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1. Introduction

In 1927, L. H. Thomas and E. Fermi [15] independently gave a method of

studying the electron distribution in an atom, using the statistics for a degen-

erate gas. This led to a nonlinear second-order di¤erential equation

x
1
2 � y

00
(x) = [y (x)]

3
2 :

The physicists were interested in three boundary value problem for this equa-

tion,

y (0) = 1; ry
0
(r) = y (r) ;

y (0) = 1; lim
x!1

y (x) = 0;

y (0) = 1; y (a) = 0:

In the �rst problem, r is the Bohr atom radius. The second problem cor-

responds to the neutral atom, whereas the last is the ion case. The physicists

presumably have got out of the Thomas-Fermi theory all that is of interest to

them. They have enriched the mathematical literature by the equation above

and it seems to be time for mathematicians to react to the challenge by discover-

ing the astounding properties of the solutions. The present note is a preliminary

account of results obtained for which proofs will be published elsewhere [15].

In R. Bellman [14], the important nonlinear second-order equation

d

dt

�
tp
du

dt

�
� t�un = 0;

this equation has several interesting physical applications, occurring in astro-

physics in the form of the Emden equation and in atomic physics in the form of

the Fermi-Thomas equation. There seems little doubt that nonlinear equations

of this type would enter with greater frequency into mathematical physics, were

it more widely known with what ease the properties of the physical solutions

can be determined.
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Mathematically, the equation possesses great interest: it is a nontrivial,

nonlinear di¤erential equation with a large class of solutions whose behavior can

be ascertained with astonishing accuracy, despite the fact that the solutions, in

general, cannot be obtained explicitly.

In order to isolate this large class of tractable solutions, we employ the

concept of proper solution, which is a real and continuous solution for t � t0.

Henceforth we shall con�ne ourselves to the consideration of proper solutions

alone. In order to remind the reader of this fact, we shall constantly insert this

assumption into our hypotheses. This assumption is a natural one as far as

physical applications are concerned.

In papers Li [1� 8] the semi-linear wave equation �u+f (u) = 0 under some
conditions, some interesting results on blow-up, blow-up rate and estimates for

the life-span of solutions are obtained. We want to use the methods in [9� 13]

to study the case of Emden-Fowler type wave equation in 0�dimensional form,

that is, to consider the equation t2u
00 �4u = up, with space dimension n = 0

for t � 1 under the given initial conditions: u (1) = u0, u
0
(1) = u1. Using the

transformation t = es, u (t) = v (s), we have8><>:
vss (s)� vs (s) = v (s)p ; p 2 N� f1g ;

v (0) = u0; vs (0) = u1:

We discuss this problem into three di¤erent cases under some given condi-

tions: (a) u1 = 0, u0 > 0; (b) u1 > 0, u0 > 0; (c) u1 < 0, u0 2
�
0; (�u1)

1
p

�
and

we have the following main result for u1 < 0, u0 2
�
0; (�u1)

1
p

�
:

u (t) � (u0 � (u1 + up0)) + (u1 + u
p
0) t� u

p
0 ln t:

Furthermore, for E (0) � 0,

u (t) �
�
u
1�p
2

0 +
p� 1
2

r
2

p+ 1
ln t

� 2
1�p

.
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2. Local Existence of Solutions

In this chapter we establish the local existence and uniqueness result for the

problem of particular type of Emden-Fowler equation.

Theorem 1. For p 2 N, these functions t�2up for t � 1 are locally

Lipschitz, the local existence and uniqueness of solutions of the equation8><>:
t2u

00
= up; p 2 N� f1g ;

u (1) = u0; u
0
(1) = u1;

(*)

can be obtained.

Proof. Let us consider the transformation t = es, u (t) = v (s), then

u
0
(t) = vs (s)

ds

dt
= t�1vs (s) ;

u
00
(t) =

d

dt

�
t�1vs (s)

�
= �t�2vs (s) + t�2vss (s) ;

t2u
00
(t) = �vs (s) + vss (s) ;

u (t)
p
= v (s)

p
= �vs (s) + vss (s)

and

v (0) = u (1) = u0; vs (0) = u
0
(1) = u1:

Therefore, we obtain8><>:
vss (s)� vs (s) = v (s)p ; p 2 N� f1g ;

v (0) = u0; vs (0) = u1:

(2.1)

Thus, the local existence of solution u for (�) in [1; T ) is equivalent to the

local existence of solution v for (2:1) in [0; lnT ).
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Since vss (s)� vs (s) = v (s)p, by integrating this equation with respect to s,

we obtain

vs (s) = u1 +

Z s

0

v (r)
p
dr + v (s)� u0

= (u1 � u0) + v (s) +
Z s

0

v (r)
p
dr:

Again, by integrating the above equation with respect to s, we have

v (s) = u0 + (u1 � u0) s+
Z s

0

v (r) dr +

Z s

0

Z �

0

v (r)
p
drd�

= u0 + (u1 � u0) s+
Z s

0

v (r) dr +

Z s

0

(s� r) v (r)p dr

= u0 + (u1 � u0) s+
Z s

0

�
v (r) + (s� r) v (r)p

�
dr:

Let us denote

F (v (s)) := u0 + (u1 � u0) s+
Z s

0

�
v (r) + (s� r) v (r)p

�
dr (2.2)

and for k 2 (0; 1),

X =
n
v 2 C0

h
0 ; lnT

�
; kvk1 �M

o
;

M =
k
���u1 � u0

���+ ju0j�
1 � k

��
1 �

1

p

� ; k = lnT;

with

pMp�1k2 + 2k < 2:

For s < lnT , v 2 X, by (2:2), we have

jF (v (s))j � ju0j+
���u1 � u0

��� s+Ms+Mp � 1
2
s2

= ju0j+
����u1 � u0

���+M� s+ 1
2
Mps2

= ju0j+
����u1 � u0

���+M� s+ �p
2
Mp�1s2

�M
p
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and

jF (v (s))j � ju0j+
����u1 � u0

���+M� k + �p
2
Mp�1k2

�M
p

� ju0j+
����u1 � u0

���+M� k + M
p
(1� k)

� ju0j+
M

p
+

����u1 � u0

���+M � M
p

�
k

= ju0j+
M

p
+

�
1� 1

p

�
M � ju0j =M:

Therefore we obtain that F : X ! X, this means that F maps X into X

itself.

Next, we claim that F is a contractive map. By (2:2) again, we have

F (v (s))�F (w (s)) =
Z s

0

�
v (r) � w(r)

�
dr+

Z s

0

(s� r)
�
v (r)

p � w(r)p
�
dr

and ���F (v (s)) � F (w (s))
���

�
Z s

0

���v (r) � w(r)
��� dr + Z s

0

(s� r)
���v (r)p � w(r)p

��� dr
�
Z s

0

���v (r) � w(r)
��� dr + Z s

0

(s� r) pMp�1
���v (r) � w(r)

��� dr
=

Z s

0

�
p (s� r)Mp�1

+ 1
� ���v (r) � w(r)

��� dr
�
�
pMp�1 � 1

2
s2 + s

�v � w

1

�
�
1

2
pMp�1

�
lnT

�2
+ lnT

�v � w

1
:

From the de�nition ofM and T we can �nd that
1

2
pMp�1

�
lnT

�2
+lnT <

1, thus F is contractive in X and the local existence of solution of v of (2:1) can

be obtained.�
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3. Notation and Fundamental Lemmas

For a given function v in this work we use the following abbreviations

a (s) = v (s)
2
; E (0) = u21 �

2

p+ 1
up+10 ; J (s) = a (s)

� p�1
4 :

After some calculations we can obtain the follwing lemmas 2 and 3.

Lemma 2. Suppose that v 2 C2 [0; lnT ) is the positive solution of (2:1),

then

E (s) = vs (s)
2 � 2

Z s

0

vs (r)
2
dr � 2

p+ 1
v (s)

p+1
= E (0) ; (3.1)

(p+ 3) vs (s)
2
= (p+ 1)E (0) + a

00
(s)� a

0
(s)

+ 2 (p+ 1)

Z s

0

vs (r)
2
dr; (3.2)

J
00
(s) =

p2 � 1
4

J (s)
p+3
p�1

 
E (0)� a

0
(s)

p+ 1
+ 2

Z s

0

vs (r)
2
dr

!
(3.3)

and

J
0
(s)

2
= J

0
(0)

2
+
(p� 1)2

4
E (0)

�
J (s)

2(p+1)
p�1 � J (0)

2(p+1)
p�1

�
+
(p� 1)2

2
J (s)

2(p+1)
p�1

Z s

0

vs (r)
2
dr: (3.4)

Proof. i ) We claim the conservation (3:1). By (2:1) and the de�nition of

E (s),

dE (s)

ds
=
d

ds

�
vs (s)

2 � 2
Z s

0

vs (r)
2
dr � 2

p+ 1
v (s)

p+1

�

= 2vs (s) vss (s)� 2vs (s)2 � 2v (s)p vs (s)

= 2vs (s) (vss (s)� vs (s)� v (s)p)

= 0:
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ii ) To (3:2), using the de�nition of a,

a
0
(s) = 2v (s) vs (s) ;

a
00
(s) = 2v (s) vss (s) + 2vs (s)

2

= 2v (s) (vs (s) + v (s)
p
) + 2vs (s)

2

= a
0
(s) + 2

�
vs (s)

2
+ v (s)

p+1
�
: (3.5)

By (3:1),

E (0) = vs (s)
2 � 2

Z s

0

vs (r)
2
dr � 2

p+ 1
v (s)

p+1
;

(p+ 1)E (0) = (p+ 1) vs (s)
2 � 2 (p+ 1)

Z s

0

vs (r)
2
dr � 2v (s)p+1 :

By (3:5),

2v (s)
p+1

= a
00
(s)� a

0
(s)� 2vs (s)2 ;

(p+ 3) vs (s)
2
= (p+ 1)E (0) + a

00
(s)� a

0
(s) + 2 (p+ 1)

Z s

0

vs (r)
2
dr:

iii ) For (3:3), use the de�nition of J (s), we have

J
0
(s) = �p� 1

4
a (s)

� p+3
4 a

0
(s) ;

J
00
(s) =

p� 1
4
J (s)

p+3
p�1

 
(p+ 3)

a (s)
�1
a
0
(s)

2

4
� a

00
(s)

!
: (3.6)

By (3:6) and the de�nition of a, we obtain

J
00
(s) =

p2 � 1
4

J (s)
p+3
p�1

 
(p+ 3)

a (s)
�1
a
0
(s)

2

4 (p+ 1)
� a

00
(s)

p+ 1

!

=
p2 � 1
4

J (s)
p+3
p�1

 
(p+ 3) vs (s)

2 � a00 (s)
p+ 1

!
: (3.7)

By (3:2) and (3:7), then we have

J
00
(s) =

p2 � 1
4

J (s)
p+3
p�1

 
E (0)� a

0
(s)

p+ 1
+ 2

Z s

0

vs (r)
2
dr

!
:

7
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iv ) From the de�nition of J , we have

J
0
(s)

2 � J
0
(0)

2
=
(p� 1)2

42

�
a (s)

� p+3
2 a

0
(s)

2 � a (0)�
p+3
2 a

0
(0)

2
�

and

a
0
(s)

2
= 4v (s)

2
vs (s)

2
= 4a (s) vs (s)

2
;

we get

J
0
(s)

2 � J
0
(0)

2
=
(p� 1)2

4

�
a (s)

� p+1
2 vs (s)

2 � a (0)�
p+1
2 vs (0)

2
�

=
(p� 1)2

4

�
J (s)

2(p+1)
p�1 vs (s)

2 � J (0)
2(p+1)
p�1 vs (0)

2
�
:

By (3:1), then

J
0
(s)

2 � J
0
(0)

2

=
(p� 1)2

4
J (s)

2(p+1)
p�1

�
E (0) + 2

Z s

0

vs (r)
2
dr +

2

p+ 1
v (s)

p+1

�

� (p� 1)
2

4
J (0)

2(p+1)
p�1

�
E (0) +

2

p+ 1
up+10

�

=
(p� 1)2

4
E (0) J (s)

2(p+1)
p�1 +

(p� 1)2

2 (p+ 1)
J (s)

2(p+1)
p�1 v (s)

p+1

+
(p� 1)2

2
J (s)

2(p+1)
p�1

Z s

0

vs (r)
2
dr � (p� 1)

2

4
J (0)

2(p+1)
p�1 E (0)

� (p� 1)2

2 (p+ 1)
J (0)

2(p+1)
p�1 up+10 ;

J
0
(s)

2 � J
0
(0)

2

=
(p� 1)2

4
E (0) J (s)

2(p+1)
p�1 +

(p� 1)2

2 (p+ 1)
v (s)

� p�1
2

2(p+1)
p�1 v (s)

p+1

+
(p� 1)2

2
J (s)

2(p+1)
p�1

Z s

0

vs (r)
2
dr � (p� 1)

2

4
J (0)

2(p+1)
p�1 E (0)

� (p� 1)2

2 (p+ 1)
v (0)

� p�1
2

2(p+1)
p�1 up+10

8
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and

J
0
(s)

2 � J
0
(0)

2
=
(p� 1)2

4
E (0)

�
J (s)

2(p+1)
p�1 � J (0)

2(p+1)
p�1

�
+
(p� 1)2

2
J (s)

2(p+1)
p�1

Z s

0

vs (r)
2
dr:

Lemma 3. For u0 > 0, the positive solution v of the equation (2:1), we

have:

i) u1 � 0, then vs (s) > 0 for all s > 0. (3.8)

ii) u1 < 0, u0 2
�
0; (�u1)

1
p

�
, then vs (s) < 0 for all s > 0. (3.9)

Proof. i ) Since vss (s) = vs (s) + v (s)
p and vss (0) = vs (0) + v (0)

p
=

u1 + u
p
0 > 0, we know that vss (s) > 0 in [0; s1) for some s1 > 0 and vs (s) is

increasing in [0; s1) for some s1 > 0. Then, vs (s) > vs (0) = u1 � 0 for all

s 2 [0; s1) and v (s) is increasing in [0; s1) for some s1 > 0.

Moreover, since v and vs are increasing in [0; s1) ;

vss (s1) = vs (s1) + v (s1)
p
> vs (0) + v (0)

p
> 0 for all s 2 [0; s1)

and

vs (s1) > vs (s) > 0 for all s 2 [0; s1) ;

we know that there exists a positive number s2 > 0, such that vs (s) > 0 for all

s 2 [0; s1 + s2).

Continuing such process, we obtain vs (s) > 0 for all s > 0.

ii ) Since vss (s) = vs (s) + v (s)
p and u0 2

�
0; (�u1)

1
p

�
, vss (0) = vs (0) +

v (0)
p
= u1 + u

p
0 < 0, there exists a positive number s1 > 0 such that

vss (s) < 0 in [0; s1) ;

9
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vs (s) is decreasing in [0; s1); therefore, vs (s) < vs (0) = u1 < 0 for all s 2 [0; s1)

and v (s) is decreasing in [0; s1) for some s1 > 0.

Moreover, since v and vs are decreasing in [0; s1),

vss (s1) = vs (s1) + v (s1)
p
< vs (0) + v (0)

p
< 0 for all s 2 [0; s1)

and

vs (s1) < vs (s) < 0 for all s 2 [0; s1) ;

we know that there exists a positive number s2 > 0, such that vs (s) < 0 for all

s 2 [0; s1 + s2).

Continuing such process, we obtain vs (s) < 0 for all s > 0.�

10
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4. Estimates for the life-span of positive
solution u of (�) under u1 = 0, u0 > 0

In this chapter we want to estimate the life-span of positive solution u of (�)

under u1 = 0, u0 > 0. Here the life-span T � of u means that u is the positive

solution of equation (�) and u exists only in [1; T �) so that the problem (�)

possesses the positive solution u 2 C2 [1; T �) for T < T �.

Theorem 4. For u1 = 0, u0 > 0, the positive solution u of (�) blows
up in �nite time; that is, there exists a bound number T � so that

u (t)
�1 ! 0 for t! T �:

Proof. By lemma 3, (3:8), we know that vs (s) > 0 for all s > 0 under u1 = 0,

u0 > 0.

From the de�nition of a (s), we have

a
0
(s) = 2v (s) vs (s) > 0 for all s > 0:

By lemma 2, (3:5), we have a
00
(s)� a0 (s) = 2

�
vs (s)

2
+ v (s)

p+1
�
.

By multiplying e�s to the above equation, we obtain�
a
0
(s) e�s

�0
= e�s

�
a
00
(s)� a

0
(s)
�
= 2e�s

�
vs (s)

2
+ v (s)

p+1
�
:

By integrating the above equation with respect to s, then

a
0
(s) e�s � a

0
(0) = 2

Z s

0

e�r
�
vs (r)

2
+ v (r)

p+1
�
dr

� 4
Z s

0

e�r
�
vs (r) � v (r)

p+1
2

�
dr

= 4

Z s

0

e�r � 2

p+ 3

�
v (r)

p+3
2

�
s
dr

11
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and in addition, a
0
(0) = 0, we have

a
0
(s) e�s � 8

p+ 3

�
v (r)

p+3
2 e�r jsr=0 +

Z s

0

v (r)
p+3
2 e�rdr

�

=
8

p+ 3

�
v (s)

p+3
2 e�s � v (0)

p+3
2

�
+

8

p+ 3

Z s

0

v (r)
p+3
2 e�rdr:

Since a
0
(s) > 0 for all s > 0, we know that a is increasing in (0;1). From

the de�nition of a (s), v is increasing in (0;1) and

a
0
(s) e�s � 8

p+ 3

�
v (s)

p+3
2 e�s � v (0)

p+3
2

�
+

8

p+ 3

Z s

0

v (0)
p+3
2 e�rdr

=
8

p+ 3

�
v (s)

p+3
2 e�s � v (0)

p+3
2

�
+

8

p+ 3
v (0)

p+3
2

�
1 � e�s

�
and

a
0
(s) � 8

p+ 3

�
v (s)

p+3
2 � v (0)

p+3
2 es + v (0)

p+3
2

�
es � 1

��
=

8

p+ 3

�
v (s)

p+3
2 � v (0)

p+3
2

�
=

8

p+ 3

�
v (s)

p+3
2 � u

p+3
2

0

�
: (4.1)

Since vss (s) = vs (s) + v (s)
p, u1 = 0 and by integrating this equation with

respect to s, we have

vs (s) = vs (0) + v (s)� v (0) +
Z s

0

v (r)
p
dr

= u1 + v (s)� u0 +
Z s

0

v (r)
p
dr

= v (s)� u0 +
Z s

0

v (r)
p
dr

and v is increasing in (0;1), then

vs (s) � v (s)� u0 +
Z s

0

v (0)
p
dr

= v (s)� u0 + up0 � s

12
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and

vs (s)� v (s) � up0 � s� u0:

Multiplying the above inequality by e�s, we have

�
e�sv (s)

�
s
= e�s

�
vs (s) � v (s)

�
� e�s

�
up0 � s � u0

�
:

By integrating the above inequality with respect to s, we obtain

e�sv (s)� u0 � up0
Z s

0

re�rdr � u0
Z s

0

e�rdr

= up0

�
�se�s � e�s + 1

�
� u0

�
1 � e�s

�
and

v (s) � u0 + up0
�
es � 1� s

�
: (4.2)

According to (4:2), we get

v (s)
p+3
2 �

�
u0 + u

p
0

�
es � 1� s

�� p+3
2

and for all � 2 (0; 1), we have

�v (s)
p+3
2 � �

�
u0 + u

p
0

�
es � 1� s

�� p+3
2

and

�v (s)
p+3
2 � 8u

p+3
2

0 � �
�
u0 + u

p
0

�
es � 1� s

�� p+3
2 � 8u

p+3
2

0

� �
�
u
p+3
2

0 + u
p(p+3)

2
0

�
es � 1� s

� p+3
2

�
� 8u

p+3
2

0

= (�� 8)u
p+3
2

0 + �u
p(p+3)

2
0

�
es � 1� s

� p+3
2

:

Now, we want to �nd a number s0 > 0 such that

(�� 8)u
p+3
2

0 + �u
p(p+3)

2
0

�
es0 � 1� s0

� p+3
2

= 0;

13
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that is, �
es0 � 1� s0

� p+3
2

=
8� �
�
u
p+3
2 (1�p)

0

and

es0 � s0 = 1 +
�
8� �
�
u
p+3
2 (1�p)

0

� 2
p+3

: (4.3)

This means that there exists a number s0 > 0 satisfying (4.3) with � 2 (0; 1)

such that

�v (s)
p+3
2 � 8u

p+3
2

0 � 0 for all s � s0:

By (4:1), we have

a
0
(s) � 8

p+ 3
v (s)

p+3
2 � 8

p+ 3
u
p+3
2

0

=
8� �
p+ 3

v (s)
p+3
2 +

� � v (s)
p+3
2 � 8u

p+3
2

0

p+ 3

� 8� �
p+ 3

v (s)
p+3
2 for all s � s0:

From the de�nition of a and for all s � s0, � 2 (0; 1), we obtain

2v (s) vs (s) �
8� �
p+ 3

v (s)
p+3
2 ;

v (s)
� p+1

2 vs (s) �
8� �

2 (p+ 3)
;

2

1� p

�
v (s)

1�p
2

�
s
� 8� �
2 (p+ 3)

and �
v (s)

1�p
2

�
s
� 8� �
2 (p+ 3)

� 1� p
2
:

Integrating the above inequality with respect to s, we have

v (s)
1�p
2 � v (s0)

1�p
2 � 8� �

2 (p+ 3)
� p� 1
2

(s� s0) :

Thus, there exists a �nite number

s�1 � s0 +
2 (p+ 3)

8� � � 2

p� 1v (s0)
1�p
2 := k1

14
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such that v (s)�1 ! 0 for s! s�1, that is,

u (t)
�1 ! 0 for t! exp (k1) ;

which implies that the life-span T � of positive solution u is �nite and T � �

exp (k1).�

Graphs of positive solution u of (�) under u1 = 0, u0 > 0:

According to es0 � s0 = 1 + u1�p0

�
8��
�

� 2
p+3 ; v (s0)

p+3
2 = 8

�u
p+3
2

0 ; v (s0) =�
8
�

� 2
p+3 u0; we get that v (s)

1�p
2 � v (s0)

1�p
2 � 8��

2(p+3)
p�1
2 (s� s0) =

�
8
�

� 1�p
p+3 u

1�p
2

0 �

8��
2(p+3)

p�1
2 (s� s0) ; this means that u (t) �

��
8
�

� 1�p
p+3 u

1�p
2

0 � 8��
2(p+3)

p�1
2 (s� s0)

� 2
1�p

:

(a) Graphs for di¤erent �:

1. Given � = 0:1; p = 2; u0 = 0:25: es0 � s0 = 1 + 4 � 79 25 ; s0 =

ln
�
s0 + 1 + 4 � 79

2
5

�
, using the soft for Solving Equation, the solution is: s0 �

3:3059; u � 1
(2:1384�0:395 ln t)2 ; 2:1384� 0:395 lnT = 0, T � 224:45:

224.8224.5224.3224

4.5e+6

4e+6

3.5e+6

3e+6

2.5e+6

2e+6

1.5e+6

t

u

t

u

Figure 1: Graph of u
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2. Given � = 0:3; p = 2; u0 = 0:25: es0 � s0 = 1 + 4
�
77
3

� 2
5 ; s0 =

ln
�
s0 + 1 + 4

�
77
3

� 2
5

�
; using the soft for Solving Equation, the solution is: s0 �

2:9216; u � 1
(2:162�0:385 ln t)2 ; 2:162� 0:385 lnT = 0, T � 274:67:

276275 .5275274 .5274273 .5

7 .5e+5

6 .25e+5

5e+5

3 .75e+5

2 .5e+5

t

u

t

u

Figure 2: Graph of u

3. Given � = 0:6; p = 2; u0 = 0:25: es0 � s0 = 1 + 4
�
74
6

� 2
5 ; s0 =

ln
�
s0 + 1 + 4

�
74
6

� 2
5

�
; using the soft for Solving Equation, the solution is: s0 �

2:6816; u � 1
(2:1835�0:37 ln t)2 ; 2:1835� 0:37 lnT = 0, T � 365:53:

366365 .8365 .5365 .3

1 .25e+7

1e+7

7 .5e+6

5e+6

t

u

t

u

Figure 3: Graph of u
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4. Given � = 1; p = 2; u0 = 0:25: es0�s0 = 1+4�7
2
5 ; s0 = ln

�
s0 + 1 + 4 � 7

2
5

�
,

using the soft for Solving Equation, the solution is: s0 � 2:5062; 0:25 � 8 45 �
7
20 lnT + 0:87591 = 0, T � 529:87; u �

1�
0:25�8

4
5� 7

20 ln t+0:87591
�2 :

530530529.9529.9529.8529.8

3.5e+8

3e+8

2.5e+8

2e+8

1.5e+8

1e+8

t

u

t

u

Figure 4: Graph of u

5. Given � = 2; p = 2; u0 = 0:25: es0�s0 = 1+4�3
2
5 ; s0 = ln

�
s0 + 1 + 4 � 3

2
5

�
,

using the soft for Solving Equation, the solution is: s0 � 2:2464; 12�4
4
5� 3

10 lnT+

0:67392 = 0; T � 1478:5; u � 1�
1
2�4

4
5� 3

10 ln t+0:673 92
�2 :

14791479147914781478

3.5e+8

3e+8

2.5e+8

2e+8

1.5e+8

1e+8

t

u

t

u

Figure 5: Graph of u
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6. Given � = 7; p = 2; u0 = 0:25: es0�s0 = 1+4
�
1
7

� 2
5 ; s0 = ln

�
s0 + 1 + 4

�
1
7

� 2
5

�
,

using the soft for Solving Equation, the solution is: s0 � 2:2464; u � 1� 5p7
4 8

4
5� 1

20 ln t+0:07286
�2 ;

5p7
4 8

4
5 � 1

20 lnT + 0:07286 = 0; T � 3:5224 � 1017; let t = r � 1017; u �
1� 5p7

4 8
4
5� 1

20 ln r+0:072 86�
17 ln 10

20

�2 :

43.753.53.25

6.25e+4

5e+4

3.75e+4

2.5e+4

r

u

r

u

Figure 6: Graph of u

(b) Graphs for di¤erent p:

1. Given � = 1; p = 2; u0 = 0:25: es0�s0 = 1+4�7
2
5 ; s0 = ln

�
s0 + 1 + 4 � 7

2
5

�
.

Solution is: s0 � 2:5026; u � 1�
0:25�8

4
5� 7

20 ln t+0:87591
�2 ; 0:25 � 8 45 � 7

20 lnT +

0:87591 = 0; T � 529:87:

530529.9529.9529.8529.8

5e+8

4.5e+8

4e+8

3.5e+8

3e+8

2.5e+8

2e+8

1.5e+8

t

u

t

u

Figure 7: Graph of u
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2. Given � = 1; p = 3; u0 = 0:25: es0�s0 = 1+16�7
1
3 ; s0 = ln

�
s0 + 1 + 16 � 7

1
3

�
.

Solution is: s0 � 3:5601; u � 1
4:0767� 7

12 ln t
; 4:0767� 7

12 lnT = 0; T � 1084:2; let

t = 1000r; u � 1
� 7
12 ln r+4:0767�

7
4 ln 10

:

21 .751 .51 .251

80

60

40

20

0

r

u

r

u

Figure 8: Graph of u

3. Given � = 1; p = 5; u0 = 0:25: es0 � s0 = 1 + 256 � 7 14 ; s0 =

ln
�
s0 + 1 + 256 � 7

1
4

�
. Solution is: s0 � 6:0484; u � 1pp

32� 7
8 ln t+5:2924

;
p
32�

7
8 lnT+5:2924 = 0; T � 2:7197�10

5; let t = 105r; u � 1pp
32� 35

8 ln 10� 7
8 ln r+5:2924

:

2 .7192 .7172 .7162 .715

150

125

100

75

50

25

r

u

r

u

Figure 9: Graph of u
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(c) Graphs for di¤erent u0:

1. Given � = 1; p = 2; u0 = 0:25: es0�s0 = 1+4�7
2
5 ; s0 = ln

�
s0 + 1 + 4 � 7

2
5

�
.

Solution is: s0 � 2:5026; u � 1�
0:25�8

4
5� 7

20 ln t+0:87591
�2 ; 0:25 � 8 45 � 7

20 lnT +

0:87591 = 0; T � 529:87:

530.3530529.8529.5

2.5e+7

2e+7

1.5e+7

1e+7

t

u

t

u

Figure 10: Graph of u

2. Given � = 1; p = 2; u0 = 0:5: es0�s0 = 1+2�7
2
5 ; s0 = ln

�
s0 + 1 + 2 � 7

2
5

�
.

Solution is: s0 � 1:9948; u � 1�
0:17678�8

4
5� 7

20 ln t+0:69818
�2 ; 0:17678 � 8 45 �

7
20 lnT + 0:69818 = 0; T � 105:71:

106.3106105.8105.5105.3

8.75e+5

7.5e+5

6.25e+5

5e+5

3.75e+5

2.5e+5

t

u

t

u

Figure 11: Graph of u
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3. Given � = 1; p = 2; u0 = 2: es0�s0 = 1+ 1
2 �7

2
5 ; s0 = ln

�
s0 + 1 +

1
2 � 7

2
5

�
.

Solution is: s0 � 1:1864; u � 1�p
2

16 �8
4
5� 7

20 ln t+0:41524
�2 ; p

2
16 � 8

4
5 � 7

20 lnT +

0:41524 = 0; T � 12:42:

12.7512 .512.2512

1.75e+4

1.5e+4

1.25e+4

1e+4

7500

5000

t

u

t

u

Figure 12: Graph of u
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5. Estimates for the life-span of positive
solution u of (�) under u1 > 0, u0 > 0

In this chapter we start to estimate the life-span of positive solution u of (�)

under u1 > 0, u0 > 0.

Theorem 5. For u1 > 0, u0 > 0, the positive solution u of (�) blows
up in �nite time; that is, there exists a bound number T � so that

u (t)
�1 ! 0 for t! T �:

Proof. We separate the proof into two parts, E (0) � 0 and E (0) < 0.

i ) E (0) � 0. By lemma 2, (3:1), we have

vs (s)
2 � 2

p+ 1
v (s)

p+1 � E (0)

and

vs (s)
2 � 2

p+ 1
v (s)

p+1
+ E (0) :

By lemma 3, (3:8), we obtain

vs (s) �
r

2

p+ 1
v (s)

p+1
+ E (0):

Under the condition E (0) � 0, we have

vs (s) �
r

2

p+ 1
v (s)

p+1
2 ;

v (s)
� p+1

2 vs (s) �
r

2

p+ 1
;

2

1� p

�
v (s)

1�p
2

�
s
�
r

2

p+ 1

and �
v (s)

1�p
2

�
s
� 1� p

2

r
2

p+ 1
:
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Integrating the above inequality with respect to s, we have

v (s)
1�p
2 � u

1�p
2

0 +
1� p
2

r
2

p+ 1
s

= u
1�p
2

0 � p� 1
2

r
2

p+ 1
s:

Thus, we obtain that there exists a �nite time

s�2 �
2

p� 1

r
p+ 1

2
u
1�p
2

0 := k2

such that v (s)�1 ! 0 for s! s�2, that is,

u (t)
�1 ! 0 for t! exp (k2) ;

which implies that the life-span T � of positive solution u is �nite and T � �

exp (k2).

ii ) E (0) < 0. From the de�nition of J (s), we have

J
0
(s) = �p� 1

4
a (s)

� p+3
4 a

0
(s) :

By lemma 3, (3:8), we have a
0
(s) > 0, vs (s) > 0 for all s > 0 and J

0
(s) < 0

for all s > 0, that is, J is decreasing in (0;1).

Under the condition E (0) < 0 and by lemma 2, (3:4), we obtain

J
0
(s)

2
= J

0
(0)

2
+
(p� 1)2

4
E (0)

�
J (s)

2(p+1)
p�1 � J (0)

2(p+1)
p�1

�
+
(p� 1)2

2
J (s)

2(p+1)
p�1

Z s

0

vs (r)
2
dr � J

0
(0)

2

and

J
0
(s) � J

0
(0) :

Integrating the above inequality with respect to s, we have

J (s) � J (0) + J
0
(0) s

= a (0)
� p�1

4 � p� 1
4
a (0)

� p+3
4 a

0
(0) s:
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Thus, there exists a �nite number

s�3 �
4

p� 1
a (0)

a0 (0)
=

2

p� 1
u0
u1
:= k3

such that J (s�3) = 0 and a (s)
�1 ! 0 for s! s�3, that is,

u (t)
�1 ! 0 for t! exp (k3) :

This means that the life-span T � of u is �nite and T � � exp (k3).�

Graphs of positive solution u of (�) under u1 > 0, u0 > 0:

i ) E (0) � 0: u (t) �
�
u
1�p
2

0 � p�1
2

q
2
p+1 ln t

� 2
1�p

:

(a) Graphs for di¤erent p:

1. Given p = 2; u0 = 0:25: u �
�
2�

p
6
6 ln t

��2
; 2
p
6�lnT = 0; T � 134:15:

135134.5134133.5

3.5e+5

3e+5

2.5e+5

2e+5

1.5e+5

t

u

t

u

Figure 13: Graph of u
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2. Given p = 3; u0 = 0:25: u � 2
8�
p
2 ln t

; 4
p
2�lnT = 0; T = e4

p
2 � 286:25:

287286.8286.5286.3286

6000

4000

2000

0

t

u

t

u

Figure 14: Graph of u

3. Given p = 7; u0 = 0:25: u � 1
3
p
64� 3

2 ln t
; 64 � 3

2 lnT = 0, T � 3:3876 �

1018; let t = 1018r; u � 1
3
p
64�27 ln 10� 3

2 ln r
:

53.752.51.250

7.5

5

2.5

0

-2.5

r

u

r

u

Figure 15: Graph of u
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(b) Graphs for di¤erent u0:

1. Given p = 2; u0 = 0:25: u �
�
2�

p
6
6 ln t

��2
; 2 �

p
6
6 lnT = 0; T �

134:15:

134.4134.3134.1134

5e+6

4.5e+6

4e+6

3.5e+6

3e+6

2.5e+6

2e+6

1.5e+6

t

u

t

u

Figure 16: Graph of u

2. Given p = 2; u0 = 0:5: u �
�
1:4142�

p
6
6 ln t

��2
; 1:4142 �

p
6
6 lnT = 0;

T � 31:947:

3231.9831.9531.9331 .9

5e+6

4e+6

3e+6

2e+6

t

u

t

u

Figure 17: Graph of u
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3. Given p = 2; u0 = 1:5: u �
�
0:8165�

p
6
6 ln t

��2
; 0:8165 �

p
6
6 lnT =

0; T � 7:3891:

7.4137.47.3887.3757.362

1.2e+6

1e+6

8e+5

6e+5

4e+5

t

u

t

u

Figure 18: Graph of u

ii) E (0) < 0: u (t) �
�
u
1�p
2

0 � p� 1
2
u
� p+1

2
0 u1 ln t

� 2
1�p

:

(a) Graphs for di¤erent p:

1. Given p = 2; u0 = 0:25; u1 = 0:25: u � 1
(2�ln t)2 ; 2� lnT = 0; T = e

2:

7.4257.47.3757.35

7.5e+4

6.25e+4

5e+4

3.75e+4

2.5e+4

t

u

t

u

Figure 19: Graph of u
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2. Given p = 3; u0 = 0:25; u1 = 0:25: u � 1
4�4 ln t ; 1� lnT = 0; T = e:

2.722.722.7192.7182.718

7500

5000

2500

0

t

u

t

u

Figure 20: Graph of u

3. Given p = 5; u0 = 0:25; u1 = 0:25: u � 1
4
p
1�2 ln t ; 1 � 2 lnT = 0; T =

e
1
2 � 1:6487:

1.6491.6491.6491.6491.648

100

75

50

25

0

t

u

t

u

Figure 21: Graph of u
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(b) Graphs for di¤erent u0:

1. Given p = 2; u0 = 0:25; u1 = 0:25: u � 1
(2�ln t)2 ; 2� lnT = 0, T = e

2:

7.4257.47.3757.35

7.5e+4

6.25e+4

5e+4

3.75e+4

2.5e+4

t

u

t

u

Figure 22: Graph of u

2. Given p = 2; u0 = 0:5; u1 = 0:25: u � 1
(1:4142�0:35355 ln t)2 ;

1:4142� 0:35355 lnT = 0, T = e4 � 54:598:

5554.7554 .554.25

3e+5

2.5e+5

2e+5

1.5e+5

1e+5

t

u

t

u

Figure 23: Graph of u
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3. Given p = 2; u0 = 1; u1 = 0:25: u � 1

(1� 1
8 ln t)

2 ; 8 � lnT = 0, T = e8 �

2981:

298229812981298129812980

3.5e+9

3e+9

2.5e+9

2e+9

1.5e+9

1e+9

t

u

t

u

Figure 24: Graph of u

(c) Graphs for di¤erent u1:

1. Given p = 2; u0 = 0:25; u1 = 0:25: u � 1
(2�ln t)2 ; 2� lnT = 0, T = e

2:

7.4257.47.3757.35

7.5e+4

6.25e+4

5e+4

3.75e+4

2.5e+4

t

u

t

u

Figure 25: Graph of u
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2. Given p = 2; u0 = 0:25; u1 = 0:5: u � 1
(2�2 ln t)2 ; 2� 2 lnT = 0, T = e:

2.7382.7252.7122.7

7500

6250

5000

3750

2500

t

u

t

u

Figure 26: Graph of u

3. Given p = 2; u0 = 0:25; u1 = 1: u � 1
(2�4 ln t)2 ; 2� 4 lnT = 0, T = e

1
2 �

1:6487:

1.6581.6551.6531.651.6481.6451.6431.64

7500

6250

5000

3750

2500

t

u

t

u

Figure 27: Graph of u
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6. Magnitude of positive solution u of (�) under
u1 < 0; 0 < u0 < (�u1)

1
p

Finally, we study the behavior of positive solution u of (�) under u1 < 0,

0 < u0 < (�u1)
1
p in this chapter.

Theorem 6. For u1 < 0, u0 2
�
0; (�u1)

1
p

�
, we have:

u (t) � (u0 � (u1 + up0)) + (u1 + u
p
0) t� u

p
0 ln t:

Furthermore, for E (0) � 0;

u (t) �
�
u
1�p
2

0 +
p� 1
2

r
2

p+ 1
ln t

� 2
1�p

.

Proof. Since vss (s) = vs (s) + v (s)
p and by integrating this equation with

respect to s, we have

vs (s) = vs (0) + v (s)� v (0) +
Z s

0

v (r)
p
dr

= (u1 � u0) + v (s) +
Z s

0

v (r)
p
dr:

By lemma 3, (3:9), we have v is decreasing and

vs (s) � (u1 � u0) + v (s) +
Z s

0

v (0)
p
dr

= (u1 � u0) + v (s) + up0 � s

and

vs (s)� v (s) � (u1 � u0) + up0 � s:

Multiplying the above inequality by e�s, we have�
e�sv (s)

�
s
= e�s

�
vs (s) � v (s)

�
� e�s ((u1 � u0) + up0 � s) :

By integrating the above inequality with respect to s, we obtain

e�sv (s)� u0 � (u1 � u0)
Z s

0

e�rdr + up0

Z s

0

re�rdr

= (u1 � u0)
�
1 � e�s

�
+ up0

�
�se�s � e�s + 1

�
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and

v (s) � (u0 � u1) + u1es + up0
�
es � 1� s

�
;

that is,

u (t) � (u0 � u1) + u1t+ up0
�
t � 1� ln t

�
= (u0 � (u1 + up0)) + (u1 + u

p
0) t� u

p
0 ln t:

We plot the graphs of u for �xed p and u1 under the condictions:

u1 < 0; 0 < u0 < (�u1)
1
p ; u (t) � (u0 � (u1 + up0)) + (u1 + u

p
0) t� u

p
0 ln t:

1. p = 2; u1 = �1; u (t) � 1 + u0 � u20 +
�
�1 + u20

�
t� u20 ln t := f (t; u0) :

54321
10.750.50.25 00

-1.25

-2.5

-3.75

t

u0

f
t

u0

f

Figure 28: Graph of f (t; u0)
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2. p = 2; u1 = �2; u (t) � 2 + u0 � u20 +
�
�2 + u20

�
t� u20 ln t := f (t; u0) :

54321
1.25 10.75 0.50.25 00

-2

-4

-6

-8

t

u0

f
t

u0

f

Figure 29: Graph of f (t; u0)

3. p = 2; u1 = �5; u (t) = 5 + u0 � u20 +
�
�5 + u20

�
t� u20 ln t := f (t; u0) :

54321
2 1.5 1 0.5 00

-5

-10

-15

-20

t

u0
f

t

u0
f

Figure 30: Graph of f (t; u0)
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4. p = 4; u1 = �1; u (t) � 1 + u0 � u40 +
�
�1 + u40

�
t� u40 ln t := f (t; u0) :

54321
10.750.50.25 00

-1.25

-2.5

-3.75

t

u0

f

t

u0

f

Figure 31: Graph of f (t; u0)

5. p = 4; u1 = �2; u (t) � 2 + u0 � u40 +
�
�2 + u40

�
t� u40 ln t := f (t; u0) :

54321
10.750.50.25 00

-2

-4

-6

-8

t

u0

f
t

u0

f

Figure 32: Graph of f (t; u0)
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6. p = 4; u1 = �5; u (t) � 5 + u0 � u40 +
�
�5 + u40

�
t� u40 ln t := f (t; u0) :

54321
1.51.25 10.750.50.25 00

-5

-10

-15

-20

t

u0 f

t

u0 f

Figure 33: Graph of f (t; u0)

7. p = 8; u1 = �1; u (t) � 1 + u0 � u80 +
�
�1 + u80

�
t� u80 ln t := f (t; u0) :

54321

10.750.50.25 00

-1.25

-2.5

-3.75

t

u0

f

t

u0

f

Figure 34: Graph of f (t; u0)
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8. p = 8; u1 = �2; u (t) � 2 + u0 � u80 +
�
�2 + u80

�
t� u80 ln t := f (t; u0) :

54321
10.750.50.25 00

-2

-4

-6

-8

t

u0
f

t

u0
f

Figure 35: Graph of f (t; u0)

9. p = 8; u1 = �5; u (t) � 5 + u0 � u80 +
�
�5 + u80

�
t� u80 ln t := f (t; u0) :

54321
10.750.50.25 00

-5

-10

-15

-20

t

u0 f

t

u0 f

Figure 36: Graph of f (t; u0)
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Moreover, under the condition E (0) � 0, By lemma 2, (3:1), we have

vs (s)
2 � 2

p+ 1
v (s)

p+1
= E (0) + 2

Z s

0

vs (r)
2
dr � E (0) :

Since E (0) � 0, then

vs (s)
2 � E (0) + 2

p+ 1
v (s)

p+1

� 2

p+ 1
v (s)

p+1
:

By lemma 3, (3:9), we have

�vs (s) �
r

2

p+ 1
v (s)

p+1
2 ;

�vs (s) v (s)�
p+1
2 �

r
2

p+ 1

and
2

p� 1

�
v (s)

1�p
2

�
s
�
r

2

p+ 1
.

By integrating the above inequality with respect to s, we have

2

p� 1

�
v (s)

1�p
2 � v (0)

1�p
2

�
�
r

2

p+ 1
s

and

v (s)
1�p
2 �

�
u
1�p
2

0 +
p� 1
2

r
2

p+ 1
s

�
:

Then, we know that

v (s) �
�
u
1�p
2

0 +
p� 1
2

r
2

p+ 1
s

� 2
1�p

,

that is,

u (t) �
�
u
1�p
2

0 +
p� 1
2

r
2

p+ 1
ln t

� 2
1�p

.�
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Graphs of positive solution u of (�) under u1 < 0; 0 < u0 <
(�u1)

1
p and E (0) � 0:

(a) Graphs for �xed u0:

1. u0 = 0:25; f (t; p) =
�
2p�1 + p�1

2

q
2
p+1 ln t

� 2
1�p

:

108642 100755025

0.25

0.225

0.2

0.175

0.15

0.125

0.1

0.075
p

t

fp

t

f

Figure 37: Graph of f (t; p)
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2. u0 = 0:5; f (t; p) =
�
2
p�1
2 + p�1

2

q
2
p+1 ln t

� 2
1�p

:

10
8
6
4
2

100
75

50
25

0.5

0.4

0.3

0.2

0.1

p

t

f

p

t

f

Figure 38: Graph of f (t; p)

3. u0 = 1; f (t; p) =
�
1 + p�1

2

q
2
p+1 ln t

� 2
1�p

:

108
64

2

100

75

50

25

1

0.8

0.6

0.4

0.2

p

t

f
p

t

f

Figure 39: Graph of f (t; p)

40



‧
國

立
政 治

大

學
‧

N
a

t io
na l  Chengch i  U

niv

ers
i t

y

(b) Graphs for �xed p: 1. p = 2; g (u0; t) =
�
u
�1
2
0 +

q
1
6 ln t

��2
:

100
75

50
25

53.752.51.250

5

3.75

2.5

1.25

0

t

u0

g

t

u0

g

Figure 40: Graph of g (u0; t)

2. p = 3; g (u0; t) =
�
u�10 +

q
1
2 ln t

��1
:

100

75

50

25

53.752.51.250

5

3.75

2.5

1.25

0

t

u0

g

t

u0

g

Figure 41: Graph of g (u0; t)
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3. p = 5; g (u0; t) =
�
u�20 + 2

q
1
3 ln t

��1
2

:

100
75

50
25

53.752.51.250

5

3.75

2.5

1.25

0

t

u0

g

t

u0

g

Figure 42: Graph of g (u0; t)

4. p = 7; g (u0; t) =
�
u�30 + 3

2 ln t
��1

3 :

100

75

50

25
53.752.51.250

5

3.75

2.5

1.25

0

t

u0

g

t

u0

g

Figure 43: Graph of g (u0; t)
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7. Conclusions

In this paper, we have studied the behavior of positive solution u of (�) under

three di¤erent cases. We summarize as follows:

(a) u1 = 0, u0 > 0 :

The life-span T � � exp (k1), where

k1 := s0 +
2 (p+ 3)

8� � � 2

p� 1v (s0)
1�p
2 :

(b) u1 > 0, u0 > 0 :

(i ) E (0) � 0, the life-span T � � exp (k2), where

k2 :=
2

p� 1

r
p+ 1

2
u
1�p
2

0 :

(ii) E (0) < 0, the life-span T � � exp (k3), where

k3 :=
2

p� 1
u0
u1
:

(c) u1 < 0, u0 2
�
0; (�u1)

1
p

�
:

u (t) � (u0 � (u1 + up0)) + (u1 + u
p
0) t� u

p
0 ln t:

Furthermore, for E (0) � 0,

u (t) �
�
u
1�p
2

0 +
p� 1
2

r
2

p+ 1
ln t

� 2
1�p

.

43



‧
國

立
政 治

大

學
‧

N
a

t io
na l  Chengch i  U

niv

ers
i t

y

References

[1] M. R. Li, Nichlineare Wellengleichungen 2. Ordnung auf beschränkten

Gebieten. PhD-Dissertation Täbingen 1994.

[2] M. R. Li, Estimates for the life-span of solutions for semilinear wave equa-

tions. Proceedings of the Workshop on Di¤erential Equations V. National

Tsing-Hua Uni. Hsinchu, Taiwan, Jan. 10-11, 1997.

[3] M. R. Li, On the blow-up time and blow-up rate of positive solutions of

semilinear wave equations �u� up = 0. in 1�dimensional space. Commun
Pure Appl Anal, to appear.

[4] M. R. Li, Estimates for the life-span of solutions of semilinear wave equa-

tions. Commun Pure Appl Anal, 2008, 7(2): 417-432.

[5] M. R. Li, On the semilinear wave equations. Taiwanese J Math, 1998, 2(3):

329-345.

[6] M. R. Li, L. Y. Tsai, On a system of nonlinear wave equations. Taiwanese

J Math, 2003, 7(4): 555-573 .

[7] M. R. Li, L. Y. Tsai, Existence and nonexistence of global solutions of

some systems of semilinear wave equations. Nonlinear Analysis, 2003, 54:

1397-1415.

[8] M. R. Li, J. T. Pai, Quenching problem in some semilinear wave equations.

Acta Math Sci, 2008, 28B(3): 523-529.

[9] R. Duan, M. R. Li, T. Yang, Propagation of singularities in the solutions

to the Boltzmann equation near equilibrium. Math Models Methods Appl

Sci, 2008, 18(7): 1093-1114.

[10] M. R. Li, On the generalized Emden-Fowler Equation u
00
(t)u (t) = c1 +

c2u
0
(t)

2 with c1 � 0, c2 � 0. Acta Math Sci, 2010 30B(4): 1227-1234.

44



‧
國

立
政 治

大

學
‧

N
a

t io
na l  Chengch i  U

niv

ers
i t

y

[11] T.H. Shieh, M. R. Li, Numerical treatment of contact discontinuously with

multi-gases. J Comput Appl Math, 2009, 230(2): 656-673 .

[12] M. R. Li, Y.J. Lin, T.H. Shieh, The �ux model of the movement of tumor

cells and health cells using a system of nonlinear heat equations. Journal

of Computational Biology, vol. 18, No. 12, 2011, pp.1831-1839.

[13] M. R. Li, T. H. Shieh, C. J. Yue, P. Lee, Y. T. Li, Parabola method

in ordinary di¤erential equation. Taiwanese J Math, vol. 15, No 4, 2011,

pp.1841-1857.

[14] R. Bellman, Stability Theory of Di¤erential Equations. Yew York:

McGraw-Hill, 1953.

[15] E. Hille, National Academy of Sciences of the United States of America,

Volume 62, issue1, 1968, pp.7-10.

45


