaxaxa

yxaxaxa
yxaxaxa

=+++

=+++
=+++

L
M

L
L

2211

22222121
11212111

is called a fuzzy linear system of equations, where the coefficient matrix , 

 is a crisp  matrix and 

)( ijaA =

nji ≤≤  ,1 nn× )( iyy = , ni  , ,2 ,1 L=  is a fuzzy vector. 
 

 The solution  for the FLSE (1) is given as follows. T
nxxxx ) , , ,( 21 L=

 

Definition 2.2:  A fuzzy number vector  given by T
nxxx ) , , ,( 21 L

))( ),(( rxrxx iii = , ni  , ,2 ,1 L= , 10 ≤≤ r  
is called a solution of the FLSE if 

ij

n

j
ij

n

j
jij yxaxa == ∑∑

== 11
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jij
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j
jij yxaxa == ∑∑

== 11
 

 
 Friendman et al. (1998) extend FLSE to the following nn 22 ×  crisp linear 
system as follows: 

  ⎥
⎦

⎤
⎢
⎣

⎡
=⎥

⎦

⎤
⎢
⎣

⎡
⎥
⎦

⎤
⎢
⎣

⎡
Y
Y

X
X

SS
SS

 
12

21  (2) 

or 
YSX =  

where ) , , , , , , ,( 2121 nn xxxxxxX LL= , ) , , , , , , ,( 2121 nn
yyyyyyY LL=  and 

, )( ijsS = nji 2 ,1 ≤≤  are determined as 

ijnjniij ass == ++  , , if  0≥ija

ijnjijni ass == ++  , , , if 0≤ija  

and any  which is not determined is zero.  Hence we have ijs

  
⎩
⎨
⎧

<
≥

=+
+

+ 0 if
0 if

 ,
 ,

ijjnji

ijjij
jnjijij axs

axs
xsxs  (3) 

 
 
3.  Main Results 
 
 The original  fuzzy system of linear equations have been rearranged as an 

 crisp linear system 
nn×

nn 22 × YSX = .  This linear can be uniquely solved for X  if 
and only if  is nonsingular. S
 
Theorem 3.1.  (Friendman et al., 1998) The matrix  is nonsingular if and only if 
the matrices  and 

S

21 SSA −= 21 SSB +=  are both nonsingular. 
 
 Instead of calculating , we develop an iteration process for solving the crisp 
linear system 

1−S
YSX = .  Adapting the splitting matrix 
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⎥
⎦

⎤
⎢
⎣

⎡
=

1

1

S
S

Q
0

0
 

we obtain the equivalent form 
YXSQQX +−= )(  

which suggests an iterative process as follows: 

  , YXSQQX mm +−=+ )()1( )( L,2 ,1 ,0=m  (4) 

More precisely, (4) yields the following equations 
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⎦
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⎢
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⎥
⎦
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⎢
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−
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⎥
⎥
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⎢
⎣

⎡
−

−

−

−

+

+

YS
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X
X
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SS

X
X

m

m

m

m

1
1

1
1

)(

)(

2
1

1

2
1

1
)1(

)1(
 

0
0  

or 

  YSXSSX mm 1
1

)(
2

1
1

)1( −−+ +−=  (5) 

  YSXSSX mm 1
1

)(
2

1
1

)1( −−+ +−=  (6) 

providing that  is nonsingular.  Substituting (6) into (5) yields 1S

  )1( +mX  YSYSXSSSS m 1
1

1
1

)(
2

1
12

1
1 ][ −−−− ++−−=  

   YSYSSSXSSSS m 1
1

1
12

1
1

)(
2

1
12

1
1 )())(( −−−−− +−=  (7) 

Given the initial vector )  ,( )1()0( XX , (7) can be written as the following two 

equations: 

  fXSSSSX mm += −−+ )2(
2

1
12

1
1

)22( ))((  (8) 

and  

  fXSSSSX mm += +−−+ )12(
2

1
12

1
1

)32( ))((  (9) 

where YSYSSSf 1
1

1
12

1
1 )( −−− +−= . 

 
 By using the similarly argument, we obtain the iterative process for X  as 
follows: 

  gXSSSSX mm += −−+ )2(
2

1
12

1
1

)22( ))((  (10) 

  gXSSSSX mm += +−−+ )12(
2

1
12

1
1

)32( ))((  (11) 
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where YSYSSSg 1
1

1
12

1
1 )( −−− +−= . 

 

 Since the iteration procedures in generating two sequences }{ )(mX  and 

}{ )(mX  do not make use the information between them, both sequence }{ )(mX  and 

}{ )(mX  can be computed simultaneously in difference machines.  Therefore, we 

have proposed a parallel iterative method for solving the nn 22 ×  crisp linear 
systems numerically. 
 

 The following theorems provide the conditions that two sequence  

and  are converging to the same limit vector, where 

}{ )12( +mX

}{ )2( mX ) ,( )()()( mmm XXX = .  

Let )(Aρ  denote the spectral radius of  which will be used in the proof of the 
theorem. 

A

 

Theorem 3.2.  The subsequences }{ )12( +mX  and }{ )2( mX  obtained by (8) and (9) 

converge for any initial starting vectors if and only if , where . 1)( 2 <Gρ 2
1

1 SSG −=

Proof:  Assume that .  Then  is nonsingular.  Given any initial 

vector 

1)( 2 <G 2GI −

)0(X  and )1(X .  From (8) and (9), we can iteratively obtain the following 

relations: 

))(()( 12)0(212)22( fGIXGfGIX mm −−+ −−=−−  

))(()( 12)1(1212)32( fGIXGfGIX mm −+−+ −−=−−  

Let fGIX 12(*) )( −−= , the above equations can be written as follows: 

)( (*))0(2(*))22( XXGXX mm −=−+  

)( (*))1(12(*))32( XXGXX mm −=− ++  
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It is clear that both sequences converges to (*)X .  On the other hand, assume both 

}{ )22( +mX  and }{ )32( +mX  converge to the same vector for any initial starting 

vectors.  By iteratively substituting (8) and (9), we obtain 

))(( )0(222)2()22( XGIfGXX mmm −−=− ++  

))(( )1(232)12()32( XGIfGXX mmm −−=− +++  

These implies that both ))(( )0(222 XGIfG m −−+  and ))(( )1(232 XGIfG m −−+  

converge to zero.  Hence we have proved that .  1)( 2 <Gρ

 

Remark 3.3:  The results in Theorem 3.2 also hold for replacing } ,{ )12()2( +mm XX  

with } ,{ )12()2( +mm XX . 

 
 By using Theorem 3.2 and Remark 3.3, we have the following theorem. 
 

Theorem 3.4:  The sequence } ,{ )()( mm XX  generated either by (8) and (10) or by 

(9) and (11) converge to the solution of (1) if and only if . 1)( 2 <Gρ

 

 For the sequence }{ )2( mX , the convergence rate can be obtained by calculating 

the logarithm of the inverse of the spectral radius of the iteration matrix (Saad, 2000). 
 
4.  Numerical Results 
 
 In order to compare with the other method, we consider the following examples 
which are cited from Allahvirbloo (2004). 
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Example 4.1:  Consider the  fuzzy linear system 55×

   (12) 

⎪
⎪
⎪

⎩

⎪⎪
⎪

⎨

⎧

−+=++++
−+=++++−
−+=++++
−+=++++
−+=+−++

)4 ,2(9   22   
)5 ,3(383   
)7 ,5(32932 
)8 ,6(32   95 
)3 ,1(6   3  6 
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54321
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54321

rrxxxxx
rrxxxxx
rrxxxxx
rrxxxxx
rrxxxxx

The extended  matrix is  1010×
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⎦
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⎢
⎣

⎡
=
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21
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S  

where  

⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

−

−

=

91221
38311
32936
32195
61316

1S ,  

⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

−

−

=

00000
00001
00000
00000
01000

2S

The extended linear system becomes YSX =  where  

TT xxxxxxXXX ) , , , , , , ,() ,( 521521 LL==  

and 

TTYYY )4 ,5 ,7 ,8 ,3 ,2 ,3 ,5 ,6 ,1() ,( ==  

The exact solutions are list in Table 1.  Since , we can apply theorem 2 

to find the numerical solution of the fuzzy linear systems (12).  The exact and 
numerical solutions are compared for 

01.0)( 2 ≈Gρ

0=r , 5.0=r , and 1=r  shown in Table 2, 
Table 3, and Table 4, respectively, with 2, 5, and 10 iterations.  By observing Table 2, 
3, and 4, we found that the error of the numerical solution is after 2, 5, and 10 
iterations is less that , , and , respectively.  This implies that the 
proposed iterative method is very efficient for finding the solution. 

410− 810− 1310−
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Example 4.2:  Consider the  fuzzy linear system 66×

   (13) 

⎪
⎪
⎪
⎪

⎩

⎪⎪
⎪
⎪

⎨

⎧

−+=+++++
−+=++−++
−+=+++++−
−+=+++++
−+=+++++
−+=−++++

)4 ,2(93222 4 
)9 ,7(39   44    
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)7 ,5(2   282 2 
)6 ,4(53228 7 

)3 ,1(  3432 7 

654321
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654321

654321

rrxxxxxx
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The extended 1212×  matrix is  

⎥
⎦

⎤
⎢
⎣

⎡
=

12

21

SS
SS

S  

where  

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

=

932214
390441
139210
212822
532284
034327

1S ,  

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣

⎡

−
−

−

=

000000
001000
000001
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100000

2S

The exact solution is list in Table 5.  Since , we can apply theorem 2 

to find the numerical solution of the fuzzy linear systems (13).  The exact and 
numerical solutions are computed for 

01.0)( 2 ≈Gρ

0=r , 5.0=r , and 1=r  shown in Table 6, 
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Table 7, and Table 8, respectively, with 2, 5, and 10 iterations.  By observing Table 6, 
7, and 8, we found that the absolute error of the numerical solution after 2, 5, and 10 
iterations is less than , , and , respectively.   410− 810− 1410−
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5. Conclusion 
 
 For finding the solution of FLSE, we have proposed a parallel iteration method 
when  is an invertible matrix.  The convergence condition and convergence rate 

are also determined.  When converges rate is small enough, i.e., , 

the iterative sequence produced by the parallel iterative method converges rapidly.  
Finally, the numerical results indicate that the iterative method is accurate and 
efficient. 

1S

1))(( 2
2

1
1 <<− SSρ
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論文：■已發表 □未發表之文稿 □撰寫中 □無 

專利：□已獲得 □申請中 ■無 

技轉：□已技轉 □洽談中 ■無 

其他：（以 100字為限） 
3. 請依學術成就、技術創新、社會影響等方面，評估研究成果之學術或應用價
值（簡要敘述成果所代表之意義、價值、影響或進一步發展之可能性）（以

500字為限） 

完成以 Parallel Iteration Method 解 Fuzzy System of Linear Equations 的數值演算

法，求解的速度快且準確。建立演算法的過程可以提供類似的 Linear Linear Equations

發展數值演算法的參考，若有其他 Fuzzy System of Linear Equations 的應用問題，可

以直接使用本演算法獲得準確的解答。 

 


